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ABSTRACT  
  

Rényi entropy is the important concept developed by Rényi in the context of entropy theory. We study in 
detail this measure of information in case of multivariate skew normal Cauchy distributions.  Mixture 
model of these distributions is proposed.   In addition, upper and lower bounds of entropy both types 
Shannon and Rényi are found on this model. Also,  an asymptotic expression for Rényi entropy for a 
mixture of skew distributions is given in approximation by using some inequalities, multinomial theorem 
and properties of L୮ -spaces. Finally, we give a real data examples to illustrate the behavior of Rényi 
entropy of the proposed mixture model. 
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1. INTRODUCTION   
  

In multivariate analysis, Azzalini A., & Dalla 
Valle A. (1996) introduced the multivariate skew 
normal distribution as an alternative to multivariate 
normal distribution to deal with skew in the data.  

Genton M., & Loperfido N. (2005) derived the 
generalization of multivariate skew normal 
distribution whose the probability density function 
is as follows 

kሺy; μ, Sሻ ൌ 2gሺy; μ, Sሻ. ѱሺy െ μ ሻ  ,       y ∈ Rୢ  

where the function ѱ  satisfies 0  ѱሺyሻ  1  and 
ѱሺെyሻ ൌ 1 െ ѱሺyሻ , for any  y ∈ Rୢ. 

Obviously, if ѱሺyሻ ൌ
ଵ

ଶ
 then Y has a multivariate 

normal distribution. As a special case if we take ѱ 
is a distribution function such as normal , Logistic, 
Laplace or other distributions such that  ѱሺyሻ ൌ
Gሺδᇱyሻ then we get on the generalized skew normal 
distribution. Huang W., Su N., & Gupta A. (2013) 
derived the explicit forms of moment generated 
function of these multivariate skew distributions. 
More recently, Kahrari et al., (2016) studied some 
the main probabilistic properties of multivariate 
skew normal Cauchy distribution. 

 

 

  

Huang W., Su N., & Gupta A. (2013) derived the 
explicit forms of moment generated function of 
these multivariate skew distributions. More 
recently, Kahrari et al., (2016) studied some the 
main probabilistic properties of multivariate skew 
normal Cauchy distribution. They derived simple 
expression of the moments, covariance matrix and 
moment generated function of this distribution.  Lin 
T., Lee J., & Wan H. (2007) proposed the 
development of mixture of skew normal and skew 
t-models. Mixture models of multivariate skew 
normal and skew t-distributions were studied by 
Pyne S., et al., (2009). Lee S., & McLachlan G. 
(2014) provided an overview of developments of a 
mixture of skew t- distributions.   

On the other hand, Shanon C. E. (1948) 
presented measure to quantify the uncertainty of an 
event.  Rényi A. (1961) generalized this measure 
for probability distribution which means the 
sensitive to the fine details of a density function.   
Javier E., & Contreras-Reyes J. (2016) discussed 
the Rényi entropy of flexible class of skew normal 
distributions.  Wood R., Blythe R. & Evans M. 
(2017) introduced some results for the Rényi 
entropy of the totally asymmetric exclusion 
process. Also, they calculated explicitly Rényi 
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entropy whereby the squares of configuration 
probabilities are 

 summed. It is important to refer that the authors 
Contreras-Reyes J., & Cortés D. (2016) showed the 
bounds and approximation of Rényi entropy of a 
class of mixture models of multivariate skew 
Gaussian by using the multinomial theorem and 
generalized HӦlder’s inequality. In fact, there are 
no analytical expressions for the Rѐnyi entropy of 
the mixture model, therefor we consider its bounds 
exist. Similarity in the case of fractional relative 
entropy an analytic evolution of Rѐnyi entropy is 
also impossible. 

In this paper, we propose a model of mixture of 
multivariate skew normal Cauchy distributions. 
The explicit expression of Rényi entropy of 
multivariate skew normal Cauchy distribution is 
derived.  By using generalized HӦlder’s inequality 
and some properties of multinomial theorem, we 
have derived the upper and lower bounds for Rényi 
entropy of mixture model. An approximate value of 
these entropies can be calculated. In addition, an 
asymptotic expression for Rényi entropy is given 
by the approximation and by using some 
inequalities and properties of L  -spaces. Finally, 
we give a real data examples to illustrate the 
behavior of Rényi entropy with the parameters α , ε 
and skewness parameter δ of the proposed mixture 
model.      

The remainder of this paper is organized as 
follows:  In section 2. we begin with a preliminary 
material of mixture models and the measure of 
information (Rényi entropy). Section 3. provides a 
description of   asymptotic expression for Rényi 
entropy of multivariate skew normal Cauchy 
distributions by using some methods of numerical 
integration such as Monte Carlo and importance 
sampling methods. By using some theorems which 
related to multinomial theorem and generalized 
HӦlder’s inequality, in section 4. we find upper 
and lower bounds and also we study an 
approximate Rényi entropy for a mixture of 
multivariate skew normal Cauchy distributions. 
The conclusion of this paper is shown in Section 5.  

    
2. PRELIMINARY MATERIAL  

In this section, we introduce some basic 
definitions, notations and lemmas related to 
entropy theory and mixture models of skew 
distributions. Multivariate skew normal 
distribution has been proposed by Azzalini and 

Capitaino (2003). We say that a random variable  
Y ∈ R  has the  skew generalized normal 
distribution denoted by Y ~SGNሺμ, S, δଵ, δଶሻ if 
its density function is in the following the form:   

kሺy; μ, S, δଵ, δଶሻ ൌ 2gሺy; μ, Sሻ. G ቆ
ஔభ௬

ሺଵାஔమ ௬మሻ
భ
మ
 ቇ      

(1) 
where, δଵ ∈ R, δଶ  0 , g and G are univariate 
normal density function with mean μ , variance 
S  and the distribution function of univariate 
standard normal respectively. Also, a d-
dimensional random vector X ∈ Rୢ  has a 
multivariate skew normal-Cauchy distribution 
denoted by (X ~MSNCୢሺμ, S, δሻሻ  if its 
probability density function is given by  

fୢሺx; μ, S, δሻ ൌ
ሺୢୣ୲ሺୗሻሻష

భ
మ

ሺଶሻ
ౚ
మ

  

          . exp ቐ
൬െ

ଵ

ଶ
ሺx െ μሻᇱSିଵሺx െ μሻ൰        

. ቀ1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ μሻቁ ቁ

ቑ 

(2)  
where, μ ∈ Rୢ  is a location parameter , a scale 
matrix S ∈ Rୢൈୢ  is a positive definite , a 
skewness vector is δ ∈ Rୢ  and  S෨ ൌ

diagሺsଵଵ, sଶଶ, … , sୢୢሻ
భ
మ , S=(s୧୨) , i ,j =1,2,…,d. 

The stochastic representation of 
X~MSNCୢሺμ, S, δሻ  can be obtained as a mixture 
of  multivariate skew normal 
X|Y~MSNୢሺμ, S, δyሻ  and half standard normal 
distributions  Y~HNሺ0,1ሻ. (see, e.g., Kahrari et 
al., (2016)). The mean vector and covariance 
matrix of X are derived by Kahrari et al., (2016) 
and other authors in the following form: 

EሺXሻ ൌ μ  cஔS δ                                          
(3) 
VarሺXሻ ൌ S െ cஔ

ଶ S δδᇱS                                          
(4) 

where,  cஔ ൌ
ଶ

ඥஔᇲୗஔ
 mሺ

ଵ

ඥஔᇲୗஔ
ሻ , mሺxሻ ൌ

ୋሺି୶;,ଵሻ

ሺ୶;,ଵሻ
 

is the Mill’s ratio, g and G defined in (1). The 
moment generated function of a random vector 
X~MSNCୢሺμ, S, δሻ is given by  

Mଡ଼ሺrሻ ൌ 2exp ቀ
୰ᇲௌ

ଶ
ቁ ൫1 െ

Kሺ0; 0,1, δᇱS r, δᇱS δሻ൯                                                                       
where, K  is the distribution function  of the 
SGNሺ0,1, δଵ, δଶሻ distribution.  

Definition1. Let X be a d-dimensional random 
vector which comes from an m-component 
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mixtures of multivariate skew normal-Cauchy 
distributions. Then the probability density 
function of X~MMSNCୢሺμ, S, δ, εሻ  is given by 
the following form:  

fሺx; μ, S, δ, εሻ ൌ ∑ ε୧
୫
୧ୀଵ fሺx; μ, S, δሻ                    

(5) 

where, ε୧   denotes the mixing probability with 
ε୧  0 , ∑ ε୧ ൌ 1୫

୧ୀଵ , fሺx; μ, S, δሻ  and 
fሺx; μ, S, δ, εሻ  represent respectively the 
probability density functions  of an i-th 
component  and mixture model with parameter 
vectors set ሺμ, S, δ, εሻ;  μ ൌ ሼμଵ, μଶ, … , μሽ a set 
of vectors represent location parameters, S ൌ
ሼSଵ, Sଶ, … , S୫ሽ a set of dispersion matrices and 
the shape vector parameter is  δ ൌ
ሼδଵ, δଶ, … , δ୫ሽ.  

If  𝜅 ൌ ሺ𝜅ଵ, 𝜅ଶ, … , 𝜅 ሻ  represent a set of m 
latent allocations for densities of observations x 
then fሺx; μ, S, δ, εሻ ൌ ∏ f൫x; μ, S, δ, κ୨൯

୫
୨ୀଵ , where 

Pr൫κ୨ ൌ iหε൯ ൌ ε୧  then for any j-th component 
density in (4)  is obtained as 

X୨ห൫κ୨ ൌ i൯ ൌ
ୢ

 μ୧  Z୨หY୨  , j ൌ 1,2, … , m , 

where Z୨หY୨~MSNୢሺ0, S, δY୨ሻ  ,  Y୨~HNሺ0,1ሻ 

and 𝑐ఋೕ
ൌ

ଶ

ටஔౠ
ᇲୗౠஔౠ

 mሺ
ଵ

ටஔౠ
ᇲୗౠஔౠ

ሻ,   i ൌ 1,2, … , m . 

Equations (3-4) gives the first and second 
moments for each i-th component of X 
respectively. Therefore, the mean and 
covariance of X can be obtained as follow  

 
EሺXሻ ൌ ∑ ε୧

୫
୧ୀଵ ൫μ୧  cஔ

S୧ δ୧ ൯                             
(6) 
VarሺXሻ    ൌ ∑ ε୧

୫
୧ୀଵ S୧  

െ ቀ∑ ε୧
୫
୧ୀଵ ൫ cஔ

S୧ δ୧ ൯ቁ ቀ∑ ε୧
୫
୧ୀଵ ൫ cஔ

S୧ δ୧ ൯ቁ
ᇱ

  

(7) 

Definition 2. The Shannon entropy of a 
continuous random vector X ∈ Rୢ  with 
probability density function fሺx; θሻ is given by  

HሺX; θሻ ൌ െE൫lnሺfሺx; θሻሻ൯                                    
(8) 

Definition3.  An αth-order Rényi entropy of a 
continuous random vector X ∈ Rୢ  with 
probability density function fሺx; θሻ  is defined as 

RሺX; θሻ ൌ

ቐ

ଵ

ଵି
lnሺEሺfሺx; θሻ ሻିଵሻ  , 0 ൏ α ൏ ∞, α ് 1

െE ቀln൫fሺx; θሻ൯ቁ                   α ൌ 1                 
  

(9) 

The relationship between  Shannon and Rényi 
entropies  is obtained by the limit  HሺX; θሻ ൌ
lim
→ଵ

RሺX; θሻ . Translation does not change the 

entropy  HሺX  Cሻ ൌ HሺXሻ  C where, C is 
constant.  

Proposition 1.  If αଵ ൏ αଶ, then Rభ
ሺX; θሻ 

Rమ
ሺX; θሻ  with equality if and only if the 

distribution of X is uniformly. 
Proof: Assume that  α ് 1, then the partial 

derivative of   RሺX; θሻ  with respect to α  is 
given as 
ப

ப
RሺX; θሻ ൌ

ቀሺሺ୶;ሻሻಉషభ୪୬ሺሺ୶;ሻቁ

ሺଵିሻሺሺ୶;ሻሻಉషభ 
୪୬൫ሺሺ୶;ሻሻಉషభ൯

ሺଵିሻమ   

The second part in the right side can be written 
as 

 
୪୬൫ሺሺ୶;ሻሻಉషభ൯

ሺଵିሻమ ൌ
ቀሺሺ୶;ሻሻಉషభ ୪୬൫ሺሺ୶;ሻሻಉషభ൯ቁ

ሺଵିሻమሺሺ୶;ሻሻಉషభ   

Therefore,   
ப

ப
RሺX; θሻ ൌ

ଵ

ሺଵିሻమ ቊ
൫ሺሺ୶;ሻሻಉషభ ୪୬ሺሺ୶;ሻሻಉషభ൯

ሺሺ୶;ሻሻಉషభ 

ቀሺሺ୶;ሻሻಉషభ ୪୬൫ሺሺ୶;ሻሻಉషభ൯ቁ

ሺሺ୶;ሻሻಉషభ ቋ  

ൌ
ିଵ

ሺଵିሻమ ቐ
ቆሺሺ୶;ሻሻಉషభ ୪୬൬

ሺሺ౮;ಐሻሻಉషభ

ుሺሺ౮;ಐሻሻಉషభ൰ቇ

ሺሺ୶;ሻሻಉషభ ቑ  

Define the probability density function g as 

gሺx; θሻ ൌ
ሺሺ୶;ሻሻಉ

ሺሺ୶;ሻሻಉషభ then  

ப

ப
RሺX; θሻ ൌ

ିଵ

ሺଵିሻమ ቊE ቆln ቀ
ሺ୶;ሻ

ሺ୶;ሻ
ቁቇቋ  

But E ቆln ቀ
ሺ୶;ሻ

ሺ୶;ሻ
ቁቇ not  negative value therefor,  

either  E ቆln ቀ
ሺ୶;ሻ

ሺ୶;ሻ
ቁቇ  0  then R  is a 

decreasing with respect to α  or 

E ቆln ቀ
ሺ୶;ሻ

ሺ୶;ሻ
ቁቇ ൌ 0  this implies that  f ൌ g 



Journal of Theoretical and Applied Information Technology  
     © 2005 – ongoing  JATIT & LLS

       
  

ISSN:                                                               www.jatit.org                                                        E-ISSN:   

  
3529  

  

almost everywhere, hence  by assumption α ് 1 
then  f is only  uniformly distributed. 
Conversely, if f is uniform distribution then it 

can be written as  fሺx; θሻ ൌ ቊ
ଵ

୭୪ሺሻ
  , x ∈ B

0           , x ∉ B 
  ,for 

some measurable subset B in R୬ . then  

RሺX; θሻ ൌ
ଵ

ଵି
lnሺVolሺBሻିଵሻ ൌ  ln൫VolሺBሻ൯  is 

not depend on the value of α. 

   The following proposition shows that for any 
location, scale model the Rѐnyi entropy does not 
depend upon location parameter.  

 
Proposition 2.   Let f୶ሺx; μ, Sሻ be a location 

scale probability density function with location 
vector μ ∈ Rୢ ,  𝑆 ∈ Rୢൈୢ  is dispersion matrix 

and let X ൌ Sି
భ
మሺX െ μሻ  be a standardized 

version of X. Then the Rѐnyi entropy does not 
depend on  μ. 

Proof: The probability density function f can be 
written as  

f୶ሺx; μ, Sሻ ൌ ൫detሺSሻ൯
ି

భ
మ f୶బ ቀSି

భ
మሺX െ μሻ, 0, Iቁ   

Therefore, the Rѐnyi entropy of X appears as  

RሺX; μ, Sሻ ൌ ln൫detሺSሻ൯
భ
మ 

ଵ

ଵି
ln൫E ሺfሺx; 0, Iሻሻ൯

ିଵ
  

 ൌ ln൫detሺSሻ൯
భ
మ  RሺX; 0, Iሻ  

Lemma 3. [Cover T. M. (2006)]  If a random 
vector X ∈ Rୢ  (not necessary normal) has zero 
mean and covariance matrix  R ൌ EሺXXᇱሻ , then 
the following inequality is accomplished  

HሺX; θሻ 
ଵ

ଶ
ln൫detሺ2πexp ሺ1ሻRሻ൯                      

(10) 

with equality if and only if X~MNୢሺ0, Sሻ. 

Proposition 4. [Kahrari et al., (2016)]  If the 
random vectors X ~MSNCୢሺ0, S, δሻ  and 
X~Nୢሺ0, Sሻ, then 
i. For every even function ϑ , we 

have ϑሺxሻ ൌ
ୢ

ϑሺ𝑥ሻ. 
ii. δᇱX  ~MSNCଵሺ0, δᇱS δ, √δᇱS δሻ. 

 
Lemma 5. [Bennett G. (1986)] Let aଵ, aଶ, … , a୬ 
and xଵ, xଶ, … , x୬  be two arbitrary sets of real 

numbers. If 𝛼  is a positive integer then the 
following equality 

ሺ∑ a୧
୬
୧ୀଵ x୧ሻ  

ൌ ሺ∑ a୧
୬
୧ୀଵ ሻx୬

  ∑ ൫∑ a୩
୧
୩ୀଵ ൯


ሺx୧

 െ x୧ାଵ
 ሻ୬ିଵ

୧ୀଵ  

 ∑ !
∏ ୩ౠ!


ౠసభ

൫∏ ሺε୲ሻ୩౪ ୧
୲ୀଵ ൯୩౪∈ ቂቀ∏  ୧ିଵ

୲ୀଵ x୲
୩౪ቁ െ

x୧
ି୩ቃ(11)  

                                                        
is accomplished.  The set  A is  defined as A ൌ
ሼk୲ ∈ N; 0 ൏ k୲ ൏ α, ∑ k୧

୬
୧ୀଵ ൌ α, k୲ାଵ ൌ k୲ାଶ ൌ

⋯ ൌ k୬ ൌ 0  ሽ 

Lemma 6. [Bennett G. (1986)] Let 
εଵ, εଶ, … , ε୬  0  and rଵ, rଶ, … , r୬  0  be given. 
Then for any real numbers p  0 and 0  α 
p, the following inequality is holds:  

 
ሺ∑ ε୧

୬
୧ୀଵ r୧ሻ ‖r‖୮

୮ି  

 ∑ ሺiሻ
ଵି

ಉ
౦൫∑ ε୩

୧
୩ୀଵ ൯

୬ିଵ
୧ୀଵ ൫r୧

୮ െ r୧ାଵ
୮ ൯  

n
ଵି

ಉ
౦ሺ∑ ε୩

୬
୩ୀଵ ሻr୬

୮                                          
(12) 

where, ‖r‖୮ ൌ ሺ∑ r୩
୮୬

୩ୀଵ ሻ
భ
౦  

Proposition 7.  Let X~MNୢሺμ, Sሻ.  Then the 
Rényi entropy of X  can be written in the 
following form   
RሺX; μ, Sሻ ൌ

ቐ

ଵ

ଶ
ln൫detሺ2π expሺ1ሻ Sሻ൯               ,   α ൌ 1                  

ଵ

ଶ
ln൫detሺ2πSሻ൯ െ

ୢ

ଶሺଵିሻ
lnሺαሻ ,0 ൏ α ൏ ∞, α ് 1

(1

3) 

Proof : firstly, assume that  α ൌ 1, then we use 

the change of variables Z ൌ Sି
భ
మሺX െ μሻ to have 

directly that  HሺX; θሻ ൌ

െE ቀെ
ଵ

ଶ
ln൫detሺ2πSሻ൯ െ

ଵ

ଶ
𝑧ᇱ𝑧ቁ but 𝑧ᇱ𝑧~Nሺ0,1ሻ.  

Therefore,   HሺX; θሻ ൌ ቀ
ଵ

ଶ
ln൫detሺ2πSሻ൯ െ

ଵ

ଶ
ቁ . 

If α ് 1 then the Rѐnyi entropy can be written 
as  
RሺX; μ, Sሻ ൌ

ଵ

ଶ
ln൫detሺ2πSሻ൯  


ଵ

ଵି
ln ൬E ቀ exp൫െሺx െ μሻSିଵሺx െ

μሻ൯ቁ
ିଵ

൰  

By using the transform  Z ൌ √𝛼Sି
భ
మሺX െ μሻ, we 

get on the result of this proposition. 
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3. RÉNYI ENTROPY OF MULTIVARIATE 
SKEW NORMAL-CAUCHY 
DISTRIBUTIONS  

In this section we derive simple expressions 
for Rényi entropy of multivariate skew normal-
Cauchy distributions by using some properties 
of transformation and integration. Also, we give 
an illustrative example explains the relationship 
between the parameters α and δ with the values 
of Rѐnyi entropy by using some methods of 
numerical integrations such as Monte Carlo and 
importance sampling methods.  

The following lemma and proposition present 
the simple expression of Rényi entropy when  
α ൌ 1. 

Lemma 8. If X ~MSNCୢሺμ, S, δሻ , then the 
expected information in X of the random 

function ln ൬1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ μሻቁ൰ 

appears in the following form: 

 

E ቆln ൬1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ μሻቁ൰ቇ  

ൌ E ቐ
ln ቀ1 

ଶ


arctan ቀඥδ෨ᇱ δ෨ yቁቁ

. ൬1 
ଶ


arctan൫δ෨ᇱ δ෨ y൯൰       

ቑ  

(14) 

where,  Y~Nሺ0,1ሻ and δ෨ ൌ S
భ
మ S෨ିଵδ 

Proof : Replacing S
భ
మ S෨ିଵδ by the vector  δ෨  and 

transforming Z ൌ Sି
భ
మ  ሺX െ μሻ  then we have 

Z~MSNCୢሺ0, I, δ෨ሻ. From proposition 2.,  W ൌ

δ෨ᇱZ~MSNCଵሺ0, δ෨ᇱ δ෨, ඥδ෨ᇱ δ෨ሻ. Therefore,  

E ൬ln ቀ1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ μሻቁ ቁ൰  

ൌ  ቐ
ln ቀ1 

ଶ


arctanሺwሻ ቁ g൫w; 0, δ෨ᇱ δ෨൯

. ൬1 
ଶ


arctanሺwሻ൰

ቑୖ dw  

The transform  Y ൌ ൫δ෨ᇱ δ෨൯
ି

భ
మW  finishes the 

proof.   

Proposition 9. Let  X~MNୢሺμ, Sሻ  and 
X~MSNCୢሺμ, S, δሻ. Then the Shannon entropy 
can be written as follows:  
HሺX; μ, S, δሻ ൌ HሺX; μ, Sሻ െ Ĉஔ෩  
(15) 
where, 

 Ĉஔ෩ ൌ E

⎩
⎪
⎨

⎪
⎧ln ቆቀ1 

ଶ


arctan ቀඥδ෨ᇱ δ෨ yቁቁቇ

. ቆ൬1 
ଶ


arctan൫δ෨ᇱ δ෨ y൯൰ቇ

⎭
⎪
⎬

⎪
⎫

                

(16) 

, Y~Nሺ0,1ሻ and δ෨ ൌ S
భ
మ S෨ିଵδ 

Proof:  By taking the natural logarithm and 
expectation for both sides of equation (2), we 
get  

E ቀln൫fୢሺx; μ, S, δሻ൯ቁ  

ൌ ln
ሺdetሺSሻሻି

ଵ
ଶ

ሺ2πሻ
ୢ
ଶ

െ E ൭ቆ
1
2

ሺx െ μሻᇱSିଵሺx െ μሻቇ൱ 

E ൬ln ቀ1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ μሻቁ ቁ൰  

Using proposition 2., we obtain  

HሺX; μ, S, δሻ  

ൌ HሺX; μ, Sሻ െ E ൬ln ቀ1 
ଶ


arctan ቀδᇱS෨ିଵሺx െ

μሻቁ ቁ൰  

Lemma 8.  gives us the required result of this 
Proposition. 
Next,, we drive the expression of Rѐnyi entropy 
of X~MSNCୢሺμ, S, δሻሻ when   𝛼 ് 1.  
Lemma 10. Suppose that X~MSNCୢሺμ, S, δሻ . 
Then  for any  α  0 , α ് 1 we have 

 ൫fୢሺx; μ, S, δሻ൯


dxୖౚ   

ൌ
൫ୢୣ୲ሺଶୗሻ൯

భ
మሺభషಉሻ

 
ౚ
మ

 E ቀ1 
ଶ


arctan ቀඥδᇱδyቁ ቁ


 

(17) 

where, δ ൌ
ଵ

√
S

భ
మ S෨ିଵδ  and Y~Nሺ0,1ሻ 

proof: Replacing    S
భ
మ S෨ିଵδ  by δ෨  and  

transforming the variable Z ൌ Sି
భ
మ  ሺX െ μሻ 

associated with Jacobian matrix S
భ
మ  of equation 

(2), we get 

 ൫fୢሺx; μ, S, δሻ൯


dxୖౚ  ൌ

൫ୢୣ୲ሺଶୗሻ൯
భ
మሺభషಉሻ

ሺଶሻ
ౚ
మ

 exp ቀ
ି ᇲ

ଶ
ቁ ൬1 ୖౚ

ଶ


arctan൫δ෨ᇱz൯൰


dz 

Again replacing    
ଵ

√
δ෨  by δ, and we change the 

variable  √α 𝑍 by U, to get  
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 ൫fୢሺx; μ, S, δሻ൯


dxୖౚ  ൌ
 ష

ౚ
మ ൫ୢୣ୲ሺୗሻ൯

భ
మሺభషಉሻ

 ሺଶሻ
ౚ
మ 

  

.  exp ቀ
ି୳ᇲ୳

ଶ
ቁ ൬1 ୖౚ

ଶ


arctan൫δᇱu൯൰


du  

From  proposition 4., we obtain W= 

δᇱU~MSNCଵ ቀ0, δᇱδ, ඥδᇱδቁ. Consequently, 

 ൫fୢሺx; μ, S, δሻ൯


dxୖౚ   

ൌ
 ష

ౚ
మ ൫ୢୣ୲ሺୗሻ൯

భ
మሺభషಉሻ

 ሺଶሻ
ౚ
మ 

E ൬1 
ଶ


arctanሺwሻ൰

ିଵ
   

(18) 
But, 

E ቆ൬1 
ଶ


arctanሺwሻ൰

ିଵ
ቇ  

ൌ
 ൫ఋᇲఋ൯

ష
భ
మ

 ሺଶሻ
ౚ
మ 

 exp ቀ
ି௪మ

ଶஔᇲஔ
ቁ ൬1 

ଶ


arctanሺwሻ൰


dwୖ   

If we change 


ඥஔᇲஔ
 by the variable Y then the 

proof is completed. 

Corollary 11. 
Let X~MSNCୢሺμ, S, δሻ, then  

RሺX; μ, S, δሻ ൌ

ቐ

ଵ

ଶ
ln൫detሺ2π expሺ1ሻ Sሻ൯ െ Ĉஔ෩  ,   α ൌ 1                 

 
ଵ

ଶ
ln൫detሺ2πSሻ൯ െ

ୢ

ଶሺଵିሻ
lnሺαሻ  Cஔ,     , α ് 1 

   

(19) where, 

 Ĉஔ෩ ൌ E

⎩
⎪
⎨

⎪
⎧ln ቆቀ1 

ଶ


arctan ቀඥδ෨ᇱ δ෨ yቁቁቇ

ቆ൬1 
ଶ


arctan൫δ෨ᇱ δ෨ y൯൰ቇ

⎭
⎪
⎬

⎪
⎫

    

Cஔ, ൌ
ଵ

ሺଵିሻ
ln ൬E ቀ1 

ଶ


arctan ቀඥδᇱδ yቁ ቁ


൰ ,  

δ ൌ
ଵ

√
S

భ
మ S෨ିଵδ  and Y~Nሺ0,1ሻ 

Proof: The proof is immediate from lemma 10. 
and proposition 9.  

Example 1.   
As a simple illustrative example, explains the 
relationship between the parameters α  and δ  
with Rényi entropy in one, two, three and four 
dimensions spaces. Assume that  ‖𝛿‖ ൌ
traceሺδδᇱሻ. 
Consider X~MSNCୢሺμ, S, δሻ  with the following 
parameters: 
Case (1):  
d=1, μ ൌ 0.3 ,  S ൌ 1.5 ,  δ ൌ 1  , δ ൌ 2 , δ ൌ 3 
and δ ൌ 5 

Case (2):  

d=2, μ ൌ ቀ3
2

ቁ,S ൌ ቀ0.7   0.3
0.3      3

ቁ , δ ൌ ቀ0
1

ቁ,  

δ ൌ ൬ 
1

√3
൰ , δ ൌ ൬

2
√5

൰ and δ ൌ ቀ4
3

ቁ 

Case (3): 

d=3,  μ ൌ ൭
0
0
0

൱ , S ൌ ൭
1 0 0
0 1 0
0 0 1

൱ , δ ൌ ൭
0
1
0

൱,  

δ ൌ ൭
1
1

√2
൱, δ ൌ ൭

2
2
1

൱ and δ ൌ ൭
0
4
3

൱ 

Case (4): 

d=4,  μ ൌ ൮

0
0
0
0

൲ , S ൌ eyeሺ4ሻ , δ ൌ ൮

0
0
0
1

൲, 

 δ ൌ ൮

1
1
1
1

൲, δ ൌ ൮

2
0
1
2

൲ and δ ൌ ൮

3
3
2

√3

൲ 

 

 
TABLE1. Rényi entropy of MSNCୢሺμ, S, δሻ is computed for α = 2,3,4,5,6,8,10 and α converges to infinite, ‖𝛿‖=1,2,3 and 5 
in one , two,  three and four dimensions.    
   

                        Shannon entropy                                          𝑹𝜶ሺ𝒙; 𝝁, 𝑺, 𝜹ሻ            
ase d ‖𝛿‖ Hሺx; μ, S, δሻ 𝛼 ൌ 2 𝛼 ൌ 3 𝛼 ൌ 4 𝛼 ൌ 5 𝛼 ൌ 6 𝛼 ൌ 8 α ൌ 10 𝛼 → ∞ 

 
1 

1 1 1.5256 1.3576 1.2793 1.2305 1.1948 1.1716 1.1398 1.1179 1.0538 
1 2 1.4280   1.2358 1.1474 1.0939 1.0640 1.0378 1.0049 0.9775 0.9117 
1 3 1.3610     1.1739 1.0656 1.0124 0.9764 0.9554 0.9171 0.8944 0.8277 
1 5 1.2727 1.0657 0.9718 0.9190 0.8817 0.8580 0.8258 0.8036 0.7374 

 
2 
 

2 1 3.0864 2.7662 2.6151 2.5265 2.4627 2.4174 2.3522 2.3097 2.1859 
2 2 2.9772 2.6361 2.4723 2.3751 2.3141 2.2659 2.1991 2.1547 2.0250 
2 3 2.9151 2.5541 2.3891 2.2948 2.2245 2.1803 2.1119 2.0697 1.9397 
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2 5 2.8261 2.4679 2.2966 2.2028 2.1364 2.0916 2.0273 1.9829 1.8556 
 
3 

3 1 4.1626 3.6896 3.4613 3.3267 3.2349 3.1680 3.0691 3.0069 2.8234 
3 2 4.0682 3.5648 3.3296 3.1979 3.0982 3.0278 2.9356 2.8691 2.6777 
3 3 3.9939 3.4911 3.2510 3.1101 3.0141 2.9454 2.8487 2.7874 2.5998 
3 5 3.9103 3.3838 3.1558 3.0206 2.9217 2.8522 2.7598 2.6956 2.5068 

4 4 1 5.5763 4.9496 4.6550 4.4745 4.3516 4.2633 4.1399 4.0577 3.8088 
4 2 5.4821 4.8296 4.5255 4.3411 4.2216 4.1294 4.0045 3.9153 3.6670 
4 3 5.4151 4.7677 4.4437 4.2596 4.1340 4.0470 3.9168 3.8322 3.5830 
4 5 5.3309 4.6613 4.3560 4.1684 4.0405 3.9499 3.8251 3.7400 3.4930 

 
 
For each case in example 1., table 1. Summarizes the values of  Rényi entropy for  
‖𝛿‖ ൌ 1,2,3,5  and α ൌ 1,2,3,4,5,6,8,10 , α  converges to infinite value . we note that there is 
relationship between the values of Rényi entropy and the values of the parameters   α, 𝛿 and d.  
 
 
 
 
 
 

The results in this section are shown in Figure 1.  For dimensional parameter d=1,2,3,4, dispersion 
matrix S, skewness parameter  δ with ‖𝛿‖ ൌ 1,2,3,5  and α ൌ 1,2,3,4,5,6,8,10,25. We can see that  
Rényi entropy is minimized and decreasing to increasing  the values of norm of 𝛿. Also, we  observe 
that the Rényi entropy converges to a finite value for the values of 𝛼. It can be seen that the Rényi 
entropy is  increasing with increasing dimensional parameter d.  
The determine of dispersion matrices play important role in determining the value of Rényi entropy 
where it increases with its increasing.  Also, we note that the effectiveness of  𝛼 on Rényi entropy is 

FIGURE 1. The horizontal line represents the values of  parameter 𝛼 and the vertical line is the Rényi entropy 
of X~MSNCୢሺμ, S, δሻ with parameters in example 1. 
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slow whenever the value of  𝛼 is large and vice versa when it is small, Rényi entropy  tends to a 
constant value when α → ∞, this is obvious when α  25 .  

 
 

4. UPPER, LOWER BOUNDS AND 
APPROXIMATION OF RЀNYI 
ENTROPY OF MIXTURE MODELS  

In this section, we study the entropy of a 
proposal mixture model of skew Cauchy 
normal distributions. In other word, we find  
the upper and lower bounds of Rényi entropy 
by using the multinomial theorem , Holder 
inequality and some properties of L୮ –spaces 
for this model. Also, an asymptotic 
expression for the Rényi entropy of mixture 
model is obtained.  

Lemma 12.  Let X ~MMSNCୢሺμ, S, δ, εሻ . 
Then the upper and lower bounds for 
Shannon entropy 

 

 

ሺ𝛼 ൌ 1ሻ of X are obtained in the following 
forms:  

C୳୮୮ୣ୰ ൌ
ଵ

ଶ
ln൫detሺ2πexp ሺ1ሻRሻ൯                   

(20) 

C୪୭୵ୣ୰ ൌ
∑ க

ଶ
ln൫detሺ2πexp ሺ1ሻS୧ሻ൯ െ୫

୧ୀଵ ∑ ε୧Ĉஔ෩
୫
୧ୀଵ (21

) 

where, 

Ĉஔ෩
ൌ E

⎩
⎪
⎨

⎪
⎧ln ቆ1 

2
π

arctan ቆටδ෨୧
ᇱ
 δ෨୧ yቇቇ

. ൭1 
2
π

arctan ൬δ෩i
′
 δ෩i y൰൱  

⎭
⎪
⎬

⎪
⎫

 

R ൌ ∑ ε୧
୫
୧ୀଵ S୧ െ

ቀ∑ ε୧
୫
୧ୀଵ ൫ cஔ

S୧ δ୧ ൯ቁ ቀ∑ ε୧
୫
୧ୀଵ ൫ cஔ

S୧ δ୧ ൯ቁ
ᇱ
         

Y~Nሺ0,1ሻ  

Proof: The upper bound is obtained 
directly from lemma 1. and equation (7). The 
Shannon entropy of mixture model in 
equation (4) can be written as 

HሺX; μ, S, δ, εሻ ൌ െE ቀln൫∑ ε୧
୫
୧ୀଵ fሺx; μ୧, S୧, δ୧ሻ൯ቁ    

But the function െln ሺxሻ is a concave, then by 
applying Jensen’s inequality, we get 

HሺX; μ, S, δ, εሻ  ∑ ε୧
୫
୧ୀଵ HሺX; μ୧, S୧, δ୧ሻ  

the Shannon entropy of each component is 
obtained by proposition 7. This complete the 
proof. 

Lemma 13.  If  X~MMSNCୢሺμ, S, δ, εሻ, then 
for any positive integer α   the following 
inequality is hold  

RሺX; μ, S, δ, εሻ  ℭ୮୮ୣ୰                               
(22) 

where,   

ℭ୮୮ୣ୰ ൌ
1

1 െ α
ln൛exp൫ሺ1

െ αሻRሺX; μ୫, S୫, δ୫ሻ൯ 

 ∑ ൫∑ ε୩
୧
୩ୀଵ ൯

୫ିଵ
୧ୀଵ ቆ

exp൫ሺ1 െ αሻRሺX; μ୧, S୧, δ୧ሻ൯         

െexp൫ሺ1 െ αሻRሺX; μ୧ାଵ, S୧ାଵ, δ୧ାଵሻ൯
ቇቋ  

Proof: The mixture probability density 
function in (5) implies that  

൫fሺx; μ, S, δ, εሻ൯


ൌ ൫∑ ε୧
୫
୧ୀଵ fሺx; μ୧, S୧, δ୧ሻ൯


  

Applying the result in lemma 4. when  p ൌ α, 
we get 

൫∑ ε୧
୫
୧ୀଵ fሺx; μ୧, S୧, δ୧ሻ൯




 fሺx; μ୫, S୫, δ୫ሻ      

 ∑ ൫∑ ε୩
୧
୩ୀଵ ൯

୫ିଵ
୧ୀଵ ൜

fሺx; μ୧, S୧, δ୧ሻ        
െfሺx; μ୧ାଵ, S୧ାଵ, δ୧ାଵሻൠ  

If we take the integral for both sides of above 
inequality over Rୢ , then  

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx   fሺx; μ୫, S୫, δ୫, ሻ
ୖౚ dx  

 ∑ ൫∑ ε୩
୧
୩ୀଵ ൯


 

fሺx; μ୧, S୧, δ୧ሻ        
െfሺx; μ୧ାଵ, S୧ାଵ, δ୧ାଵሻ൨ୖౚ

୫ିଵ
୧ୀଵ dx     

Again, taking natural logarithm  and 

multiplying by  
ଵ

ଵିఈ
 for both sides of the last 

inequality , we have  

RሺX; μ, S, δ, εሻ 
ଵ

 ଵି
ln ቄ fሺx; μ୫, S୫, δ୫ሻ

ୖౚ dx   

 ∑ ൫∑ ε୩
୧
୩ୀଵ ൯


 ቈ ൫fሺx; μ୧, S୧, δ୧ሻ൯


       

െfሺx; μ୧ାଵ, S୧ାଵ, δ୧ାଵሻ
ୖౚ

୫ିଵ
୧ୀଵ dxቋ                                  

Lemma 14.  Let X ~MMSNCୢሺμ, S, δ, εሻ . 
Then for any positive integers kଵ, kଶ, … , k୫  
such that ∑ k୧

୫
୧ୀଵ ൌ α  the following 

approximation 
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ଵ


ln ቄቀ

!

୩భ!  ୩మ! … ୩ౣ!
ቁ ∏ ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩୫
୧ୀଵ ቅ ≅

െ ∑ γ୧ ln ቀ
ஓ

கሺ୶;ஜ,ୗ,ஔሻ
ቁ୫

୧ୀଵ                  

(23) 

is satisfied as α → ∞  , where   γ୧ ൌ
୩


, i ൌ

1,2, … , m  

Proof:  we start the proof from the left side  

ଵ


ln ቄቀ

!

୩భ!  ୩మ! … ୩ౣ!
ቁ ∏ ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩୫
୧ୀଵ ቅ  

ൌ
ଵ


lnሺα!ሻ െ

ଵ


∑ lnሺk୧!ሻ

୫
୧ୀଵ   


ଵ


∑ k୧ ln൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯୫

୧ୀଵ   

Approximating factorial in above equality 
implies that  

ଵ


ln ቄቀ

!

୩భ!  ୩మ! … ୩ౣ!
ቁ ∏ ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩୫
୧ୀଵ ቅ  

ൌ  lnሺαሻ െ 1 
ଵ

ଶ
lnሺ2παሻ െ

ଵ


∑ k୍ lnሺk୧ሻ

୫
୧ୀଵ   


ଵ


∑ k୧

୫
୧ୀଵ െ

ଵ

ଶ
∑ lnሺ2πk୧ሻ

୫
୧ୀଵ   

 ∑ γ୧ ln൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯୫
୧ୀଵ   

Assume that  γ୧ ൌ
୩


, i ൌ 1,2, … , m  , then 

 ∑ γ୧
୫
୧ୀଵ ൌ 1. 

Consequently,  

ଵ


ln ቄቀ

!

୩భ!  ୩మ! … ୩ౣ!
ቁ ∏ ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩
୧ୀଵ ቅ ൌ

ଵ

ଶ
ln ൬

ሺଶሻభష

∏ ஓ

సభ

൰൨ െ

∑ γ୧ ln ቀ
ஓ

கሺ୶;ஜ,ୗ,ஔሻ
ቁ୫

୧ୀଵ         

But lim
→ஶ

∑ γ୧ ln ቀ
ஓ

கሺ୶;ஜ,ୗ,ஔሻ
ቁ୫

୧ୀଵ ൌ 0  

This gives the right side.  

Lemma 15.  The approximation  

RሺX; μ, S, δ, εሻ  

≅
ଵ

ଵି
ln൫∑ ሺ∏ ሺ𝛾ሻି

ୀଵ ሻ∈   

∏ ε୧
୩exp ቀሺ1 െ αሻR୩

ሺX; μ୧, S୧, δ୧ሻቁ୫
୧ୀଵ ቁ    

(24)   
is accomplished  as α → ∞. 

where, ∑ !

∏ ୩!ౣ
సభ

୩∈ ൌ m , B ൌ ሼk୧ ∈ N, k୧ 

0, ∑ k୧
୫
୧ୀଵ ൌ α, i ൌ 1, 2, … , mሽ 

Proof: Applying the multinomial theorem in 
the equality  

 ൫fሺx; μ, S, δ, εሻ൯


dxୖౚ ൌ

 ൫∑ ε୧
୫
୧ୀଵ fሺx; μ୧, S୧, δ୧ሻ൯



ୖౚ                                                    

To obtain  

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx ൌ

 ∑ !
∏ ୩!ౣ

సభ
∏ ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩dx ୫
୧ୀଵ୩∈ୖౚ                                       

where, ∑ !

∏ ୩!ౣ
సభ

୩∈ ൌ m  ,  B ൌ

ሼk୧ ∈ N, k୧  0, ∑ k୧
୫
୧ୀଵ ൌ α, i ൌ 1, 2, … , mሽ  

By replacing the right side of equation (38) in 
equation (36), we get 

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx ≅

 ∑ exp ቄെα ∑ γ୧ ln ቀ
ஓ

கሺ୶;ஜ,ୗ,ஔሻ
ቁ୫

୧ୀଵ ቅ dx୩∈ୖౚ   

The last approximation can be written as  

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ ൌ

∑ ൣ∏ ሺγ୧ሻି୩୫
୧ୀଵ ൧ ቂ∏  ൫ε୧fሺx; μ୧, S୧, δ୧ሻ൯

୩

ୖౚ
୫
୧ୀଵ dxቃ୩∈   

If we take the natural logarithm  and 

multiplying by  
ଵ

ଵି
 for both sides of last 

approximation, then the proof is completed. 

Lemma 16. For any positive integer α  0,
α ്1 the lower bound of Rényi entropy of 
X~MMSNCୢሺμ, S, δ, εሻ appears as follow   

RሺX; μ, S, δ, εሻ  ℭ୭୵ୣ୰                                    
(25) 

where,    

ℭ୭୵ୣ୰ ൌ
ଵ

ଵି
ln ቀ∑ !

∏ ୩!ౣ
సభ

∏ ሺε୧ሻ୩୫
୧ୀଵ୩∈   

exp ቄ
ሺଵିሻ


∑ k୧RሺX; μ୧, S୧, δ୧ሻ

୫
୧ୀଵ ቅቁ       

Proof  By assumption α ് 1, then  

RሺX; μ, S, δ, εሻ  

ൌ
ଵ

ଵି
ln ቀE൫fሺx; μ, S, δ, εሻ൯

ିଵ
ቁ  

ൌ
ଵ

ଵି
ln ቀ ൫∑ ε୧

୫
୧ୀଵ fሺx; μ୧, S୧, δ୧ሻ൯



ୖౚ dxቁ  

By using the multinomial theorem, we have 

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx ൌ

  ∑
!

∏ ୩!ౣ
సభ

∏ ሺε୧ሻ୩  ∏ ൫fሺx; μ୧, S୧, δ୧ሻ൯
୩dx୫

୧ୀଵୖౚ
୫
୧ୀଵ୩∈   

Applying generalized HӦlder’s inequality, 
we get 

 fሺx; μ, S, δ, εሻ
ୖౚ dx 

∑ !
∏ ୩!ౣ

సభ
∏ ሺε୧ሻ୩ ∏ ቀ fሺx; μ୧, S୧, δ୧ሻ୮୩dxୖౚ ቁ

భ
౦୫

୧ୀଵ
୫
୧ୀଵ୩∈            

where, pଵ, pଶ, … , p୫  0   and   ∑
ଵ

୮

୫
୧ୀଵ ൌ 1 .  

Therefore, the last equation can be written as  
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 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx  ∑ !
∏ ୩!ౣ

సభ
∏ ሺε୧ሻ୩୫

୧ୀଵ୩∈   

 .exp ቊ∑ ቆ
ሺଵି୮୩ሻ

୮
R୮୩

ሺX; μ୧, S୧, δ୧ሻቇ୫
୧ୀଵ ቋ  

If we choose   p୧ ൌ


୩
 , i ൌ 1,2, … , m  such 

that ∑ ଵ

୮

୫
୧ୀଵ ൌ ∑ ୩


୫
୧ୀଵ ൌ 1  and 1 



୩
 α , 

then  

 ൫fሺx; μ, S, δ, εሻ൯


ୖౚ dx 

∑ !
∏ ୩!ౣ

సభ
∏ ሺε୧ሻ୩exp ቄ

ሺଵିሻ


∑ k୧RሺX; μ୧, S୧, δ୧, ሻ୫

୧ୀଵ ቅ୫
୧ୀଵ୩∈   

We complete the proof by taking the natural 

logarithm  and multiplying by  
ଵ

ଵିఈ
 for both 

sides of last inequality. 

Theorem 17.  Let X~MMSNCୢሺμ, S, δ, εሻ . 
Then the approximation of Renyi entropy of 
X can be written as   

RሺX; μ, S, δ, εሻ ൌ

 
ଵ

 ଶሺଵିሻ
൜ln ቀ∑ !

∏ ୩!ౣ
సభ

∏ ሺε୧ሻ୩୫
୧ୀଵ୩∈   

 exp ቄ
ሺଵିሻ


∑ k୧RሺX; μ୧, S୧, δ୧ሻ

୫
୧ୀଵ ቅ 

  ሺ1 െ αሻRሺX; μ୫, S୫, δ୫ሻ  

ln ቀ∑ ൫∑ ε୩
୧
୩ୀଵ ൯

୫ିଵ
୧ୀଵ   

൫exp൫ሺ1 െ αሻRሺX; μ୧, S୧, δ୧ሻ൯  

 െexp൫ሺ1 െ αሻRሺX; μ୧ାଵ, S୧ାଵ, δ୧ାଵሻ൯ቁቅ        

(26) 

Proof: The proof is directed from lemmas 13. 
and 16., by taking the mean of upper and 
lower bounds.  

 

Example 2.  To study the behavior of approximate Rѐnyi entropy in theorem 17. and its bounds in 
lemma 12., equations (22) and (25), some cases in this example are simulated for one, two and three 
dimension spaces. Consider X~MMSNCୢሺ0, S, δ, εሻ with the following parameters: 
Case (1) :  d=1 
m=2,  ε ൌ ሺ0.2,0.8ሻ,                    S ൌ ሺ1.5, 5ሻ    ,     δ ൌ ሺ0.3 ,4ሻ        
m=3 , ε ൌ ሺ0.2,0.3,0.5ሻ,              S ൌ ሺ1.5, 5,3ሻ ,     δ ൌ ሺ0.3 ,4,2.2ሻ  
m=4,  ε ൌ ሺ0.1,0.2,0.2,0.5,           S ൌ ሺ1.5, 5,3,2ሻ ,   δ ൌ ሺ0.3 ,4,2.2,1ሻ   
m=5 , ε ൌ ሺ0.2,0.2,0.2,0.2,0.2ሻ,  S ൌ ሺ1.5, 5,3,2,5ሻ, δ ൌ ሺ0.3 ,4,2.2,1,2.1ሻ  

Case (2): d=2 

m=2, ε ൌ ሺ0.2,0.8ሻ,   S ൌ ቆቀ0.7   0.3
0.3      3

ቁ , ቀ0.12   0.13
0.13         3

ቁቇ , δ ൌ ቆቀ0.16
0.59

ቁ , ቀ2.3
3.1

ቁቇ  

m=3 , ε ൌ ሺ0.2,0.3,0.5ሻ, ,  S ൌ ቆቀ0.7   0.3
0.3      3

ቁ , ቀ0.12   0.13
0.13         3

ቁ , ቀ0.18   0.6
0.6         4

ቁቇ  

        , δ ൌ ቆቀ0.16
0.59

ቁ , ቀ2.3
3.1

ቁ , ቀ2.6
1

ቁቇ  

m=4 , ε ൌ ሺ0.1,0.2,0.2,0.5ሻ,       S ൌ ቆቀ0.7   0.3
0.3      3

ቁ , ቀ0.12   0.13
0.13         3

ቁ , ቀ0.18   0.6
0.6         4

ቁ , ቀ1       0
0       1

ቁቇ  

        , δ ൌ ቆቀ0.16
0.59

ቁ , ቀ2.3
3.1

ቁ , ቀ2.6
1

ቁ , ቀ0.6
1

ቁቇ  

m=5 , ε ൌ ሺ0.2,0.2,0.2,0.2,0.2ሻ, S ൌ ቆቀ0.7   0.3
0.3      3

ቁ , ቀ0.12   0.13
0.13         3

ቁ , ቀ0.18   0.6
0.6         4

ቁ , ቀ1       0
0       1

ቁ , ቀ1       0
0       1

ቁቇ  

          , δ ൌ ቆቀ0.16
0.59

ቁ , ቀ2.3
3.1

ቁ , ቀ2.6
1

ቁ , ቀ0.6
1

ቁ , ቀ1
1

ቁቇ   

Case (3):  d=3 

m=2, ε ൌ ሺ0.2,0.8ሻ,              S ൌ ቌ൭
0.7 0.3 0.5
0.3 3 0.3
0.5 0.3 1

൱ , ൭
5 0.3 2

0.3 5 1
2 1 3

൱ቍ , δ ൌ ቌ൭
0.16
0.59
0.1

൱ , ൭
2.3
3.1
1.5

൱ቍ  
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m=3 , ε ൌ ሺ0.2,0.3,0.5ሻ,       S ൌ ቌ൭
0.7 0.3 0.5
0.3 3 0.3
0.5 0.3 1

൱ , ൭
5 0.3 2

0.3 5 1
2 1 3

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ቍ  

, δ ൌ ቌ൭
0.16
0.59
0.1

൱ , ൭
2.3
3.1
1.5

൱ , ൭
2
1
2

൱ቍ      

m=4 , ε ൌ ሺ0.1,0.2,0.2,0.5ሻ,  S ൌ ቌ൭
0.7 0.3 0.5
0.3 3 0.3
0.5 0.3 1

൱ , ൭
5 0.3 2

0.3 5 1
2 1 3

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ቍ  

,δ ൌ ቌ൭
0.16
0.59
0.1

൱ , ൭
2.3
3.1
1.5

൱ , ൭
2
1
2

൱ , ൭
1
2
1

൱ቍ  

m=5 , ε ൌ ሺ0.2,0.2,0.2,0.2,0.2ሻ, 

 , S ൌ ቌ൭
0.7 0.3 0.5
0.3 3 0.3
0.5 0.3 1

൱ , ൭
5 0.3 2

0.3 5 1
2 1 3

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ , ൭
1 0 0
0 1 0
0 0 1

൱ቍ  

, δ ൌ ቌ൭
0.16
0.59
0.1

൱ , ൭
2.3
3.1
1.5

൱ , ൭
2
1
2

൱ , ൭
1
2
1

൱ , ൭
2
1
2

൱ቍ  

   For each cases in example 2., table 2. summarize the values of approximate Rѐnyi (Shannon) 
entropy and its bounds of  X~MMSNCୢሺ0, S, δ, εሻ  with above parameters for α ൌ 1. We see that the 
values of approximation localized between the lower and upper bounds. Also, we  observe that the 
Rényi entropy converges to finite value for each vector ε. it can be seen that the value of m changes 
the values of entropy.  
 

TABLE 2.  Shannon entropy of X~MMSNCୢሺ0, S, δ, εሻ is computed for m = 2,3,4 and 5 in one , two and three dimensions. 
 

                               Approximate Shannon entropy                        
Case d m C୪୭୵ୣ୰ C୳୮୮ୣ୰ H Error 

 
1 

1 2 1.8558 1.8671 1.8614 0.0057 
1 3 1.7741 1.7826 1.7783 0.0042 
1 4 1.7290 1.7374 1.7332 0.0042 
1 5 1.7972 1.8136 1.8054 0.0082 

 
2 
 

2 2 2.2154 2.3827 2.2990 0.0836 
2 3 2.2427 2.4911 2.3669 0.1242 
2 4 2.4786 2.8261 2.6523 0.1738 
2 5 2.5190 2.8414 2.6802 0.1612 

 
3 

3 2 5.5641 5.6966 5.6304 0.0663 
3 3 4.6287 5.0595 4.8441 0.2154 
3 4 4.4237 4.8133 4.6185 0.1948 
3 5 4.4452 4.8519 4.6486 0.2033 
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FIGURE 2. The horizontal line represents the values of  parameter 𝑚 and the vertical line is a Shannon entropy 
of X~MMSNCୢሺ0, S, δ, εሻ with parameters in example 2.  

Figure 3. The Horizontal Line Represents The Values Of  Parameter 𝛼 And The Vertical Line Is A Renyi 
Entropy Of 𝑋~𝑀𝑚𝑠𝐶𝑛ሺ0, 𝑆, 𝛥, 𝛦ሻ With Parameters In Example 2. 
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The results in this section are shown in Figures 
2. and  3.  For dimensional parameter d=1,2,3, 
dispersion matrix S, skewness parameter  δ 
and α ൌ 1,2,3,4,5,10, 15, 20,30. We can see 
that  Rényi entropy is minimized and 
decreasing for increasing  the values of α  and 
tends to a constant value when α → ∞, this is 
obviously when α  30. Also, we note that the 
Rényi entropy converges to finite value for 
each cases. it can be seen that the Rényi 
entropy is increasing with increasing 
dimensional parameter d.  

 
5. CONCLUSION  

We have derived the upper and lower bounds 
on the Rѐnyi entropy of  X~MMSCNୢሺ0, S, δ, εሻ. 
Using the mean of these bounds, the 
approximate values of entropy can be 
calculated. These values are localized between 
bounds of Rѐnyi entropy. The entropy both 
types (Shannon and Rényi)  converges to a finite 
value for any values of α ,  m  and d. It has been 
established that the Rѐnyi entropy of 
 X~MMSCNୢሺ0, S, δ, εሻ  depends proportionally 
upon the parameters  α , S and d but there is not 
clear relation between this entropy and the 
parameter m. In fact, there is not an analytical 
method to find the exact value of the Rényi 
entropy of mixture model of distributions 
therefore, our approximation is effective and 
more accurate. We have seen through the 
examples given in this article that the error in 
the values of Rényi entropy by approximation 
was almost acceptable.  
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