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ABSTRACT

In this paper we performed a mathematical study of an SEIR epidemic model on dynamical network. We
propose a mathematical SEIR model that consider Watts-Strogatz type complex network that involve
contact among individuals. The stability conditions are obtained by using the Lyapunov function, and
interpreted using a new threshold noted K. In order to show the effect of the network structure on the
disease transmission and its asymptotic behavior. Using an algorithm programmed in R, a numerical
simulation is presented to illustrate the influence of the small world network properties on the spreading of
the disease in our model. This simulation can be used to determine the statute of different diseases in a
region using data in this region and the corresponding parameters of the infectious diseases.

Keywords: SEIR Epidemic Model, Complex Network, Lyapunov Function, Global Stability, Infectious

Diseases.
1. INTRODUCTION

Mathematical epidemiology has a long history
in the study of infectious diseases. Starting with
daniel bernoulli in 1760 when he developed a
model for the spread of smallpoxand and
established a new analysis of smallpox mortality
and the benefits inoculation to prevent it [1]. Then
continuing with Ross, Hamer, Mc kendrick and
Kermack who established the foundations of the
epidemiology approach based on compartmental
models, between 1900 and 1935 [4].

In 1911, Ross gived the first compartmental
model using differential equations to describe the
dynamics of malaria [15], where he has divided the
population into two compartments S the susceptible
and R the recovered individuals, and used the
concept of threshold elementarily, without naming
it. This notion was later established by Kermack
and Mc Kendrick in 1927 in their famous threshold
theorem [9]. This threshold is represented by the
basic reproduction number Ro, which is interpreted
as the average number of new cases generated by an
infectious subject in a susceptible population.

The standard representation of a compartmental
model is a graph . The vertices represent the
compartments and the arcs are weighted by the
fractional transfer functions. Nodes are often
represented by rectangles, circles, or dots.

Several models exist in the literature modeling
the various statues of the disease during the
infection. The population may be divided according
to the nature of the disease into several
compartments representing the different steps of
infection, for example SI (susceptible, infected),
SIR  (susceptible, infected, removed), SEIR
(susceptible, exposed, infected, removed), etc. The
simplest epidemic models suppose that the
population is homogeneous. So that, each individual
has the same probability of contact with any other
individual in the graph . This hypothesis is not
realistic.

Lately, models gained an increasing level of
complexity[24,25,26,27,28]. Many authors were
interested in stochastic models [8,16,7] and other in
the effect of the network structure of contacts on the
disease transmission [20,12,2,22]. In order to be
more realistic and predictive.

Including the effect of networks in classical
models, helps to study the impact of spatial
structure and serve to better understand the
structure of social contacts. In networks the
members of population are modeled

as the nodes, and the edges represent the contact
between people that could potentially lead to a
transmission of the disease. Individuals are linked
with a probability p. For regular network p=0 the
lattice is highly clustered, and for random network
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p=1 the lattice is poorly clustered [13]. The small
world (SW) network is between them neither
highly clustered like regular nor poorly clustered
like random network, and in this network infectious
diseases spread more easily [23].

The aim of this article is to study the spreading
of infectious disease in the small-world network,
in order to better understand the structure of social
contact networks and their role in epidemiology.
Many authors have been interested in SW networks

Samaki and Kaski have studied the SIR model in
SW [19]; Han studied the SI model disease
spreading with epidemic alert on SW [5]; Liu and
Xiao studied the local stability of SEIR in SW [12];
Wang Cao Alsaedi and Ahmad  considering
infection across the edge on random networks [22].

In this work, we study the stability of the SEIR
model in SW. We prove the global stability using a
Lyapunov function. We give a new expression of
the threshold which involves the degree of
distribution of the SW. Which leads us to propose
an equivalent threshold that will show the influence
of social contact in the disease spreading on small
world.

2. MODEL FORMULATION

The total population at time t, denoted by
N(t), is subdivided into four disjoint classes S(t),
E(t), I(t) and R(t). With S(t) denoting the number of
susceptible individuals at time t, E (t) the number
exposed of individuals, I(t) the number of infective
individuals, and R(t) the number of recovered
individuals, the model takes the form,

( S(t) =uN — aSI — uS
E(f) =aSl — (B+ pn)E
1
\ i) =BE—(u+yI O
\ ]?(f) =~I — uR
With :
p : Birth and death rate proportional to total
population N,

@ : Rate of transmission of the disease,

P : Rate of exposed individuals who become
infectious,

Y : Recovery rate.

In the following we note: a = p+p and b = p+y.
From the system (1) we have :

‘

S .
S
~
S
Il

i — alNsi—pus
e(t)=aNsi— (8 + p)e
j Be — (pu + )3 @

o~
P

~
) —

Il

1(t) =vyi — pr

Where :

s(t)=S(t)/N, e(t)=E(t)/N, i(t)=I(t)/N and
r(t)=R(t)/N indicating the density of S(t), E(t), I(t)
and R(t) respectively.

The term alN s(t) implies that all the infectious can
contact all the susceptibles, in other words the
graph modeling the population is completely
connected, In the Small world complex network
[23], of which each node has <k> links on the
average, the assumption of complete connection
seems unreasonable, hence the interest of
implementing the small world network in the
previous model.

2.1 Small world complex network

A complex network is a set of nodes and links
linking them to each other. Different types of
networks are defined according to the nature of the
nodes and the links fig (b), (¢) and (d). In social
networks, nodes, also called network actors, can
represent individuals, organizations, or groups of
individuals and the links represent the interactions
or social relations between the actors of the
network: kinship, collaboration between businesses,
sexual relations.

The small world complex network is between the
regular network and the random network.

The small world network is closer to reality. The
nodes in this network are linking between each
others with a probability p with (0 <p < 1) fig (e).

It is a network within which the propagation of
information is faster, while retaining certain
properties of conventional networks. Moreover,
between any pair of vertices, there is a very short
path that can be found easily. In this paper, we are
interested in this model. One of the parameters
characterizing the network is < k > the average
degree of distribution and which represents the
average number of neighbors an individual can
have in the network.

Several authors were interested in the
epidemiological modeling in the complex networks
in the works. They consider that the contacts in
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network are random. So in the equations of

evolutions they introduce the degree of distribution Small-world
of the law between nodes noted by < k > . This

modeling is more realistic because the connection

between nodes is not sure . <k > is the average of

this distribution law.

(c) Small world model

Random

(a) SEI- small world model

Hence the interest of replacing the term aN s(t)
with a<k>s(t), where <k> is the average degree of
distibution [13], that represent the average number
of neighbors that an individual can have in the
population [14,10]:

¢ ds
dt

| d=atbsi= 3+ pe
4~ Be — (u + )i

=pu — alk)si — ps

i AN
dr _ ~; .

| F i Yyt — [

Further, unlike in the aforementioned modeling

studies, detailed rigorous mathematical analysis of

the model (3) represented in figure (a) will be Regular Small World Random
provided. (a) (h) (¢)
p=0 » p=I
Regular

(e) Watts and Strogatz model. From a regular
network to a random network, where random
rewiring of some edges in a regular network
produces a small world network with high
clustering coefficient and low average path length

(b) Regular model
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2.2 Basic Properties

Our model monitors human populations, so all
its associated parameters must be nonnegative.
Further, the following nonnegative result holds.

Theorem 2.1.

Let the initial data for the model be positive

s(0) >0, e(0)>0,i(0) > 0 and r(0) > 0, then the
variables of the model s(t), e(t), i(t) and r(t) will
remain positive for all solutions of system (3) for
all t>0.

Proof.

Let be

T=sup{t >0 |V 0 <t <t such that s(t) > 0, e(t) > 0,
i(t) > 0, r(t) > 0}. Let’s prove that T=+oo.

Suppose that 0< T < +oo then by the continuity of
solutions we will have : s(T)=0 or i(T)=0 or e(T)=0
or r(T)=0. If s(T)=0 then :

ds(T)
dt

= lim $05O= iy O <0
t->T— T-t t-T— T—-t

s(T)=0=

But from the first equation of the system (3) we
have % = n > 0. Similar proof for e(t), i(t) and
r(t). So T could not be finite, hence, all solutions of

model (3) remain positive for all time t > 0 as
required. This concludes the proof.

2.3 The invariant set
Since the population is constant so:
s+tet+i+r=1 ie r=1-s-e-i

And solutions are positive as shown in the theorem

2.1, so we are interest in working only in the
positive orthant.

Proposition 2.2.
The closet set G is positively invariant, such
3)

G={(s,e,i,r) € R3such that s+e+i+r <1}

that:

Proof.
Letbe H: R2 —p R defined as:

H(s,e,i)=s+e+i-1
So for all,
(s,e,i) € H1(0)={(s,e,i) € R3 : H(s, e,i) = 0},

we have:
<VH(s,e,i),(s’,e’,i’)>=<(1,1,1),(is, ie’ %i)>='yi50

Therefore, according to barrier's theorem [17, 6],
G is a positive invariant set for the system (3).

3. STABILITY OF THE DISEASE FREE
EQUILIBRIUM

The system has an unique Disease Free
Equilibrium (DFE) given by:

EO:(S*ae* 3i*)=(130’0) )

3.1 Local stability of Disease Free Equilibirum

In this section we will study the local stability
of Disease Free Equilibrium.

Theorem 3.1.

The Disease Free Equilibrium Eg of the model (3),
given by (4), is locally asymptotically stable (LAS)
if Ro<1.

Proof.
The local stability of the DFE is studied using the
Poincaré-Lyapunov theorem [3], we first start by
calculating the Ro using the next generation matrix
FV-1[21]:

Ro=p(FV)

Where F is the nonnegative matrix of the new
infection terms, and V is the M-matrix of the
transition terms associated with the model (3), so:

a(k)B alk)
FV—1 = ab b
0 0

Hence the basic reproduction number is given by:

_ B
Roi=0<k>— (5)

According to the Poincaré-Lyapunov theorem [3],
if all the eigenvalues of the jacobian matrix of the
system in the DFE, have a real part strictly
negative, then DFE is (LAS) Locally
Asymptotically Stable.
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The jacobian matrix of the system is given by:
—p—alkyi 0 —alk)s
alk)i  —a aflk)s

0 ] —b

J(s.e.i) =

The jacobian matrix of the system in the DFE is
given by:

—n 0 —a(k)
J(Eg) = 0 —a afk)
0 B —b

The characteristic equation:
| J(Eo)-AI |=0 i.e. (a+))(b+))-Ba<k>=0

It is clear that this characteristic equation has one
positive real root if Re>1, and two negative real
roots or two complex conjugate real roots with
negative real parts if Roe<l. This concludes the
proof.

3.2 Global stability of Disease Free Equilibirum

To investigate the global stability of the DFE
we use the Lyapunov method.
If a V function is globally positive defined,
Radially unbounded and its temporal derivative is
globally negative,

V(x) <0 for all x # xo

Then the equilibrium X is globally stable.
In our model the proposed Lyapunov function is:

. 1 % % S 1 1.

= Q=8 = —))+— e+ —
V(s,e,i) a(s S-S ln(s*)) —e ﬁl
Theorem 3.2.
Assume Ro<1, Then the Disease-free equilibrium of
the model (3), given by (4), is Globally
Asymptotically Stable on G.
Proof.

Consider the following candidate for a Lyapunov
function on G:

V(s,e,i)=§(s-s*-s*1n(:—*))+§ et % i O

At DFE, Eo, it is clear that V(Eo)=0. To establish
that V > 0 for all (s,e,i) # (1,0,0), it is sufficient to
notice that:

1 % % S . 5% S S
—(s-s"-s In(=))> 0 i.e. —(—-1-In(3))) > 0

Since the function f(x)= x-1-Inx reaches its global
minimum in x=1 and f(1)=0 then f(x)>0 for all
x #1 hence:

V (s,e,i)> 0 for all (s,e,i) # (1,0,0)

Furthermore, it is also clear that V is Radially
unbounded:

V(s,e,i)—» when ||x|| —» o

The temporal derivative of V is given by:

Fsei)m M1y Lor 1L o 1
V(s,e,i)= a(l s) o s+ o et Bt i ®)
Let's prove that the temporal derivative of V is
strictly negative for all (s,e,i) € G and

(s,e,) #(1,0,0).

Hence, if Ro < 1 we have V <0 and the set
L={(s,e,i) € G such that V(s,e,i)=0} is reduced to
Eo.

Therefore, according to the Lyapunov theorem, the
Disease =~ Free  Equilibrium is  Globally
Asymptotically Stable on G when Ro <1.

4. STABILITY OF THE ENDEMIC
EQUILIBRIUM

In this section we are going to explore the
local and the global stability of the endemic
equilibrium. Since solutions are positive as shown
in the theorem 2.1, the following result holds.

Proposition 4.1.

If Ro>1, then the system (3) has a unique endemic
equilibrium.
The Endemic Equilibrium (EE) is given by:

1 bpu(Ro—1) pu(Re—1)

Ev =%, a (k) a (k)

Re' D ) ©)
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4.1 Local stability of the Endemic Equilibrium

In this section we investigate the local stability of

the endemic equilibrium.

Theorem 4.2.

The Endemic Equilibrium E; of the model (3),
given by (9), is locally asymptotically stable (LAS)
if Ro> 1.

Proof.

As done previously in the proof of the theorem 3.1,
we start by calculating the jacobian matrix of the
system in the EE.

—/IR() 0 —Tab
JE1) =] p(Ro—1) —a ‘}—Bb
0 5 —b

The characteristic polynomial:
P(M)=23+A}(uRo+atb)+AuRo(at+b)+pab(Ro-1)

Using the Routh-Hurwitz Criteria [11], to prove the
negativity of the eigenvalues, it is sufficient to
verify that:

1)- (uRO+a+b)>0,

2)- nab(R0-1)>0,

3)- (uRO+a+b)uRO(atb)> pab(RO-1).

The first condition is already verified, the second

one is verified if Ro>1, and for the third inequality
we have:

(uRO+a+b)R0O(a+b)-ab(RO-1)=Rg(a>+b>*+ab+u)+ab
Which is positive, hence, if Ro>1 all the roots of the
characteristic polynomial are negative or have
negative real parts. This concludes the proof.

4.2 Global stability of the Endemic Equilibrium

Lemma 4.3.
Let x1, . . . ,Xa be n positive numbers.

.1.1 + .1.2 + dine + .l.n‘
n

Then their arithmetic mean is greater than or equal
to their geometric mean:

Theorem 4.4.

Assume Ry > 1. Then the Endemic Equilibrium of

the model (3), given by (9), is Globally
Asymptotically Stable.
Proof.

Consider the following candidate for a Lyapunov
function on G.

sk ok ckE ok

N s e utp,.
V(s,e,i)=s-s"-s"In(tete-e 111(;)"’7(1'1 -1

In(=-))) (10)

(e

Notice that V(s, €,1)=0 only for (s, €, i)=(s"",e"",,i""),
for all (s,e,i) #(s™,e™,i"") we have V(s,e,i) > 0, and
V(s,e,i) is radially unbounded. So the condition that

remains to be proved is that the time derivative of

*x\ 2
—/1% +a < k> s****

“"V =
* %2

— —i*a<k>+sMia<k>

— a<k>si —e(B+p)

+ e (B+p)+(p+Be

— EPi(p+r) = (n+B) e

+ B 1),

V, is strictly negative for all
(s, e i) # (s, ™, i)

From the first equilibrium equation of the system

sk ook

(3), we have p=o<k>s"" i"* +us™.
From the second equilibrium equation of the system
(3), and the expression of the Endemic Equilibrium,

we obtain:
a< }n 5 5**l** — (5_|_ N)C** — ‘u;l-TfZ**(lu_'_a/)

Hence,
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AP (= &
V = —ple=)

2
*

+a < k> st

¥»a<k>+s*tia<k>

— a<k> sttt qfigf}'e
+ e (B+p) — B+ )
. (/l+ f)ze*f **_i_ll-i-ﬂ **(/1+ V).

=

a<k> s**t**(—% - L -3

The two last terms are equal to zero, since from (9)

s*¥*o<k> = %b, and if we use the lemma 4.3. we

will obtain the following inequality:

* ¥ * 3k

S e st
s +es**'i,**

4 e > 3

,I/e** —

Hence if Ry >1, the derivative V is negative for all

(s,e,i) € G, and we have:
V(s,e,i) = 0 if and only if s = s**
And,

* 3k e .k ok

*
S e S (] e
3 - + es** I* * + 2

S 96

If s=s** then —= 0 so from the first equation of

the system (3), we get i=1**, and from the equality

above we conclude that e=e**, Therefore,
V=0
if and only if,

(s,€,1) =

Hence according to the Lyapunov theorem, the
Endemic Equilibrium is Globally Asymptotically
Stable on G, GAS, when R0 >1.

The basic reproduction number plays the role of a
threshold, for epidemic appearances, this concept
was used by Ross elementarily in his "mosquito

theorem" [15] and afterwards

by Kermack and McKendrick in their famous
threshold theorem In 1927 [9]. In our paper we are
going to use this famous concept to find a
threshold, that we note Ks, for the average degree
distribution <k>, since this latter is proportional to
the basic reproduction number as shown in the
equation (eq 5).

Ro = afk) 5 & (k) = Regd

o3

Then,
X ab
Ro<1e (k)< v
Therefore
ab
K=
aﬁ

can be used as threshold for the average degree of
distribution, and the results established previously
in theorem 3.2 and theorem 4.4 can be written as
follows in the theorem 4.5.

Theorem 4.5.

If the average degree distribution <k> < % =K

then the Disease Free Equilibrium is Globally

Asymptotically Stable. Else if <k >> a—;

then the Endemic Equilibrium is GAS.

The quantity <k> measures the average number of
neighbors in the Small-World network.
Theorem(4.5) implies that the disease can be

- — b .
eliminated from the community if <k> < Z—B , and it

may be more practical for health decision makers to
eradicate the disease and limit its spread.

5. SIMULATION AND DISCUSSION

In this section, we make a numerical simulation
using R, to test how well the proposed model (3),
may be applied in practice. From the stability
analysis in Sections 3 and 4, we can notice that
some factors, such as a and < k>, are key
parameters in epidemic diffusion system. Since o is
a parameter related to the disease, so it cannot be
controlled, we decided to do a short sensitivity
analysis for <k>.
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(b) Simulation of SEIR-Small World model with <k>=2
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(c) Simulation of SEIR-Small World model with < k >=3
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(d) Simulation of SEIR-Small World model with < k >=4

<k>=6, Ks=3.066
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(e) Simulation of SEIR-Small World model with < k >=6
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Holding all the other parameters fixed, except that
< k > takes on four different values, two greater
than the threshold K and two less than this latter.
To perform the simulation we used the

following parameters in tablel.

Parameters Values
n 1

a 0.17

B 0.3

v 0.65

Table 1 .Parameters values of SEIR-SW model

For subfigures (a) and (b), when < k > is less than
K, the disease disappears from the population, i.e.
there is a stability of the DFE, contrary to the case of
< k > greater than Ks where the disease spreads in
the population as shown in the subfigures (c) and
(d), and it corresponds to the results found
previously (Theorem 4.5). This simulation transfers

important information that is, self-quarantine and
reducing the average number of neighbors in the
society to less than the K, are effective strategies for
controlling epidemic diffusion.

6. CONCLUSION

In this paper to have studied the spreading of
infectious disease in the small-world network, in
order to better understand the structure of social

contact networks and their role in epidemiology.
We first studied the local and global stability of the
Disease Free Equilibrium

EO:(S*se* ai*)=(13090)
and the Endemic Equilibrium

1 b p(Ro—1) pu(Re—1)
1=y alk)  alk) )

of the SEIR model within small world complex
network, using the Lyapunov method, and
expressed the results obtained using the average
degree of distribution < k > of the network, and
interpreted them according to a new threshold noted
K.

e Ifthe average degree of distribution
< k> <K, then DFE is GAS;
e  I[fthe average degree of distribution
<k> >K; then EE is GAS.

These results show the influence of the social aspect
and the evolution of the network in the propagation

of the epidemics, and in their asymptotic behaviors.

And represent an important tool in decision-making
and in the development of control strategies.

It implies that the disease can be eliminated from
- b .
the community if <k> < Z—B , and it may be more

practical for health decision makers to eradicate the
disease and limit its spread. However we can’t deny
that this work has some limitations, such for
modeling disease caused by more than one strain of
pathogen, such as tuberculosis [30], HIV [31],
dengue fever [32] and other sexually transmitted
diseases, that requires to be modeled with SIR and
SEIR multi-strains models.
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