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ABSTRACT

This study focusses on defining a new variant of regulated grammars called multiset controlled grammars
as well as investigating their computational power. In general, a multiset controlled grammar is a grammar
equipped with an arithmetic expression over multisets terminals where to every production in the grammar
a multiset is assigned, which represents the number of the occurrences of terminals on the right-hand side
of the production. Then a derivation in the grammar is said to be successful if only if its multiset value
satisfies a certain relational condition. In the study, we have found that control by multisets is powerful tool
and yet a simple method in regulation of generative processes in grammars. We have shown that multiset
controlled grammars are at least as powerful as additive valence grammars, and they are at most powerful

as matrix grammars.
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1. INTRODUCTION

Grammars are language generation models
that define their language strings so their process of
rewriting will generate them starting from a special
start symbol. Basically, they can be classified into
two fundamental categories which are context-free
grammars and non-context-free grammars. Among
those two, context-free grammars are the most
developed and well examined grammar class in
Chomsky hierarchy since they have a lot of good
sides in terms of computational properties and
complexity problems. Additionally, they are also
undoubtedly easy to be implemented in many
formal  languages  applications. = However,
unfortunately, context-free grammars are not able to
cover all aspects occurred in modeling of
phenomena and it is also already well-known that
many real-world problems cannot be described
accurately by context-free languages which have
been discussed in [1].

Thus, we need to go beyond context-free
grammars where one of the solutions is to consider
the context-sensitive grammars which are more
powerful. Nevertheless, in spite of their great
power, they have some serious problems in the
practical usage, where they have several adverse
features regarding decidability problems in which
whether they are undecidable or having exponential
algorithms. Furthermore, it is hard or impossible to
describe the derivations of context sensitive
grammars by a graph or tree structure which is an
essential tool in analyzing the structure of the
problems [1,2]. These are the reasons why many
researchers are looking for intermediate grammars
between  context-free and  context-sensitive
grammars, called regulated or controlled grammars,
where they can combine the beauty and simplicity
of context-free, at the same time possess the power
of context-sensitive grammars.

A regulated or controlled grammar is
portrayed as a grammar with some additional
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mechanisms where the applications of certain rules
are being restricted in order to avoid certain
derivations. In [1-10], we can find a large number
of old and new as well as well-known of various
types of regulated grammar that preserve the nature
of context-free such as matrix grammars, regularly
controlled grammars, vector grammars, random
context grammars, tree controlled grammars, semi-
conditional grammars, global indexed grammars,
Petri net controlled grammars, string-regulated
graph grammars, Parikh vector controlled grammars
and many more. All of those grammars have
achieved plentiful remarkable results within formal
language theory and are different from each other
depending on their restrictions either based upon
the variety of context related or on the use of rules
during the process of generating the languages.
However, under certain circumstances they are too
complicated or not computationally complete or
correlate to a group of grammars with too many
unsolvable decision problems which have lessen the
practical interest. Therefore, here we introduce a
new controlled grammar called multiset controlled
grammar where its restriction of rules is based on
terminal multisets.

Multiset was defined by [11] is a
collection of unordered objects called elements in
which it is allowed to have repeated occurrences of
identical elements. It is important to consider the
term multiset since there exist circumstances such
there are repeated hydrogen and oxygen atoms in a
sulfuric acid molecule (H,S0,), repeated roots of
polynomial equations, repeated observations in
statistical samples and so on where those repeated
elements need to be counted in order to attain their
definiteness and adequacy [9]. On account to its
aptness, it has been used interchangeably with a
variety of term which carrying synonymy with
multiset even in different contexts like heap, bag,
occurrence set, fireset, list, weighted set, sample
and bunch [13,14].

The notion of relating multiset rewriting
with Chomsky grammars was initiated by Kudlek,
Martin and Paun in 2001 with the name of “multiset
grammars” where they considered the applicability
of rules as multiset in restricting the use of
productions of grammars [14]. Additionally, the
lower and upper bound of computational power as
well as the closure properties of multiset grammars
have been investigated in [14,15]. In both papers, it
was found that multiset grammars are more
powerful than context-free grammars and have at
most computational power of matrix grammars.

Interestingly, in the same year where
multiset grammar was discovered, authors’ in [16]
immediately came up with a Chomsky hierarchy
characterization of multiset grammars in term of
multiset automata where their working mode is
according to the addition and subtraction of
multiset. In that paper [16], they defined three types
of multiset automata known as multiset finite
automata (MFA), multiset linear bounded automata
(MLBA) and multiset Turing machine (MTM). It
was shown that MFAs are powerful as multiset
regular and context free grammars, Parikh set of
regular and context free grammars as well as
semilinear grammars while MLBAs are powerful as
monotone grammars and MTMs are powerful as
arbitrary grammars. Besides, it was proven that the
deterministic variants of all of those automata are
firmly less powerful than the non-deterministic
variants unlike the grammar cases [16].

Since then, after a while, the direction of
multiset study are continuing expanded where in
2007, the researchers’ in [17] developed a new
grammar model known as random context multiset
grammars which based on relation of partial order
on the objects the grammars contend with together
with the multiset random context checkers and
transducers concept. In that study, they showed how
those grammars can generate set of recursively
enumerable of finite multiset and also can be easily
enhanced to antiport P system [17].

Further, the authors’ in [18] made use of
fuzzy concept to introduce two new extensions of
multiset grammars and automata called fuzzy
multiset grammars and fuzzy multiset finite
automata with discussion of the relationship
between fuzzy multiset regular grammars with
fuzzy multiset finite automata in 2013. They
demonstrated that if a fuzzy multiset language is
accepted by a fuzzy multiset finite automaton, it can
also be generated by fuzzy multiset regular
grammar and vice versa [18]. In addition, they
investigated closure properties of fuzzy multiset
finite languages family under certain regular
operations such union, addition and Kleene star
[18]. Shortly thereafter, in 2015, the researchers’ in
[19] widened the study done by [18] by associating
a deterministic fuzzy multiset finite automaton with
a given fuzzy multiset finite automaton and
showing that both automata are equally powerful in
the sense of fuzzy multiset language acceptance.
They as well studied and presented two minimal
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realizations of fuzzy multiset language where they
proved that both of them are isomorphic [19].

In 2016, Sharma et al. conferred an in-
depth study of fuzzy multiset grammars where they
introduced two new variant of grammars called
fuzzy multiset left linear grammars and fuzzy
multiset right linear grammars. They proved that
both grammars along with fuzzy multiset grammars
and fuzzy multiset regular grammars are equivalent
to each other in normal formal except for the case
of empty string. They also showed that all
languages of fuzzy multiset automaton class is
closed under homomorphism, inverse
homomorphism, right quotient by any multiset,
quotient with arbitrary multisets and reversal of a
fuzzy multiset finite language [22].

This paper is outlined as follows. First, we

recall some  well-known basic notations,
terminologies and concepts related to the formal
languages theories, multisets and regulated

rewriting grammars which will be used throughout
this paper. Then, we introduce a new type of
controlled grammars called multiset controlled
grammars. Further, we investigate their generative
power and closure properties. Lastly, we give a
brief summarization of all materials discussed in
this paper together with some open problems
regarding this multiset controlled grammar.

2. PRELIMINARIES

In this section, we only recall some well-
known basic notations, terminologies and concepts
related to the formal languages theories, multiset
and regulated rewriting grammars that will be used
in the next sections. For more details information,
the reader can refer to [1,2,20-21].

2.1 General Notations

Throughout the paper, we use the
following notations. The symbols € and & are
used to represent the set membership and negation
of set membership of an element to a set,
respectively. The symbol € signifies the set
inclusion which is not necessarily proper, and the
symbol C marks the strict inclusion. |A| portrays
the cardinality of a set A, which is the number of
elements in A, and 24 depicts the power set of a set
A. The symbol @ denotes the empty set which is the
set without elements. The sets of integer, natural,
real and rational numbers are denoted by
Z,N,Rand Q, respectively. An alphabet X is a
finite and nonempty set of elements known as

symbols or letters, and a string (sometimes referred
as a word) over the alphabet X is a finite sequence
of symbols of Z. The string without symbols is
called the null or empty string, and it is denoted
by A. The set of all strings (including 1) over the
alphabet, X is represented by X*, and the set of all
strings except the empty string is denoted by X7,
ie, 2T =3* — {1}. A language L is a subset of Z*.
For a set A, a mapping u:A— N is called a
multiset. The set of all multisets over A is denoted
by A®. Then, the set A is a called the basic set of
A®. For a multiset u € A® and element a € A,
u(a) represents the number of a’s in y.

2.2 Grammars

A phrase structure grammar is a quadruple
G = (N,T,S,P) where N is an alphabet of
nonterminals, T is an alphabet of terminals and N N
T =@, S € N is the start symbol, P is a finite set of
production of the form A —-w where A€
(NUT)*N(NUT)*,w € (N UT)* If a production
is in form of A — A, then it is called an erasing rule.

For a grammar G = (N,T,S,P), a direct
derivation relation over (N U T)* which denoted by
= and defined as u = v provided if and only if
there is a rule A - w € P such that u = x; Ax, and
v =x,wx, for x;,x, €E(NUT)*. Since = is a
relation, then its nth, n > 0, power is denoted by
=™, its transitive closure by =%, and its reflexive
and transitive closure by =*. A string w €
(N UT)" is a sentential form if S =" w. Ifw € T",
then w is called a sentence or a terminal string and
S =" w is said to be a successful derivation. We

. m ToT1..Tn
also use the notations = or == to denote the
derivation that use the sequence of rules m =
ToTy Ty T EP,1<i<n.

The language generated by G, denoted by
L(G), is defined as L(G)={weT"|S="w}
Two grammars G; and G, are called to be
equivalent if and only if they generate the same
language, i.e., L(G;) = L(G,).

The Chomsky hierarchy classifies all
grammars into four basic categories according to
the form of production rules, i.e., a grammar G =
(N,T,S,P) is called

e unrestricted or recursively enumerable
grammar (type-0) if its productions are in
the form of u —» v where u € (NUT)*,

v € (NUT)" and u contains at least one

nonterminal symbol.
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e context sensitive grammar (type-1) if its
productions are in the form of u - v where
[ul < v, ue WUT)*Nt(NUT)* and
ve(NUT*.

e context free grammar (type-2) if its
productions are in the form of A -w
where A€ Nandw € (NUT)".

e linear grammar if its productions are in the
form of A > w where A€ N andw € T* U
T*NT".

e regular grammar (type-3) if its productions
are in the form of A > w where w € T* U
NT*and A € N.

The families of languages generated by
arbitrary, unrestricted, context sensitive, context
free, regular, linear and finite grammars are denoted
by RE, CS, CF, REG, LIN, and FIN, respectively. For
these language families, Chomsky hierarchy holds:

FIN c REG c LIN c CF c CS c RE.

2.3 Grammars with Regulated Rewriting

We recall some definitions of controlled
grammars that will be wused throughout the
proposal.

A matrix grammar is a quadruple G =
(N,T,S,M) where N,T and S are defined as for
context-free grammar and M is a set of matrices,
that are finite sequences of context-free rules from
N x (NUT)*. The language generated by G is

defined by L(G) ={w € T*| S Swandre M*}.

An additive valence grammar is a 5-tuples
G =(N,T,S,P,v) where N,T,S,P are defined as
for a context-free grammar and v is a mapping from
P into Z (Q). The language generated by the
additive (multiplicative) grammar G consists of all

string w € T* such that there is a derivation S
T112..17
=5 w where

n

Zv(rk) =0.

k=1

The families of languages generated by
matrix and additive valence grammars (with erasing
rues) are denoted by MAT, aVAL, (MAT)‘, aVALA),
respectively.

3. DEFINITIONS AND EXAMPLES
In this section, we give a meticulous

definition of multiset controlled grammar, a
derivation step and a successful derivation with

some examples of language of multiset controlled
grammar.

Definition 1. A multiset controlled grammar is a 6-
tuples G = (N,T,S,P,®,F) where N,T and S are
defined as for a context-free grammar, P is a finite
subset of N X (NUT)* XT® and F:T® > Z is a
linear or nonlinear function. A triple (4, w,w) € P
is written as A - wlw].

If F(ay,ay,...,a,),a; ET,1<i<nisa
linear, then it is in the form of F(ay, ay, ..., a,) =
Yiiculay) + ¢y where ¢; €Z,0 <i <n. Then,
as a nonlinear function F, we can consider

logarithms, polynomials, rational, exponential,
power and so on.
Definition 2. A string-weight pair (u,w) €

(NUT)* X T® is called a sentential form, written
asu[w]. Then, we say that u € (NUT)* x T®
directly derives v € (N U T)* x T® in G if and only
if u=x4x,[w;] and v = x;wx,[w,] for some
X1, %, € (N UT)* written as u[w] > v[w,] where
r:A - wlw] € P withw, = w; ® w.

Definition 3. A derivation in G such S[wg]
gwl[wl] ng[(uz] gu-r:nwn[wn], nx>1 is
called successful if and only if w, € T* and T®.

Y
For short, it can be written as S = wy[w,]
where T = 11y -+ 15,

Definition 4. The language of the grammar G,
denoted by L(G), consists of all strings w[w]
obtained by successful derivations in G, i.e.,
L(G) ={wlw] eT*x T®|S 5 wy [wy]

where T = 11y -+ 1, }.

Definition 5. The language L(G,a,*) =
{wl wlw] € L(G), F(w) * a} where the relation
x€{=,<,><>} and a EW,WCZ is a cut
point set called a threshold language of the
grammar under G and a.

The families of threshold of languages
generated by multiset controlled regular, linear and
context-free grammars with and without erasing
rules are denoted by mREG, mLIN, mCF (mREG*,
mLINA, mCF%) respectively. We also use bracket
notation mX*, X € {REG, LIN, CF} to show that a
statement holds both cases of with and without
erasing rules.
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Further, to demonstrate the derivation
process of multiset controlled grammars, we
provide two examples using linear and non-linear
functions F.

Example 1 (Linear Function). Let G; =
({A,B,S}, {a,b,c}, S, P, @, F) be a multiset
controlled grammar where P consists of the
following productions

1y S — AB[(0,0,0)],

r : A - aAb[(1,1,0)],

r,: A - ab[(1,1,0)],

3+ B - bBc[(0,1,1)],

1, ¢ B - bc[(0,1,1)] and
F(a,b,c) = u(a) — u(c)

where we consider the threshold language
L(G4,0,=) of grammar.
We start with the only applicable

production rule r, which yields AB. Then we can
either
e terminate the derivation by
productions 1,7, to obtain abbc or
e rewrite AB to aAbbBc by applying
productions 1y 75.

applying

Then, the derivation can be continued from
A and B applying productions r; and r; any number
of times. To terminate the derivation, productions
1, and 1, should be applied. In general, we can have
the derivation as follows:

s 3 AB[(0,0,0)] 2 a"Ab"B[(n, n, 0)]

N a™Ab™"b"Bc™[(n,2n,n)]

3 a™1p"tipnBet[(n+ 1,2n + 1,1n)]

3 atipntlipntlentli(n +1,2n 4+ 2,n + 1)].

Then, (a,b,c)=Mm+1)+@2n+2)+
(-1)@2n+2) +(-1)(n+1) =0. For instance,
the string a?b*c? can be obtained by the following
derivation:

$[(0,0,0)] 2 AB[(0,0,0)] = a4bB[(1,1,0)]
2 aabbB[(2,2,0)] = aabbbBc[(2,3,1)]

3 aabbbbcc[(2,4,2)] = a?b*c?[(2,4,2)] and
F(a,b,c) =2+4+ (—1)(4) + (-1)(2) = 0.

Obviously, this grammar generates a non-
context free language:
L(G1,0,=) = {a"b*"c™ | n > 1} € CS—CF.

Example 2 (Non-Linear Function). LetG, =
({A,S},{a},S,P,®,F) be a multiset controlled

grammar where P consists of the following
productions

1o : S - aA[(1)],

r A - ad[(1)],

r, : A - a[(1)] and

F(a) = log, u(a).

where we consider the threshold language
L(G,,a,=), a € Z*, of the grammar G,.
We start with the only applicable

production rule r, which yields a4. Then we can
either
e terminate the derivation by
productions 1, to obtain a or
e rewrite A to aaA by applying productions
.

applying

Then, the derivation can be continued from
A production r; any number of times. To terminate
the derivation, production 7, should be applied. In
general, we can see the derivation as

S aA[(D] S a"A[m)] D & [(n + 1)),

Then, F(a) =log,(n+1),n=2" -1,
n>1. For instance, the string aaaa can be
obtained by the following derivation:

S[(D] 2 aA[(1)] 3 aaA[(2)] 3 aaad[(3)]
3 aaaa[(4)] = a*[(4)] and F(a) = log, 4.

Clearly, the grammar generates a non-
context free language:

L(Gy a,=) = {a®" : n> 1} € CS — CF.
4. GENERATIVE POWERS

In this section, we establish results
concerning the lower and upper bounds of multiset
controlled grammar defined above.

From the definitions, the next three
lemmas follows immediately.

Lemma 1. For L' = L(G,a,=) € mCF, G = (N, T,
S,P,B,F),a # 0, there exists 3 L" € mCF such
that L = (G',0,=) withG' = (N, T,S,P,@®, F').

Lemma 2. mREGM™ € mLINIM € mCF™I,

Lemma 3. For X € {REG, LIN, CF}, X/"] € mX41,

Proof: Let G = (N, T, S, P) be a regular, linear and
context-free grammar where T = {aq,a,, ..., a,}.
We construct the multiset counterpart of G as G' =
(N,T,S,P',®,F) where eachA->weP is
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replaced with 4 - w[0],0€T® in P’ and
function F is taken as F(ay,ay,..,a,) =

™ ou(a;). Then, we define the threshold language
as L(G',0,=). Thus, it is easy to see that L(G) =
L(G',0,=).

Example 3 Let G; = ({4,B,5}, {a,b}, S, P, &,
F ) be a multiset controlled regular grammar where
P consists of the following productions

1o+ S = aA[(1,0)],

r + A aA[(1,0)],

r, + A - bB[(0,1)],

r3: A - b[(0,1)],

n,: B - bB[(0,1)],

rs : B > b[(0,1)] and

F(a,b) = p(a) + (=Du(b).

In general, we have the derivation:
S 3 aAl(1,0)]% aA[(n, 0)]
B a1 4[(n + 1,0)] 3 @™ 1 4b[(n + 1,1)]
& a1 A (n + 1,n)]

3 a™tp™*1[(n+ 1,n+ 1)], and
Fla,b)=(m+1)+(-Dn+1)=0.

Hence, G5 generates the language
L(G3,0,=) ={a™b™ In>1} € CFNnmREG —
REG.

From the Lemma 3 and Example 3, it
follows:
Theorem 1. REG € mREG.

Example 4. LetG, = ({A,B,S},{a,b,c,d},S,P,®
,F) be a multiset controlled context-free grammar
where P consists of the following productions

1, S = AB[(0,0,0,0)],

r A - aAb[(1,1,0,0)],

rp + A - ab[(1,1,0,0)],

r3 : B - ¢Bd[(0,0,1,1)],

1, ¢ B > ¢d[(0,0,1,1)] and

F(a,b,c) = p(a) + u() + (=Dulc)

+(=Du(d).

Then, we have the following derivation:
s 3 AB[(0,0,0,0)] % a"Ab"B[(n,n, 0,0)]
TS:* aAb"c"Bd"™[(n,n,n,n,)]
i a™1p™ic"Bd[(n + 1,n + 1,n,n)]

: a™tiptticntidgntii(n+ 1,n+ L,n+1,n+
1)] and
F(a,b,c,d)=(n+1)+(n+1)+
FDn+D+ D+ 1)
=0.

Thus, G, generates the language
L(G4,0,=) ={a"b"c"d" In=1}€CSN
mCF — CF.

From Lemma 3 and Example 4, it follows
Theorem 2. CF ¢ mCF.

Example 5 Let Gs = ({4,B,5},{a,b,c},S,P,®,F)
be a linear grammar where P consists of the
following productions:

1y : S - aAc[(1,0,1)],

r A - aAc[(1,0,1)],

r, : A > bB[(0,1,0)],

r3: A - b[(0,1,0)],

r, + B > bB[(0,1,0)],

rs : B > b[(0,1,0)] and

F(a,b,c) = p(a) + u(b) + (=Du(b)

+(=Du(o).

It is not difficult to see that
S => aAc[(1,0,1)]

: a™Ac™[(n+ 1,0,n + 1)]
3 a"*lec"“[(n +1,1,n+ 1)]

=> a»p"Bc™ [ (n + 1,n,n + 1)]

B gnripntic "ill(n+1,n+1,n+1)] and
F(a,b,c)=(n+1)+(n+1)+
Dn+D+CDMn+1) =0.

Therefore, G5 generates the language
L(Gs,{0},=) = {a™b"c" In=1}€CSN
mLIN — LIN.

From Lemma 3 and Example 5, it follows
Theorem 3. LIN ¢ mLIN.

Example 6. Let G, = ({4,B,C,S},{a,b,c},S,P,®
, F) be a multiset controlled regular grammar where
P consists of the following productions:
1y : S = aA[(1,0,0)],
r A - aA[(1,0,0)],
r, : A > bB[(0,1,0)],
r3 : B - bB[(0,1,0)],
n: B - ¢[(0,0,1)],
rs : B > ¢C[(0,0,1)],
r6 : C - ¢C[(0,0,1)],
: C - ¢[(0,0,1)] and
F(a b,c) = u(a) + u(b) + (=Du(d)
+(=Du(o).

Generally, we will have the derivation:
§3 aA[(1,0,0)] S a1 A[(n + 1,0,0)]
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B a"1pB[(n + 1,1,0)]

r=3; a™p"1B[(n + 1,n + 1,0)]

B am1pnticc[(n+ 1,0 + 1,1)]
r=6; a™pticCl(n+ 1,n + 1,n)]

3 a™1pttict[(n+1,n+1,n+ 1)] and
Fla,b,c)=(n+1D)+n+1)+
D+ + (DR +1)=0.

Hence, G4 generates the language
L(Ge,{0},=) ={a™"c"In=1}€CSN
mREG — CF.

From the example above, it follows
Theorem 4. nREG — CF # 0.

In Example 2.1.7 in (1), the language L =
{a™b™c™ | n>1}> has been proven cannot be
generated by any additive valence grammar.
However, this language can be generated by
multiset controlled grammar as in example 7.

Example 7. L(G,,0,=)={a™bh"c" | n=>1} €
mCF — aVAL.

The grammar for the language L(G,, 0, =):
1o : S = ABCD[(0,0,0)],
r A > aadb[(2,1,0)],
r, : B - bBcc[(0,1,2)],
r3 : C > aaCbh[(2,1,0)],
.+ D > bDcc[(0,1,2)],
rs : A > ab[(1,1,0)],
16 : B = ¢[(0,0,1)],
r; : C > ab[(1,1,0)],
rg : D - ¢[(0,0,1)],
Ty * A- A[(O'O'O)];
110+ B > 2[(0,0,0)],
1 ¢ € - 4[(0,0,0)],
112 ¢+ D = 2[(0,0,0)] and
F(a,b,c) = u(a) + u(b) + (—Du(b)
+(=Du(o).

Here, it is clearly that we can have the
derivation such

S22 ABCD[(0,0,0)]

2 aadbBCD[(2,1,0)]

o n/2 2

Za Abn BCD [(n 27,10)]

T2 n n n

Sa AbZbBccCD [(n S+ 1,2)]

N a™Ab"Bc"CD[(n,n,n)]

5 aAb™Bc"™aaCbD[(n + 2,n + 1,n)]

X aAb"Bc"a™Chb™?*D[(n + m,n + m/2,n)]

T4 m
= a"Ab"Bc"a™CbZbDcc

[(n+m,n+%+ 1,n+2)]

Té aAb"Bc"a™Cb™Dc™
[(n+mn+mn+m)

T5T6T778
=—— gntipnti ntl m+ipm+l m+l

[(m+m+1,n+m+1,n+m+1)]or

T9T10711712

— a"b"c"a™b™c™

[(n+m,n+m,n+m)]and

F(a,b,c)=(n+m)+ (n+m) +
-Dn+m)+(-1)n+m)=0.

Thus, G, generates the language
L(G,,0,=) ={a™b™c" | n>1}>.

From Example 7, it follows
Theorem 5. mCF — aVAL = @.

Further, we discuss the upper bound for
multiset controlled grammars.

Theorem 6. mCF*! € MAT

Proof: Let G =(N,T,S,P,®,F) be a multiset
controlled context-free grammar where F is a linear
function. Let T ={ay,ay ..,a,} and
F(ay,ay,...,a,) = Y, ¢; u(a;). Since F is linear,
without loss of generality, it can be represented as
the difference of the sum of positive terms and the
sum of negative terms, i.e.,

F(alt aZ' ey an) = Zci].>0 Cij u (aij) +
Zcik<0 Cik ‘U(al‘k).
Then, let L' = L(G,0,=). We construct an
equivalent matrix grammar G' = (N',T,S',M")

where N' = NU{S',X,Y,Z} where S',X,Y,Z are
new nonterminals. We introduce the start matrix

my: (S' > SZ) (1)

and define the matrix m, for each production
r=A->w[w] EPas

m,:(A—w,
1z > X% o)y e (e 7y )
We also consider the erasing matrices

myz: (Z - A), 3)
m:(X->A4Y >0 “4)
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The matrix set M’ consists of the matrices
(1) — (4) defined above. Further, we show that
L(G,0,=) = L(G").

(i) L(G,0,=) S L(G")

] T
Let D:S=>wfw] > wy[w,] = - ..

Tt . . .
= wi[w,], w; € T* be a successful derivation, i.e.,

F(ay,ay, ..., a,) = X ¢ pla;) = 0 where

ula) = iz w(ay).

We construct a derivation D' in G’
simulating D. D' starts with matrix (1) and for each
1; in D, we choose m,, in D' ie.,

g "=lg sz g W1X2cij>0 Cijw(aij)yzcik<0 Cikw(aik)z

Yg WZXZcij>o cij(wi(ai)+wz(ai))
y ey Cul@r@roay) p T vaysy
where

A=, (Zcij>0 €i;Ws (aif))’
B = Z§=1 (Zcik<0 Cika)s(aik)) .

Afterwards, we apply the erasing matrices
(3) and (4) until Z,Xs and Ys are completely
removed where

D' : S' S wXAYBZ > w,. )

Derivation (5) is possible since
A + B = Z?=1 Cinu(ai) = F(all a2I ey an) = 0

(i) From the other hand, we show that L(G") S
L(G,0,=). We consider a successful derivation D’
in G'. Any derivation in G’ starts with applying m,,
then any matrix from (2) — (4) can be applied. Yet,
as soon as matrix (3) is applied, matrices (2) further
cannot be applied. Without loss of generality, we
can assume that

My, My, . My
D' 5 sz =2, xAY By

myz my
- WXAYB = Wt

where 4 = Y5_; (Zcij>0 Ci;ws (aij)) and

B=Yt, (Zcik<0 Cikws(aik))'

Since m; matrix erases all Xs and Ys, A +
B = 0. From the other hand,

A+B =% (Zcij>o Ci;Ws (aij)) +
X6=1 (Zcik<o Cikws(aik) )
= Y51 Ci; (Zci].>o Ws (aij))
+ X5 Ciy, (Zcik<o Ws (aik))
= Zci].>0 Ci;H (aij) + Xy, <o cih(as,)
=yt qu(a) =F(ay,ay, ..., ap).

Then, the corresponding derivation in G is
TTr2.Tt
—1

D:S

Next, we give an example to illustrate the
idea of construction the matrix grammar for a
multiset controlled grammar.

Example 8. Consider the language L(Gg, {0}, =) =
{a™b™c"d™ : n = 1} € CSN mCF — CF generated
by multiset controlled grammar Gg =
({A, B, S}, {a,b,c,d},S, P,®, F) with productions

10 ¢ S = AB[(0,0,0,0)],

1.+ A - aAb[(1,1,0,0)],

r, : A - ab[(1,1,0,0)],

r;3 : B > ¢Bd[(0,0,1,1)],

1, : B - ¢d[(0,0,1,1)] and

F(a,b,c,d) = p(a) + u(b) + (=Du(c)

+(=Du(d).

We construct the matrix grammar Gg' =
({A,B,S,Z,X,Y},{a,b,c,d},S,M) simulating Gg
with production such

my : (§' = SZ),

my : (S > AB[Z - Z]),

my : (A - aAblZ - Z,Z,7]),
ms: (A - ablZ - Z,Z,Z)),
my : (B - cBd[Z - Z3Z,7)),
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ms : (B - cd[Z - Z3Z,7]),
me: (Z; > X,Z, - X),
my:(Zs > Y, Z, > Y),
mg:(Z - A1),

mg: (X > A4,Y - ).

Now, we show the derivation of those two
grammars using a string a®b?c?d?.

(1) By multiset controlled grammar

S 3 4B[(0,0,0,0)] = aAbB[(1,1,0,0)]

2 aAbcBd[(1,1,1,1)] 3 aabbcBd[(2,2,1,1)]

: aabbccdd[(2,2,2,2)] = a?b?c?d? and

F(a,b,c,d) = u(2) + u(2) + (—Du(2) +
(=Du(2) =0.

(2) By matrix grammar

s' B 57 38 ABZ 3 aAbBZ,7,7

L AbCBAZ,7,757,7

B aabbcBAdZ,7,7,7,7:7,7

B aabbceddZ, 7,757,757 7,7247
28 aabbecddZ,7,7,7,7575 7474

L8 qabbecddX 7,V Z,2:7:747,

L8 qabbecddXXXXZ3757,7,

& aabbceddXXXXYYZ,Z,

g aabbccddX XXX YYYY"=l§ aabbccddXXXYYY
g aabbccddXXYY g aabbccddXY
I aabbcedd = a?b2c2d?.,

5. CONCLUSION

In this paper, we defined a new variant of
regulated grammar called multiset controlled
grammar as well as investigated its generative
power. We showed that multiset controlled
grammars are more powerful than the traditional
Chomsky grammar and have at least the lower
bound of computational power as additive valence
grammars as well as they also can generate the
languages that are included in family of languages
of matrix. A comprehensive picture of the hierarchy
of languages generated by multiset controlled
grammars is portrayed in Figure 1.

N meF
CF/ .
: : avAL

~ mLIN

LIN

‘mREG

REG Indications :
—> strict inclusion
........ incomparability

Figure 1. The hierarchy of families of language
generated by multiset controlled grammar.

Yet, some of the interesting questions are
still remaining unanswered such:

(1) Is CF — mREG # @? We conjecture that it
is true. Perhaps, L(G) = {ww® |ww €
{a, b}*} cannot be generated by any regular
multiset controlled grammar.

(2) Is CS — mCF # @? We conjecture that it is
also true. L(G) = {ww|ww € {a,b}*}
might not be generated by any context-free
multiset controlled grammar.

For both questions, we do not have strong
proves but we just knew that multiset can only do
the counting but cannot remember the order of the
strings. That way, both languages ww® and ww are
still cannot be constructed using multiset.
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