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ABSTRACT 

The Sunda Strait is directly linked to the Java Sea and the Indian Ocean. Geographically, the Sunda Strait is 
situated between Sumatra Island and Java Island, which plays an important role in inter-island transport 
routes. Sea transport depends very much on their own waves, if the waves of the sea are higher than usual, 
they will be dangerous for the transport of the sea. Sea waves are one of the problems that can be solved 
mathematically. This research is useful for obtaining a wave model that is close to the actual situation. This 
research contributes to obtain the numerical solution of a tidal wave of sea water using finite volume method 
and the terms stability of shallow water wave equation. Based on the mathematical model obtained by using 
the finite volume method, that is Godunov scheme, a stable sea waves model is obtained with the stability 

conditions that is  
∆௧

∆௫
ඥ2𝑔𝑏  1. 
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1. INTRODUCTION 

Indonesia is a state of the archipelago adjacent to 
the Pasific Ocean and the Hindi Ocean. Indonesia 
has three modes of transport to connect one island to 
another, namely land transport, sea transport and air 
transport. However the cost of air transport has 
increased recently [1]. That's why many people in 
Indonesia are switching to a different kind of 
transport. According to data from Badan Pusat 
Statistik (BPS) on January-April 2019, domestic 
passengers decreased by 20,5% to 23,98 million 
passengers compared to the previous period [2]. 

One of the transport routes is going through the 
straits. There are many straits in Indonesia, such as 
the Madura Strait, the Bangka Strait, the 
Sunda Strait, the Malaka Strait, etc. Sunda Strait is 
the transport route to Java Island and Sumatra Island  
[3]. Geographically, the Sunda Strait is in equator, 
with irregular wind and tidal waves causing an 
accident at sea [4]. A sea accident also happens in 
Indonesia on 13 December 2016, when a ship sinks 
into the Sunda Strait due to bad weather conditions 
and an unpredictable sea wave height [5].  

Sea waves is one of the physical problems that can 
be solved by mathematics, that is wave simulation 
with differential equations [6]. One wave model is 
the use of a shallow water equation [7]. By building 
a shallow water equation model, a solution will be 

found to predict where water flows, the speed of 
water flow, the area of the impact of incoming water 
and the rescue route to run to safe areas. [8]. One of 
the studies on numerical simulation of shallow water 
is carried out by Farouq using a finite-volume 
approach. The result of the research is the largest 
MSE of 0.002193 and the smallest MSE of 
0.0003817 [7]. 

Generally, the shallow water equation is difficult 
to know, so a numerical approach is used. Some 
numerical methods are finite element method [9], 
finite difference method [10], finite volume method 
[11][12], etc. One of them can be used for numerical 
simulations from many type of conservation law, 
especially mechanical and fluid which is finite 
volume method. 

There are two schemes in the finite volume 
method, namely the Lax scheme and the Godunov 
scheme. Calculation of fluid dynamics is used in this 
process by solving equations. The solution will be 
found by discretion, which is used to separate the 
results into new equations [13]. 

A research by Bobby M. Ginting [12] on 2011 
about the 2-dimensional flood flow propagation 
models caused by dam ruins using the finite volume 
method. The result is finite volume method that give 
a good and accurate solution with error value for the 
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depth is 1.33% and error value for the velocity is 
1.85%. 

Previous study of the finite volume method held 
by Zulbahrum Caniago in 2015 as a non-linear 
equation with the island expansion case. It was 
induced by deposition, which revealed that the 
findings of the volume approach were reasonable 
and suitable for use as a numerical solution. The 
finite volume method shows good and clean 
simulation result, even though it applied in 
hydrodynamics of fluid case which have high 
flexibility characteristic [11]. 

The distinction with previous research is the 
research object and the process scheme used. The 
entity being modeled is the waves of sea water in the 
Sunda Strait and the scheme used is Godunov 
because this method has the advantage of producing 
smooth and stable shock profiles. 

Therefore, this research contributes to obtain the 
numerical solution of a tidal wave of sea water using 
finite volume method and the terms stability of 
shallow water wave equation. In this study the 
application of the finite volume method that is 
Godunov scheme as a model of sea waves during the 
Sunda Strait movement will be carried out. This 
study aims to learn and make a mathematical models 
of the sea height in the Sunda Strait. 

 

2. RELEVANT STUDIES 

2.1 Wave  

Wave is the movement of each fluid particle that 
moves longitudinally and orbital simultaneously 
caused by the flow of mass, energy and momentum 
through various forms of material Another example 
of waves requiring a medium is sea water waves. Sea 
water waves that occur at sea and coast are important 
factors in determining the layout of sea 
transportation bases, shipping lane schemes, 
building planning in coastal areas, etc [14]. 

Sea water waves can be divided into several 
according to the factors that influence it, namely the 
wind waves that occur as a result of wind blowing 
on the surface of the sea, the tidal waves that occur 
as a result of the attractive force of the moon with 
the sun against the ocean, the tsunami waves that 
occur as a result of volcanic eruptions or sea-
centered earthquakes, and the waves produced by 
moving ships, etc. [14]. 

2.2 Shallow Water Equation  

The shallow water equation (SWE) is a 
hyperbolic system equation that can be used to 
describe a variety of fluid-related events. In addition, 
this equation is commonly used in the simulation of 
fluid movements that can take place both in one-
dimensional space and in all directions in two-
dimensional space [7]. This equation consists of two 
equations, the law of conservation of masses and the 
law of conservation of momentum. Generally, the 
SWE model is used for wave modeling on the 
surface.  

In the SWE, the movement of the water surface 
is influenced by the depth and the length of the 
wavelength (𝜆)  is greater than the depth of the water  
(𝑑0) [7]. 

 

Figure 1: Shallow Water Equation Phenomenon 

Figure 1 is an example of one-dimensional 
shallow water equation system where the variable 𝑥 
is the distance variable, 𝑡 is the time variable, 𝜆 is the 
wavelength of wave, ℎ ൌ  ℎ ሺ𝑥, 𝑡ሻ is the depth of 
water obtained from the highest wave, 𝑢 ൌ  𝑢 ሺ𝑥, 𝑡ሻ 
is the velocity in 𝑥, 𝑛 ሺ𝑥, 𝑡ሻ is the change in wave 
height, 𝑑 is the sea height, and 𝑔 ൌ  9.81 𝑚/𝑠ଶ is 
the acceleration due to gravitation.  

One dimensional SWE can be showed in 
Equation (1) [7]. 

ℎ௧  ሺ𝑢ℎሻ௫ ൌ 0 (1) 

ሺℎ𝑢ሻ௧  ൬ℎ𝑢ଶ 
1
2

𝑔ℎଶ൰
௫

ൌ 0 
(2) 

The two-dimensional SWE can be seen in 
Equation (1) [15]. 

𝜕ℎ
𝜕𝑡


𝜕ሺ𝑢ℎሻ

𝜕𝑥


𝜕ሺ𝑣ℎሻ
𝜕𝑦

ൌ 0 (3) 

𝜕ሺ𝑢ℎሻ
𝜕𝑡


𝜕ሺℎ𝑢ଶ 

𝑔
2 ℎଶሻ

𝜕𝑥


𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑦

ൌ െ𝑔ℎ 
𝜕

𝜕𝑥
𝑏 (4) 
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𝜕ሺ𝑣ℎሻ
𝜕𝑡

  
𝜕ሺℎ𝑣ଶ  

𝑔
2 ℎଶሻ

𝜕𝑦
 

𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑥

ൌ െ𝑔ℎ 
𝜕

𝜕𝑦
𝑏 

ℎ representing the height of the surface, 𝑢 as the 
symbol of air velocity in the 𝑥 direction, 𝑣 is the 
symbol of velocity in the 𝑦 direction, 𝑔 is the 
working force acting on the fluid, and b is the 
deserved sea height. Equation (4) consists of 
momentum conservation and Equation (3) shown 
continuity equation  [15]. 

2.2.1 Continuity Equation 

Continuity equation were obtained based on law 
conservation of mass which passed by fluid. Law 
conservation of mass is the mass of a system that will 
be constant even though there are so many processes 
in the system [16].  

2.2.2 Momentum Equation 

Momentum equation were obtained physically 
concept that related with momentum. One of 
physically concept is Newton II law. Newton II law 
is stated the sum of forces (∑ 𝐹) which is result of  
acceleration (𝛼) and mass (𝑚). Newton II law can be 
showed  in Equation (5). 

 𝐹 ൌ 𝑚. 𝑎 (5) 

According to K. Anastasiou and C.T. Chan, SWE 
has some superiorities such as [8]: 

1. It can able to handle problem with high 
complexity domain and fickle. 

2. It can able to simulate stable flow, unstable 
flow, subcritical flow or supercritical flow. 

3. It can simulate discontinue wave. 
 

2.3 Finite Volume Method 

The finite volume method is a computational 
method used to describe the results of numerical 
simulations of different types of conservation law, 
i.e. mass conservation and momentum conservation 
transitions from differential equations to algebraic 
equation [7].  

From Equation (1) and Equation (2), both have a 
conservation mass which can be expressed as 
𝑞ሺ𝑥, 𝑡ሻ𝑡  𝑓൫𝑞ሺ𝑥, 𝑡ሻ൯𝑥 ൌ 0 [14]. As an example, 
one-dimensional domain discretized as many as a 
finite-volume control is shown in Figure 2. 

 

Figure 2: Discretization of Finite Volume Method 

With ∆𝑥 ൌ 𝑥 െ 𝑥ሺାଵሻ and the boundary 
conditions exist at the specified points A and B and 

the discrete time domain becomes Equation (6) with 
𝑛 ൌ 0, 1, 2, 3, … . . 𝑛. 

𝑡 ൌ 𝑛. ∆𝑡 (6) 

The value of 𝑄
 is the quantity of average 

volume 𝑞ሺ𝑥, 𝑡ሻ approach in interval 𝑖-th space in the 
𝑡 on the time domain [17]: 

𝑄௧
 ൎ

1
∆𝑥

න 𝑞ሺ𝑥, 𝑡ሻ𝑑𝑥
௫

శ
భ
మ

௫
ష

భ
మ

 

The value of 𝐹
௧ା

భ
మ

  is approach to the flux function 

𝑓ሺ𝑞ሺ𝑥, 𝑡ሻሻ௫ is: 

𝐹
௧ା

ଵ
ଶ

 ൎ
1

∆𝑡
න 𝑓ሺ𝑞ሺ𝑥, 𝑡ሻሻ𝑑𝑡

௧శభ

௧
 

The discrete form for the finite volume method 
is: 

𝑄௧
ାଵ ൌ 𝑄௧

 െ
∆𝑡
∆𝑥

ሺ𝐹
௧ା

ଵ
ଶ

 െ 𝐹
௧ି

ଵ
ଶ

 ሻ 

Or it can be shown as: 

𝑄௧
ାଵ െ 𝑄௧



∆𝑡


𝐹
௧ା

ଵ
ଶ

 െ 𝐹
௧ି

ଵ
ଶ

 ሻ

∆𝑥
ൌ 0 

The average value in cell q is updated in time 
units. In general, the time integral of the right side of 
the equation can not be calculated because the value 
of q varies with time along each edge of the cell and 
has no exact solution. Thus, it obtained a discreet 
form of the law on the conservation of mass using 
the volume method. 

SWE is a hyperbolic system equation that can be 
used to define a variation of scheme. The definition 
of the finite-volume method is used as a 
discretization of the acceptable number obtained by 
the actual results. One of the scheme in the volume 
system is the Godunov scheme. [13]. The Godunov 
scheme is a conservative finite-volume method 
which solves exact, or approximate Riemann 
problems at each inter-cell boundary.  

The form of Godunov scheme is on the Equation 
(7) [14]. 

𝐹
ି

ଵ
ଶ

 ൌ ൜
minሺ𝑓ሺ𝑄ିଵ

 ሻ, ሺ𝑄
ሻሻ,               𝑄ିଵ

 ൏  𝑄
 

maxሺ𝑓ሺ𝑄ିଵ
 ሻ, ሺ𝑄

ሻሻ,           𝑄ିଵ
  𝑄

      
 (7) 
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2.4 Stability 

According to Zulbahrum [11], instability in the 
finite volume method produces numerical errors 
from the exact solution so that the numerical solution 
does not have the exact value desired. One method 
that can be used to analyze stability is von Neumann 
or commonly known as Fourier. To analyze the 
stability of von Neumann, Equation (8) is replaced 
by the equation shown below. 

𝑢
 ൌ 𝜌𝑒 (8)

where 𝑛 is the time, superscript 𝑖 ൌ √െ1, j is 
vector, and 𝑎 is in interval ሾ0, 2𝜋ሿ. Based on the 
terms and conditions for von Neumann's stability in 
is Equation (9). 

|𝜌|  1 (9)

With 𝜌 is the norm of the eigenvalue of the 
matrix. 

2.5 Perturbation Method 

The perturbation method is a method that can be 
used to line up the fluid equations by using an 
equilibrium solution, which the solution is not 
depend on 𝑡 parameter. The equation used in the 
perturbation method can be seen in Equation (10) 
[18]. 

𝜂 ൌ 0  𝜂ᇱ ⇒ 𝜂ሺ𝑥, 𝑦, 𝑡ሻ ൌ  𝜂ሺ𝑥, 𝑦, 𝑡ሻ  𝜖𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  ⋯  𝜖𝜂ሺ𝑥, 𝑦, 𝑡ሻ 

(10) 𝑢 ൌ 0  𝑢ᇱ ⇒ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ൌ  𝑢ሺ𝑥, 𝑦, 𝑡ሻ  𝜖𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ  ⋯  𝜖𝑢ሺ𝑥, 𝑦, 𝑡ሻ 

𝑣 ൌ 0  𝑣ᇱ ⇒ 𝑣ሺ𝑥, 𝑦, 𝑡ሻ ൌ  𝑣ሺ𝑥, 𝑦, 𝑡ሻ  𝜖𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ  ⋯  𝜖𝑣ሺ𝑥, 𝑦, 𝑡ሻ 

 

With approximating 𝜂ሺ𝑥, 𝑦, 𝑡ሻ  ൎ 0, 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ൎ
0, 𝑣ሺ𝑥, 𝑦, 𝑡ሻ  ൎ 0 

 

3. METHOD 

In this study, the mathematical modeling of sea 
waves in the Sunda Strait uses the finite-volume 
method using the Godunov scheme. The data used 
are sample data in the Sunda Strait. The purpose of 
this study is to obtain a mathematical model and 
simulation of air height results in the Sunda Strait. 
The flow of this research is as follows:  

a. Study of Literature 

A study of literature was carried out in 
order to obtain theories as well as studies of 
models of sea waves in the Sunda Strait. 

b. Model Regulatory Equations 

The basic fluid system is mathematically 
modeled to get the regulatory equation by 

integrating the Navier-Stokes 3D equation 
which is a formula derivation of mass 
conservation and three-dimensional 
momentum equilibrium to the volume 
element which then produces a shallow water 
flow equation in Equation (1) and (2).  

c. Discretization Model with Finite Volume 
Method 

Equations obtained later using partial 
differential equations. Next, the result was a 
model to be used as a numerical comparison 
using the Godunov scheme for higher finite 
volume, as can be seen in Equation (7). 

d. Convergence Analysis  

Convergence analysis is carried out by 
evaluating the stability of the equation 
obtained in order to obtain a successful 
simulation result. The stability analysis shall 
be carried out using the von Neumann 
condition in Equation (8). Von Neumann's 
sufficient stability conditions are shown in 
Equation (9). 

e. Numerical Equation Simulation Model 

The numerical equation simulation is 
done by testing the model through initializing 
the conditions to be modeled using Sunda 
Strait sample data. 

f. Analysis of The Result 

Next, the results of the numerical simulation 
model were analyzed to find out the mathematical 
model of sea waves in the Sunda Strait. 

 

4. RESULT AND DISCUSSION 

4.1 Regulatory Equations In Fluid Construction 

The two-dimensional shallow water equation is 
related to the space variable 𝑥, 𝑦 and time variable 𝑡. 
The three-dimensional model of fluid flow is related 
to the shallow equation of two-dimensional water 
using the space variable 𝑥, 𝑦 and the time variable 𝑡. 
The construction of the two-dimensional shallow 
water wave model starts from a derivation using the 
continuity equation and the momentum equation, the 
kinematic boundary conditions of the sea wave, then 
begins to derive the hydrostatic pressure equation for 
the two-dimensional shallow water wave equation 
from the 𝑧 direction momentum equation. 

It can be seen in Figure 3, the shallow water 
equation derived from two equations, namely 
continuity with three dimensions and also the 
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momentum equation, with 𝑥, 𝑦, 𝑧 being the 
dimensions of space and 𝑡 as dimensions of time. 
The equation of shallow water equation as in 
Equation (1). 

 

Figure 3: Ilustration of Element Volume 

 

4.1.1 Continuity Equation 

Based on the law of mass transfer to an element, 
the volume is assumed to be in the form of a cube. 
These sides are 𝑥, 𝑦, and 𝑧 which is passed by the 
fluid, then the formula can be reduced in the 
continuity equation. For example, 𝜌 is the density of 
a fluid, then 𝑢, 𝑣, and 𝑤 or can be symbolized by 𝑞. 
It can be said that 𝑞 ሺ𝑢, 𝑣, 𝑤ሻ is velocity of fluid 
particles that move in the direction of the coordinates 
of space the fluid, those are 𝑥, 𝑦, and 𝑧. 

The velocity and cross-sectional area of the fluid 
affects the amount of fluid volume entering or 
leaving the volume element. Table 1 shows the total 
mass of fluid entering and leaving, both from the 𝑥, 𝑦 
and 𝑧 

Table 1: Mass of Fluid 

Amount Volume 
Entering 

Amount Volume 
leaving 

ሺ𝜌𝑢ሻ|௫∆𝑦∆𝑧 ሺ𝜌𝑢ሻ|௫ା∆௫∆𝑦∆𝑧 

ሺ𝜌𝑣ሻ|௬∆𝑥∆𝑧 ሺ𝜌𝑣ሻ|௬ା∆௬∆𝑥∆𝑧 

ሺ𝜌𝑤ሻ|௭∆𝑥∆𝑦 ሺ𝜌𝑤ሻ|௭ା∆௭∆𝑥∆𝑦 

In chemical reactions, it is assumed that there is 
no loss of mass in the experiment, nor is there any 
change in average mass. The change is the difference 
between the average in-field fluid and the average 
out-of-field fluid. Then the equation of mass balance 
is obtained: 

𝜕𝑢
𝜕𝑥


𝜕𝑣
𝜕𝑦


𝜕𝑤
𝜕𝑧

ൌ 0 (11) 

 

4.1.2 Momentum Equation 

In a cube-shaped volume element with the sides 
x, y and z through which the fluid passes, the 
momentum equation can be derived based on the 
equilibrium of the three-dimensional momentum and 
the physical principle of Newton's Law II. Newton's 
Law II states that the total force (𝐹) is the product of 
the mass of the fluid which is symbolized by 𝑚 and 
its acceleration which is represented by 𝑎. Newton's 
Law Formula can be seen in Equation (5). By using 
the definition of acceleration that acceleration is the 
result of a derivation in velocity (𝑣) with respect to 
the time unit (𝑡), the Newton II Law equation can be 
rewritten as: 

 𝐹 ൌ 𝑚
𝑑𝑣
𝑑𝑡

 

 
ൌ න 𝑚 𝑑𝑣 

 ൌ 𝑚𝑣 

𝑚𝑣 is physic definition of momentum (𝑃𝑚ሻ so 
that it can be written as: 

𝑃𝑚 ൌ 𝑚𝑣 

𝑃𝑚 ൌ ሺ𝜌𝑉ሻ𝑣 

𝑃𝑚 ൌ 𝜌𝑣ሺ∆𝑥∆𝑦∆𝑧ሻ 

From the results above, it appears that the 
momentum change in the fluid occurs in three 
directions namely 𝑥, 𝑦 and 𝑧. In order to evaluate the 
average change in the momentum of the volume 
element, the difference between the average 
momentum entering the system and the average 
output of the system is calculated, and then the 
results are added to the amount of forces working on 
the system. Illustration of the momentum balance is 
shown in Figure 4. Momentum balance is a vector 
equation, where each variable working on a fluid 
states the direction of fluid motion that corresponds 
to the coordinates of the finite element. 
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Figure 4: Ilustration of the Balance Momentum 

a. 𝒙 Direction 

The momentum balance in x direction can be 
seen in Table 2. 

Table 2: The Momentum Balance in x Direction 

Momentum Entering Momentum leaving 

ሺ𝜌𝑢ଶሻ|௫∆𝑦∆𝑧 ሺ𝜌𝑢ଶሻ|௫ା∆௫∆𝑦∆𝑧 

ሺ𝜌𝑢𝑣ሻ|௬∆𝑥∆𝑧 ሺ𝜌𝑢𝑣ሻ|௬ା∆௬∆𝑥∆𝑧 

ሺ𝜌𝑢𝑤ሻ|௭∆𝑥∆𝑦 ሺ𝜌𝑢𝑤ሻ|௭ା∆௭∆𝑥∆𝑦 

There are other factors involved in the average 
change in momentum, i.e. the forces which occur in 
the volume dimension, namely the gravity or 
symbolized 𝑊, which is influenced by the 
gravitational force as well as the force which is 
influenced by the pressure (𝑃). The results of the 
calculation can be written below: 

𝑊 ൌ 𝑚. 𝑔 

 ൌ ሺ𝜌𝑉ሻ𝑔 

 ൌ ሺ𝜌𝑔ሺ∆𝑥∆𝑦∆𝑧ሻሻ 

Pressure ሺ𝑃ሻ can be shown as: 

𝑃 ൌ
𝐹
𝐴

 

𝐹 ൌ 𝑃. 𝐴 

Where F is the difference between the input 
force and output force which is influenced by 
pressure and areas: 

𝐹 ൌ 𝐹 െ 𝐹௨௧ 

The forces acting in the x direction and the 
resultant of other forces acting in the x direction can 
be written as follows: 

𝜕𝜌𝑢
𝜕𝑡

∆𝑥∆𝑦∆𝑧 ൌ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝐸𝑛𝑡𝑒𝑟𝑖𝑛𝑔

െ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝑙𝑒𝑎𝑣𝑖𝑛𝑔
 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑐𝑒 

The result of the momentum on 𝑥 direction is: 

𝜕𝑢
𝜕𝑡


𝜕𝑢ଶ

𝜕𝑥


𝜕𝑢𝑣
𝜕𝑦


𝜕𝑢𝑤
𝜕𝑧

ൌ 𝑔 െ
1
𝜌

𝜕𝑃
𝜕𝑥

 

 

b. 𝒚 Direction 

The momentum balance in y direction can be 
seen in Table 3. 

Table 3: The Momentum Balance in y Direction 

Momentum Entering Momentum leaving 

ሺ𝜌𝑢𝑣ሻ|௫∆𝑦∆𝑧 ሺ𝜌𝑢𝑣ሻ|௫ା∆௫∆𝑦∆𝑧 

ሺ𝜌𝑣ଶሻ|௬∆𝑥∆𝑧 ሺ𝜌𝑣ଶሻ|௬ା∆௬∆𝑥∆𝑧 

ሺ𝜌𝑣𝑤ሻ|௭∆𝑥∆𝑦 ሺ𝜌𝑣𝑤ሻ|௭ା∆௭∆𝑥∆𝑦 

 

Another factor that affects the momentum 
changes direction x, applies also to the y direction. 
The forces acting in the y direction as well the 
resultant other forces acting in the y direction be 
written as follows: 

𝜕𝜌𝑢
𝜕𝑡

∆𝑥∆𝑦∆𝑧 ൌ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝐸𝑛𝑡𝑒𝑟𝑖𝑛𝑔

െ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝑙𝑒𝑎𝑣𝑖𝑛𝑔
 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑐𝑒 

The result of the momentum in 𝑦 direction is: 

𝜕𝑣
𝜕𝑡


𝜕𝑢𝑣
𝜕𝑥


𝜕𝑣ଶ

𝜕𝑦


𝜕𝑣𝑤
𝜕𝑧

ൌ 𝑔 െ
1
𝜌

𝜕𝑃
𝜕𝑦

 

c. 𝒛 Direction 

The momentum balance in z direction can be 
seen in Table 4. 

Table 4: The Momentum Balance with The z Direction 

Momentum Entering Momentum leaving 

ሺ𝜌𝑢𝑤ሻ|௫∆𝑦∆𝑧 ሺ𝜌𝑢𝑤ሻ|௫ା∆௫∆𝑦∆𝑧 

ሺ𝜌𝑣𝑤ሻ|௬∆𝑥∆𝑧 ሺ𝜌𝑣𝑤ሻ|௬ା∆௬∆𝑥∆𝑧 

ሺ𝜌𝑤ଶሻ|௭∆𝑥∆𝑦 ሺ𝜌𝑤ଶሻ|௭ା∆௭∆𝑥∆𝑦 

 
Another factor that affects the momentum 

changes direction x and y, applies also to the z 
direction. The forces acting in the z direction as well 
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the resultant other forces acting in the z direction be 
written as follows: 

𝜕𝜌𝑢
𝜕𝑡

∆𝑥∆𝑦∆𝑧 ൌ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝐸𝑛𝑡𝑒𝑟𝑖𝑛𝑔

െ 𝑀𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝑙𝑒𝑎𝑣𝑖𝑛𝑔
 𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑐𝑒 

The result of the momentum on 𝑧 direction is: 

𝜕𝑢
𝜕𝑡


𝜕𝑢ଶ

𝜕𝑥


𝜕𝑢𝑣
𝜕𝑦


𝜕𝑢𝑤
𝜕𝑧

ൌ 𝑔 െ
1
𝜌

𝜕𝑃
𝜕𝑥

 

The gravitational force only works in the 
direction or z plane only, so that the gravitational 
force on x and y is 0. The momentum equation in the 
z direction can be shown as follows: 

𝜕𝑢
𝜕𝑡


𝜕𝑢ଶ

𝜕𝑥


𝜕𝑢𝑣
𝜕𝑦


𝜕𝑢𝑤
𝜕𝑧

ൌ െ
1
𝜌

𝜕𝑃
𝜕𝑥

 

𝜕𝑣
𝜕𝑡


𝜕𝑢𝑣
𝜕𝑥


𝜕𝑣ଶ

𝜕𝑦


𝜕𝑣𝑤
𝜕𝑧

ൌ െ
1
𝜌

𝜕𝑃
𝜕𝑦

 

𝜕𝑤
𝜕𝑡


𝜕𝑢𝑤
𝜕𝑥


𝜕𝑣𝑤
𝜕𝑦


𝜕𝑤ଶ

𝜕𝑧
ൌ 𝑔 െ

1
𝜌

𝜕𝑃
𝜕𝑧

 

 

The momentum equation in the z direction is 
elaborated to determine the hydrostatic pressure for 
shallow water waves two dimensions. Because the 
fluid does not rotate, the total yield for w is 0. The 
result of substitution is shown below: 

𝜕ℎ
𝜕𝑡

  
𝜕ሺ𝑢ℎሻ

𝜕𝑥
  

𝜕ሺ𝑣ℎሻ
𝜕𝑦

ൌ 0 

𝜕ሺ𝑢ℎሻ
𝜕𝑡

  
𝜕ሺℎ𝑢ଶ   

𝑔
2 ℎଶሻ

𝜕𝑥
  

𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑦

ൌ െ𝑔ℎ 
𝜕

𝜕𝑥
𝑏 

𝜕ሺ𝑣ℎሻ
𝜕𝑡

  
𝜕ሺℎ𝑣ଶ   

𝑔
2 ℎଶሻ

𝜕𝑦
  

𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑥

ൌ െ𝑔ℎ
𝜕

𝜕𝑦
𝑏 

(13) 

4.2 Linearization Of Shallow Water Equation 
System 

Equation (3) and (4) will be lineared so that the 
shallow water equation system is more easily 
resolved. Linearization of shallow water equation is 
using perturbation method, namely at Equation (10). 

The two-dimensional shallow water equation 
model is related to the space variable 𝑥, 𝑦 and time 
variable 𝑡. The three-dimensional model of fluid 
flow in Equation (1) is substituted with Equation 
(10) then the results are completed only up to the 
order ∈.  

The equation is obtained in a linear two-
dimensional sea wave, which is in Equation (14). 

𝜕ℎ
𝜕𝑡


𝜕ሺ𝑢ℎሻ

𝜕𝑥


𝜕ሺ𝑣ℎሻ
𝜕𝑦

ൌ 0 

𝜕ሺ𝑢ℎሻ
𝜕𝑡

  
𝜕ሺℎ𝑢ଶ   

𝑔
2 ℎଶሻ

𝜕𝑥
  

𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑦

ൌ 0 

𝜕ሺ𝑣ℎሻ
𝜕𝑡


𝜕ሺℎ𝑣ଶ   

𝑔
2 ℎଶሻ

𝜕𝑦


𝜕ሺℎ𝑢𝑣ሻ
𝜕𝑥

ൌ 0 

(14) 

Or it can be shown as: 
డఎ

డ௧


డ

డ௫
ሾ𝑢ሺ𝜂  𝑏ሻሿ 

డ

డ௬
ሾ𝑣ሺ𝜂  𝑏ሻሿ ൌ 0                                                      ሺaሻ

డ

డ௧
ሾ𝑢ሺ𝜂  𝑏ሻሿ 

డ

డ௫
ሾ𝑢ଶሺ𝜂  𝑏ሻ 

ଵ

ଶ
𝑔ሺ𝜂  𝑏ሻଶሿ 

డ

డ௬
ሾ𝑢𝑣ሺ𝜂  𝑏ሻሿ ൌ 0 ሺbሻ 

డ

డ௧
ሾ𝑣ሺ𝜂  𝑏ሻሿ 

డ

డ௫
ሾ𝑢𝑣ሺ𝜂  𝑏ሻሿ 

డ

డ௬
ቂ𝑣ଶሺ𝜂  𝑏ሻ 

ଵ

ଶ
𝑔ሺ𝜂  𝑏ሻଶቃ ൌ 0 ሺcሻ 

(15) 

The result of Equation (15a) is: 
డఎ

డ௧


డ

డ௫
ሾ𝑢ሺ𝜂  𝑏ሻሿ 

డ

డ௬
ሾ𝑣ሺ𝜂  𝑏ሻሿ  

ൌ
డ

డ௧
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௧
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰   

ቆ
డ

డ௫
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ   

∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ  ሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ  

ቆ
డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ  ൭

డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈

ቆ
డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱ ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ  

∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ  ሺ 𝑣ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻሻ 

൭
డ

డ௬
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ቆ

డ

డ௬
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱  

=൬
డ

డ௫
𝑢ሺ𝑥, 𝑦, 𝑡ሻ൰ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝜂ሺ𝑥, 𝑦, 𝑡ሻ  

൬
డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰  𝜂ሺ𝑥, 𝑦, 𝑡ሻ ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ 

𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ ቆ
డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻቇ  ൬

డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑏   

𝑢ሺ𝑥, 𝑦, 𝑡ሻ ൬
డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰  ൬

డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ൰  

𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ  ቆ
డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ 𝑏  𝑣ሺ𝑥, 𝑦, 𝑡ሻ  

ቆ
డ

డ௬
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻቇ  ቆ

డ

డ௬
𝜂ሺ𝑥, 𝑦, 𝑡ሻቇ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ  

+
డ

డ௧
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ 
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=ቀ
ௗ

ௗ௫
0ቁ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ ቀ

ௗ

ௗ௫
0ቁ   

൬
డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑏  ቀ

ௗ

ௗ௫
0ቁ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ  ቀ

ௗ

ௗ௬
0ቁ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ 

డ

డ௧
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  

0 ൌ ൬
డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑏  ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ 𝑏 

డ

డ௧
𝜂ଵ    

 

The result of Equation (15b) is: 

 

డ

డ௧
ሾ𝑢ሺ𝜂  𝑏ሻሿ 

డ

డ௫
ሾ𝑢ଶሺ𝜂  𝑏ሻ 

ଵ

ଶ
𝑔ሺ𝜂  𝑏ሻଶሿ 

డ

డ௬
ሾ𝑢𝑣ሺ𝜂  𝑏ሻሿ  

=ቆ
డ

డ௧
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௧
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ   

 ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ  ሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ  

ቆ
డ

డ௧
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௧
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ   

ቆ
డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ  ሺ𝑢ሺ𝑥, 𝑦, 𝑡ሻ    

∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻଶ  2ሺ 𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ 
𝑏ሻሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ  

ቆ
డ

డ௫
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ 

𝑔ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ   

ቆ
డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ 

൭
డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈ ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱ ൫ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ 

∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ൯  ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ   

∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ ൭ డ

డ௬
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈

ቆ
డ

డ௬
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱ ሺ 𝑣ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻሻ 

 ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ ሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ 

∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ ൭
డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈ ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱  

ൌ 2 ቀ
ௗ

ௗ௫
0ቁ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ  𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ ቀ

ௗ

ௗ௫
0ቁ 𝑔   

൬
డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑔𝑏  𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ ቀ

ௗ

ௗ௫
0ቁ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ𝑏  

 ൬
డ

డ௧
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑏  ቀ

ௗ

ௗ௧
0ቁ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ 

ቀ
ௗ

ௗ௧
0ቁ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ  

0 ൌ 𝑏 ቆ൬
డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑔  ൬

డ

డ௧
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ  

The result of Equation (15c) is: 

డ

డ௧
ሾ𝑣ሺ𝜂  𝑏ሻሿ 

డ

డ௬
ሾ𝑣ଶሺ𝜂  𝑏ሻ 

ଵ

ଶ
𝑔ሺ𝜂  𝑏ሻଶሿ 

డ

డ௫
ሾ𝑢𝑣ሺ𝜂  𝑏ሻሿ  

=ቆ
డ

డ௧
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௧
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ   

 ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ  ሺ 𝑣ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻሻ  

ቆ
డ

డ௧
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௧
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ   

ቆ
డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ  ሺ𝑣ሺ𝑥, 𝑦, 𝑡ሻ    

∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻଶ  2ሺ 𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ 
𝑏ሻሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ  

ቆ
డ

డ௫
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ 

𝑔ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ   

ቆ
డ

డ௫
𝜂ሺ𝑥, 𝑦, 𝑡ሻ∈ ൬

డ

డ௫
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൰ቇ 

൭
డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈ ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱ ൫ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ 

∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ൯  ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ   

∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ ൭ డ

డ௬
𝑢ሺ𝑥, 𝑦, 𝑡ሻ∈

ቆ
డ

డ௬
𝑢ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱ ሺ 𝑣ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻሻ 

 ሺ𝜂ሺ𝑥, 𝑦, 𝑡ሻ ∈ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  𝑏ሻ ሺ 𝑢ሺ𝑥, 𝑦, 𝑡ሻ 

∈ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻሻ ൭
డ

డ௬
𝑣ሺ𝑥, 𝑦, 𝑡ሻ∈ ቆ

డ

డ௬
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻቇ൱  
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ൌ ቀ
ௗ

ௗ௫
0ቁ 𝑢ଵሺ𝑥, 𝑦, 𝑡ሻ𝑏  𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ ቀ

ௗ

ௗ௫
0ቁ 𝑏 

𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ ቀ
ௗ

ௗ௬
0ቁ 𝑔  2 ቀ

ௗ

ௗ௬
0ቁ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ𝑏 

 ቆ
డ

డ௬
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻቇ 𝑔𝑏  ൬

డ

డ௧
𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ൰ 𝑏 

ቀ
ௗ

ௗ௫
0ቁ 𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ  ቀ

ௗ

ௗ௫
0ቁ 𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ   

0 ൌ 𝑏 ቌ൭
𝜕

𝜕𝑦
𝜂ଵሺ𝑥, 𝑦, 𝑡ሻ൱ 𝑔  ൭

𝜕
𝜕𝑡

𝑣ଵሺ𝑥, 𝑦, 𝑡ሻ൱ቍ 

Effects of the linearization of the shallow water 
wave equation, i.e. a set of shallow water equation 
system that is linear can be seen in Equations (13). 

𝜕ℎ
𝜕𝑡

  𝑏
𝜕𝑢
𝜕𝑥

  𝑏
𝜕𝑣
𝜕𝑦

ൌ 0 

𝜕𝑢
𝜕𝑡

  𝑔
𝜕ℎ
𝜕𝑥

ൌ 0 

𝜕𝑣
𝜕𝑡

  
𝜕ℎ
𝜕𝑦

ൌ 0 

 

(16) 

In shallow water 2-dimensional linear equation, 
the wave is a function of the space variable x and y 
and also the t variable. On Equations (16), the 
variable h is the surface deviation water from the 
equilibrium condition z ൌ b, the variable 𝑢 is the 
fluid velocity at surface in 𝑥 direction, variable 𝑣 is 
the velocity of the fluid at the surface in y direction, 
and g is the acceleration due to gravity in the fluid. 

4.3 Godunov Scheme 

The domain used is ሾ0, 𝑀௫ሿ ൈ ሾ0, 𝑀௬ሿ with each 

partitioned by 
ଵ

ଶ
∆𝑥 and 

ଵ

ଶ
∆𝑦 interval, that can be seen 

in Figure 5. 

 

Figure 5: Arakawa C-Grid 

The 2-dimensional shallow water equation in 
Equation 13 can be described as discreet by 
Godunov scheme: 

ℎ,
ାଵ ൌ ℎ,

 െ 𝑏
∆𝑡
∆𝑥

ቆ𝑢
ା

ଵ
ଶ,

 െ ℎ
ି

ଵ
ଶ,

 ቇ െ 𝑏
∆𝑡
∆𝑦

ቆ𝑢
,ା

ଵ
ଶ

 െ 𝑢
,ି

ଵ
ଶ

 ቇ 

𝑢
ା

ଵ
ଶ,

ାଵ ൌ 𝑢
ା

ଵ
ଶ,

 െ 𝑏
∆𝑡
∆𝑥

൫ℎାଵ,
ାଵ െ ℎ,

ାଵ൯ 

𝑣
,ା

ଵ
ଶ

ାଵ ൌ 𝑢
,ା

ଵ
ଶ

 െ 𝑏
∆𝑡
∆𝑥

൫ℎ,ାଵ
ାଵ െ ℎ,ାଵ

ାଵ ൯ 

(17) 

 

4.4 Analysis of Stability 

Stability analysis is using the von Neumann 
stability requirements to find out the system 
produced by convergence, by substituting ℎ,

 ൌ
𝜌𝑛𝑒𝑖𝑎ሺ𝑗𝑘ሻ, 𝑢

ା
భ
మ

,
 ൌ 𝑟𝑛𝑒𝑖𝑎ሺ𝑗భ

మ
𝑘ሻ , 𝑣

,ା
భ
మ

 ൌ 𝑠𝑛𝑒𝑖𝑎ሺ𝑗𝑘భ
మ
ሻ 

and the result is: 

 


𝜌ାଵ

𝑟ାଵ

𝑠ାଵ
൩ ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1 െ2𝑖𝑏

∆𝑡
∆𝑥

𝑠𝑖𝑛 ቀ
𝑎
2

ቁ െ2𝑖𝑏
∆𝑡
∆𝑦

𝑠𝑖𝑛 ቀ
𝑎
2

ቁ

െ2𝑖𝑔
∆𝑡
∆𝑥

𝑠𝑖𝑛 ቀ
𝑎
2

ቁ 1 െ 4𝑔𝑏 ൬
∆𝑡
∆𝑥

൰
ଶ

𝑠𝑖𝑛ଶ ቀ
𝑎
2

ቁ െ4𝑔𝑏
∆𝑡

∆𝑥∆𝑦
𝑠𝑖𝑛ଶ ቀ

𝑎
2

ቁ

െ2𝑖𝑔
∆𝑡
∆𝑥

𝑠𝑖𝑛 ቀ
𝑎
2

ቁ െ4𝑔𝑏
∆𝑡

∆𝑥∆𝑦
𝑠𝑖𝑛ଶ ቀ

𝑎
2

ቁ 1 െ 4𝑔𝑏 ൬
∆𝑡
∆𝑥

൰
ଶ

𝑠𝑖𝑛ଶ ቀ
𝑎
2

ቁ
⎦
⎥
⎥
⎥
⎥
⎥
⎤


𝜌

𝑟

𝑠
൩ 

 

With 𝐵 

ൌ

⎣
⎢
⎢
⎢
⎢
⎡ 1 െ2𝑖𝑏

∆𝑡

∆𝑥
𝑠𝑖𝑛 ቀ

𝑎

2
ቁ െ2𝑖𝑏

∆𝑡

∆𝑦
𝑠𝑖𝑛 ቀ

𝑎

2
ቁ

െ2𝑖𝑔
∆𝑡

∆𝑥
𝑠𝑖𝑛 ቀ

𝑎

2
ቁ 1 െ 4𝑔𝑏 ቀ

∆𝑡

∆𝑥
ቁ

2

𝑠𝑖𝑛
2 ቀ

𝑎

2
ቁ െ4𝑔𝑏

∆𝑡

∆𝑥∆𝑦
𝑠𝑖𝑛

2 ቀ
𝑎

2
ቁ

െ2𝑖𝑔
∆𝑡

∆𝑥
𝑠𝑖𝑛 ቀ

𝑎

2
ቁ െ4𝑔𝑏

∆𝑡

∆𝑥∆𝑦
𝑠𝑖𝑛

2 ቀ
𝑎

2
ቁ 1 െ 4𝑔𝑏 ቀ

∆𝑡

∆𝑥
ቁ

2

𝑠𝑖𝑛
2 ቀ

𝑎

2
ቁ

⎦
⎥
⎥
⎥
⎥
⎤

 

Based on von Neuman's requirements, the 
eigenvalue of the matrix must be less than or equal 
to 1. The next step is to simplify by assuming ∆𝑦 ൌ
 ∆𝑥, then the eigenvalue of the matrix B obtained is: 

 

ሺ𝜆 െ 1ሻ ቌ𝜆ଶ െ 2 ቌ1 െ 4𝑔𝑏 ൬
∆𝑡
∆𝑥

൰
ଶ

𝑠𝑖𝑛ଶ ቀ
𝑎
2

ቁቍ 𝜆  1ቍ ൌ 0 

The stability requirements from the volume 
method to the Godunov scheme for the two-
dimensional water wave equation are obtained as: 

∆𝑡
∆𝑥

ඥ2𝑔𝑏  1 

4.5 Simulation and Interpretation 

After the result of the stability requirements are 
obtained from Godunov scheme, the values from ∆𝑡 
and ∆𝑥 can be selected that meet the stability 
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requirements which are used in the simulation of sea 
waves in the Sunda Strait. The finite volume method 
requirements for two-dimensional sea waves in this 
study is: 

∆𝑡
∆𝑥

ඥ2𝑔𝑏  1 

In this simulation, initial values ℎሺ𝑥, 𝑦, 0ሻ ൌ 𝑏 ൈ
𝑒ିହሺ௫మା௬మሻ and 𝑢ሺ𝑥, 𝑦, 0ሻ  ൌ  0 with ∆y = ∆x = 0.85, 
∆t = 0.05, and Sunda Strait depth = 100m. Figure (5), 
(6) and (7) show the solution of linier shallow water 
equation 2-dimension by using Godunov scheme to 
fulfill the stability requirements. 

From the Figure 5, we can see that the waves at 
𝑡 ൌ 0 is an initial wave occurs. 

 

Figure 5: 𝑡 ൌ 0 

 

 

Figure 6: 𝑡 ൌ 6 

 

Figure 7: 𝑡 ൌ 12 

In Figure 6, when t = 6 sea water waves are still 
forming, while at t = 12 (Figure 7) the results show 
that the surface conditions of the waves are stable 
and not repeatable. 

5. CONCLUSION 

Based on the results of the study, it was found 
that the numerical resolution of sea waves of the 
Sunda Strait, using the finite volume method with 
the Godunov system, has the stability requirement of 

the system that is  
∆௧

∆௫
ඥ2𝑔𝑏  1. It means that the 

stability requirements depend on the value of the 
interval of direction 𝑥 ሺ∆𝑥ሻ, time interval ሺ∆𝑡ሻ, the 
force of gravity (g) and the lower limit of the wave 
base ሺ𝑏ሻ. If it does not meet the stability 
requirements, there will be a blow up or infinity 
solutions. 

The limitation of this research is that the samples 
used in the simulation model is only taken from the 
Sunda Strait. This study also uses only one scheme, 
the Godunov scheme. In addition, this research took 
a long time because the reduction in the model 
formula was quite complex. 
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