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ABSTRACT 

 

This work studies one-dimensional problem of heat distribution in matter. The measured value of soil 

temperature and near ground air temperature are set. Iteration method is proposed for defining overall heat 

exchange coefficient of multilayer material. The method is realized with the aid of finite-differential 

scheme, which gives solution, converging to the solution of differential problem. The result of numerical 

solutions of test problems are given. 
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1. INTRODUCTION 

 

In modern conditions, any solution of the 

economic nature in field of planning and prognosis 

of events on agricultural fields are based on the 

parameters of root zone and near-soil air layer. 

These parameters are to be measured extremely 

precise and used skillfully. Since all the possible 

agro-technical practices are conducted on fields, 

square of which are up to several hundreds of 

hectares, thus the information of the measurements 

should characterize mid-value of parameters for the 

whole square. Herewith, ground-based parameter 

measuring principle, presupposing their fixation in 

a single point of the field, is widely used. 

Numerous experiments, conducted by different 

scientists confirm a major dispersion of the results 

obtained. This is generally applied to the 

temperature of soil surface and deep profile, 

thermal characteristics and soil moisture level, and 

its density. 

It is possible to obtain mid-value data for the 

whole field by means of elevating corresponding 

set of equipment to a certain level over the soil 

surface. 

When problems of planning and regulating 

technological processes on agricultural fields are 

being solved, agricultural fields are understood as 

the soil and the air near it. Thus, it is necessary to 

know on what laws soil characteristics are based, 

not all the layers of it, but only the upper ones, i.e. 

zones including ploughed layer, in which root 

systems are found, in which the regimes of heat, 

moisture, mechanical composition and density have 

direct influence on growth and development of 

seeds. The very soil layer, being dynamic in agro-

biological sense, is called the active layer. 

The study of laws of managing the features of 

soil active layer in many ways solve the problems 

of planning and regulating technological processes 

in the complex of “near ground air-soil”. Nowadays 

many methods of separate and complex definition 

of thermo-physical characteristics of materials are 

used. All those methods are widely used in 

engineering, scientific researches. Definition of 

thermo-physical characteristics demands the 

knowledge of head distribution in body or 

specimen, i.e. solution of initial boundary value 

problem of heat conductivity equation. 

Some soil characteristics, i.e. parameters of 

functions were empirically composed in form of 

finite formula [1, 2, 3]. 

Influence of mass exchange on the coefficient of 

soil heat conductivity is experimentally studied by 

scientists [4, 5, 6, 7, 8]. 

Drawback of above mentioned methods is a 

definition of soil characteristics only for separately 

studied soil strips, which is a restriction for its wide 

application. 

Methods of defining thermo-physical 

characteristics of materials, based on Fourier’s law 

of heat conductivity for stationary heat flow and 
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non-stationary methods, based of theory of solving 

thermal conductivity equation with non-stationary 

heat flow are stated in works [9, 10, 11, 12] and 

others. 

The above mentioned methods are purposed for 

solving so-called linear initial boundary problem of 

heat conductivity equation for regular shapes 

(sphere, cylinder, parallelepiped and others) and 

with certain simplifications for input parameters. 

Nowadays, the potential of mathematical 

modeling on one hand, allows to conduct a proper 

study of vital problems of the branch mentioned, on 

the other hand, newly emerging problems of theory 

and practice stimulate development of new methods 

and approaches of studying corresponding 

mathematics branches. 

Computer modeling of heat and mass transfer 

allow to avoid the need of highly expensive natural 

experiments and to obtain solutions that are very 

close to reality. 

Many practical problems demand the definition 

of initial heat distribution of the area, such 

problems are called initial boundary problems for 

equation of heat conductivity with reverse time. 

Classification of reverse problems for parabolic 

equation is given in works [13, 14, 15] and others. 

There works contain methods of numerical 

calculation based on proximal computational 

models and obtained results are compared to the 

experimental data.  

Development and grounding of mathematical 

models of physical processes is solidly linked to 

solving reverse problems for differential equation. 

Equation, describing the process of changing 

thermo-physical parameters, for which the reverse 

problem is set, is a mathematical model of a real 

soil mass. The model corresponding to a given 

information about the real state of active soil layer 

should be chosen from a given set of mathematical 

models. Reverse problems of mathematical physics 

are frequently set in a wrong way. This peculiarity 

of reverse problems is related to the basic 

difficulties of building efficient calculation 

algorithms. 

Definition of correct input values for solving 

reverse coefficient problems in most cases were of 

a theoretical nature, or difficult to realize in 

practice. Which is why development of new 

methods of solving reverse problem of non-linear 

differential equations is always a difficult problem  

In practical calculations, formulas obtained from 

differential problems are used. It is empirically 

proven that these computational models in most 

cases give major inaccuracy. This is why it is 

planned to develop new iteration methods, based on 

discrete model of heat and mass exchange 

processes of soil within the project. 

 

2. STATEMENT OF THE PROBLEM 

 

Nomenclature: 

−C  heat capacity of soil at constant pressure; 

−λ soil heat conductivity coefficient; 

−γ  soil density; 

−t independent variable in time from 0 to ;T  

−z independent variable in depth from 0 to ;H  

−θ body temperature; 

−1Т temperature of soil on lower border of the 

field. 

The following problem [16] is considered: 
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We will search for )(tN  overall coefficient of 

heat exchange. Axis z  is pointed upwards, the 

beginning of coordinates is in the permanent layer 

of soil temperature. 

Additionally, the measured values of soil 

temperature )(tTg  and air temperature )(tTb  on the 

surface of soil are given. Let us consider a 

particular case when )()(0 tTtT b= . . I.e. having 

values )(,),(,, 1 tTTxC bϕλ  and )(tTg  , it is 

necessary to define )(tN and ),( tzθ . . The problem 

is solved via iteration method. Let n  be an iteration 

parameter. In this case )(tN  is defined by iteration 

values ),( ntN , ,...1,0=n  

In the case considered, solution of the problem 

(1) – (3) will also be dependent on n  and 

),(),,(),( tzntztz nθθθ =→ . Initial value of 

)0,(tN  is set, and the following values of ),( ntN  

are defined from the conditions of monotony of 

functional [17,18] 
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3. METHOD OF BALANCE  
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Let us consider the timeline ),( 1+∈ jj ttt  and a 

phase coordinate 
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After applying the formula of integration to the 

left side of equation, we obtain  
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If we introduce designations ( ) 1
1 ,

+
+ = j

iij xt θθ , 

( ) j
iij xt θθ =, , then the above illustrated expression 

will take form of 
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The right side of integral equality (5) is 

interpolated in time at the point 1+jt . Тhen  

 

t
x

xt

x

xt

d
x

xt

x

xt

i
j

i

i
j

i

t

t

i

i

i

i

j

j

∆























∂














∂

−
∂














∂

≈

≈























∂














∂

−
∂














∂

−
+

−

+
+

+

−

−

+

+∫
+

2

11

2

1
2

11

2

1

2

1

2

1
2

1

2

1

,,

,,
1

θ

λ

θ

λ

τ

θ

λ

θ

λ

 

 

Derivatives 
x∂
∂θ

 are interpolated as follows 

 

xx

xt
j

i
j

i

i

i
j

i ∆

−
≈

∂














∂

++
+

+

+
+

+

11
1

2

1
2

11

2

1

,
θθ

λ

θ

λ ,  

xx

xt
j

i
j

i

i

i
j

i ∆

−
≈

∂














∂

+
−

+

−

−
+

−

1
1

1

2

1
2

11

2

1

,
θθ

λ

θ

λ . 

 

Found interpolative formulas are set in (5). As 

the result we obtain an approximate equation 
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Let mesh function 1+j
iY  be that 
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We use designations, introduced in theory of 

differential models [11]: 
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In this case the system of linear algebraic 

equations in compact form is written down as 

follows: 
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Here 
N

x
x =∆ , 

m

t
t max=∆ . 

Following analogical reasoning, the system of 

initial boundary conditions for 1+j
iY  is composed: 
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In addition, a measured value of soil temperature 

in the upper ground level is set. 
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Let us multiply the system (10) by a certain 

function ztU j
i ∆∆  and sum over i from 1 to N-1, 

over j from 1 to m-1. After one-time application of 

summation formula by parts over i and j variables, 

we have 
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Considering initial boundary conditions (11)-

(12), and also suggesting 00 =
jU , 0=m

iU  we 

obtain the following equality 
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Again we apply the formula of summation by 

parts over i variable to the last sum in the right part 

of equation. 

Then 
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Gathering same values, we derive 
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For the mesh function j
iU  we apply conditions 
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It this case there is an equation 

 

( )

( )

∑

∑

∑

−

=

+

−

=

++

−

=

+++

∆∆∆+

+∆−∆=

=∆∆−

1

0

1

1

0

1
0

1

1

0

111

)(

)(2

m

j

j
N

j
N

m

j

j
N

jj
N

m

j

j
N

j
g

j
N

tUYN

tUTnYN

tYTnY

  (13) 

 

As the result of the calculations conducted, the 

conjugate differential problem is formulated 
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Using definition of )(NF  functional, we derive 

that 
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Considering  (13) we obtain the following  
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The first summand in the left part of equation 

has the first order of vanishing, while the second 

and the third summands have the second order of 

vanishing. This is why it is expected that values 

( ) ( ))()1( nNFnNF −+  are defined by the sign of 

first summand in the right part of equation. 

This is why for calculating N∆  we take the 

following construction 
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If  0)( 11 =− ++ j
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0)()1( =−+ nNnN . In this case we can say the 

goal is reached. In numerical calculations it is 

sufficient to perform the following inequality 
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4. COEFFICIENT CALCULATION 

ALGORYTHM  

 

Correct algorithm setting guarantees the success 

of numerical calculations. Which is why the 

structural algorithm of calculating mountain mass 

coefficient is given.  

Step-1. Input data measurement units are defined 

and agreed: 

)(0 xθ - initial heat distribution; 

1T - soil temperature at 0=z ; 

gT - measured temperature of soil at the ground 

surface; 

0T - temperature of environment; 

C - heat capacity of soil at constant pressure; 

γ - soil density; 

H  - soil thickness; 

maxt - time, given for research; 

Nm, - number of grid units; 

N

H
x =∆ - step according to х variable; 

m

t
t max=∆ - step according to t variable. 

Step-2. Let 0=n . Initial approximation of heat 

emission coefficient )0(N is set; 

Step-3. The problem (10)-(13) is solved and 

)(1 nY j
N
+ , 1,...,1,0 −= mj

 
are defined; 

Step-4. Conjugate differential problem (14)-(16) 

is solved and j
NU , 0,...,2,1 −−= mmj  are 

defined; 

Step-5. Function nβ  is chosen and the following 

approximation is calculated )1( +nN  from the 

formula (17); 

Step-6. Value of functional ( ))(nNJ  is 

calculated; 

Step-7. The problem (10)-(13) is solved using 

)1( +nN  and )(1 nY j
N
+ , 1,...,1,0 −= mn are defined; 

Step-8. Conjugate differential problem (14)-(16) 

is solved and 
j

NU , 0,...,2,1 −−= mmj  are 

defined; 

Step-9. )1( +nN  and ( ))1( +nNJ  are calculated; 

Step-10. By figuring nβ , we achieve the 

completion of inequality ( ))1( +nNJ < ( ))(nNJ  

Step-11. If ( ) ε<+ )1(nNJ , then we proceed to 

step-12. Otherwise we increase n  up to 1+n  and 

proceed to step-7; 

Step-12. As the problem solution (1)-(3) we take 

)(1 nY j
i
+ , we also take calculated )1( +nN  as the 

coefficient of heat emission. 

 

5. NUMERICAL EXPERIMENT 

 

In proposed variant boundary condition at the 

surface of the ground is set in form of 

 

[ ]),0()()(
),0(

),0( 0 tTtTtN
z

tT
t −=

∂

∂
−λ . 

 

Main goal of our work is determination of 

overall heat emission coefficient )(tN . For this 

purpose the overall coefficient of heat emission is 

presented in a form of  
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Iteration formula was used as the numerical 

experiment: 
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where k = 1,2,…4, n– number of iteration. 

The following values of expansion of functions

)(tN  were set in a role of precise value: 

 

7,40 =N ; 12,1)1( =sN ; 07,0)2( =sN ;  

08,0)3( =sN ; 005,0)4( =sN ; 

14,1)1( −=cN ; 38,0)2( =cN ; 018,0)3( =cN ;  

0038,0)4( =cN . 
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Numerical calculations were conducted with the 

use of program language C++. Iteration processes 

were controlled by the parameters  )(0 nβ , 

),( nksβ  and ),( nkcβ . Below are given certain 

results of conducted calculations depending on the 

number of iterations n = 5, 10, 15, 20, 25, 30, 35, 

40 in form of graphic chart. 

In Figure 1 horizontal axis reflects the value of 

iteration parameter n . Every fraction is multiplied 

by 5. Here )(0 nN  – is an approximated value of 

0N  parameter. 

 
Figure 1: Result of 0N  parameter approximation of 

overall heat emission coefficient  )(tN  

 

As seen in figure 2 with the number of iterations 

of a given parameter to the calculated approach 

speed increases markedly. Here ),1( nNs  – is 

approximate value of )1(sN  parameter. 

 

 
Figure 2: Result of )1(sN  parameter approximation of 

genetalized heat emission coefficient )(tN   

 

Figure 3 shows the convergence of the values of 

the generalized heat transfer coefficient for the 

other given values. Here ),2( nNs  – is approximate 

value of )2(sN  parameter. 

 

 
Figure 3: Result of )2(sN  parameter approximation of 

genetalized heat emission coefficient )(tN  

 

The diagrams constructed reflect monotonous 

nature of iteration processes. 

Using calculated values of expansion of 

coefficients )(0 nN , ),( nkNs  and ),( nkNc  the 

approximate values of overall heat emission 

coefficient )(tN  are calculated.  

Comparative charts of calculations are presented 

in figures 4 and 5. Horizontal axis reflects time per 

hour. −)10,(tN  reflects the approximation of )(tN  

functions over 10 iterations. −)20,(tN  means the 

approximation of )(tN  functions over 20 iterations. 

 

 
Figure 4: Result of )(tN  function approximation 

 

 
Figure 5: Result of )(tN  function approximation  
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The results of numerical experiment, depicted on 

the graphs, indicate a good level of approximation 

of generalized soil heat conductivity parameter, 

calculated with the use of the method developed, in 

relation to the values, acquired from the practical 

experiment. 

 

6. CONCLUSIONS 

 

The following results were obtained: 

1) Based on the equations of heat conductivity 

the conjugate differential problem is built. 

2) Supposing that the coefficient of overall heat 

conductivity is given in form of  
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iteration formulas of calculating for the coefficients 

of )(tN functions are worked out: 
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where k = 1,2,…4, n– number of iteration. 

3) Using a programme written in C++, numerical 

calculations are conducted. The results of numerical 

calculations are shown in diagrams fig.1 - fig.5. 

Analysis of the above mentioned figures confirms 

that constructed iteration diagram results in a good 

convergence. 

Numerical methods of solution and developed 

approach to calculation and theoretical model, 

implemented within the work, expands the theory 

of soil thermal behavior prognosis, the theory of 

non-linear differential schemes and the theory of 

coefficient reverse problem of heat distribution in 

soil. 

The developed methods of calculating the 

coefficient of soil thermal conductivity and the 

differential schemes constructed can be applied to 

solving certain problems of soil thermal behaviour 

prognosis, emerging in practice and during the 

process of production. 

The developed calculation methods allow to 

create a device, fit for defining soil thermal 

conductivity coefficient, applied in-field, 

possessing relatively high accuracy of measurement 

and capable of non-destructive monitoring. 
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