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ABSTRACT

This article proposes the classification of the search spaces associated with the combinatorial optimization
problems based on the type of their constituent solutions. The spaces belonging to each identified class are
accompanied by the corresponding graph models. Against this background, the article introduces the
original algebra allowing the representation of the search spaces in the unified homogeneous form. The
proposed algebra consists of a set of transformations given in an analytical form and illustrated by the
modifications of the graph models constructed for the search spaces.
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1. INTRODUCTION

Solving the combinatorial optimization problems
constitutes the keystone of modeling and designing
the computer-based information systems. For
example, the problem of the VLSI circuits
partitioning could be reduced to the problem of
finding the cuts in hypergraphs [1]. In turn, the
quality of its solving significantly affects the
properties of the manufactured devices such as the
energy consumption, delays, cost of producing, etc.

Similarly, the construction of the large-scale
GRID and cloud computing infrastructures is
inextricably linked with solving the tasks
scheduling and load balancing problems in order to
ensure the optimal usage of the available resources
[2]. Another prime example is associated with
scheduling packets in the wireless networks
equipped with the relay nodes, which represents the
variation of the multiple-choice multi-dimensional
knapsack problem [3, 4].

At the same time, a number of the known
combinatorial optimization problems formulated in
the decision form are NP-complete [5, 6]. Due to
the combinatorial explosion effect, the algorithms
returning their exact solutions have the exponential
time complexity, which underlies the inefficiency
of their application to the large-scale problem
instances. As a result, the efforts to solve such
problems are intrinsically linked with the
development of the metaheuristic algorithms aimed

to produce the approximate solutions in a
reasonable time. The fundamental strategy followed
by such algorithms lies in manipulating by the
solutions in order to shrink the explored search
space. Looking into more detail, the search process
implemented by the metaheuristics is based on
performing the iterative improvements of the single
current solution (e.g. simulated annealing, guided
local search, tabu search) or population of solutions
(e.g. evolutionary algorithms) [7].

The implementations of these algorithms are
extremely sensitive to the representation of the
solutions comprising the search spaces associated
with the instances of the problems. However, the
natural form of solutions encoding is problem-
specific, which sufficiently complicates processing
and analyzing the corresponding search spaces [8].
For example, the solutions of the Boolean
satisfiability problem could be easily encoded by
the bit vectors indicating the values taken by the
variables. On the contrary, the solutions of the
traveling salesman problem naturally are
represented by the permutations of the graph’s
vertices [7, 9]. Notice that the form of solutions
encoding is particularly acute when designing the
adaptations of the metaheuristics for the specialized
computer architectures such as the graphical
processing units due to the need for managing the
memory allocation [10].

Clearly, the sets of the equal-length strings
defined over the binary alphabet constitute the most
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canonical way for representing the search spaces.
However, for a number of problems such encoding
requires performing the non-trivial transformations
of the search spaces. Therefore, the objective of this
article is to propose the algebra for transforming the
structure of the search spaces to the unified
homogeneous form.

2. CLASSIFICATION OF THE SEARCH
SPACES ASSOCIATED WITH THE
COMBINATORIAL OPTIMIZATION
PROBLEMS

The primary challenge in achieving the intended
objective is that the well-known definitions of the
combinatorial optimization problem [11, 12] are
formulated without detailing the structure of the
search spaces. Consequently, due to such
insensitivity, these definitions could not be used as
a basis for classifying the search spaces and their
constituent solutions. This causes the need for
introducing the new more detailed definition of the
combinatorial ~ optimization  problem, which
constitutes the first significant contribution of this
article.

Definition 1. The combinatorial optimization
problem is represented by a set of instances given

in the form of pentuples / = (g,P,go,CD,‘P>, where

G denotes the finite (or countably infinite) search

space associated with the particular instance. This
space encompasses the combinatorial
configurations X and is constructed by applying the
generating combinatorial operator F to the finite

(or countably infinite) base set P={p1,..., pn}.
Moreover, each instance [ is equipped with the
indicator function ¢:G — {0,1} taking the value of
1 for all configurations X'eG satisfying the

constraints of the problem. The optimality of all
elements X eG is reflected by the family

O={f1,.. [} of the
/i :G — R defined over the entire configuration

objective  functions

space G and the collection ¥ ={ext,...,extr;, } of
the optimization criterions extr; ={min, max} for

all functions f;.

In the context of such formulation, the
configurations X comprising the search space G
represent all possible solutions of the problem
instance /. Notice that according to Definition 1, the
elements of both set P and space G are isolated
from each other. Obviously, there always exists the
uncountable infinite set U > P in which any

element pe P could be surrounded by the non-

empty punctured neighborhood N(p)cU such
N(p)(\P=2. The of all

configurations X € G could be demonstrated in a
similar manner. This clearly shows that
Definition 1 does not cover the continuous
optimization problems.

Remark that by virtue of introducing the families
of the functions ® and criterions ¥, Definition 1
is sufficiently flexible to cover the multi-objective
optimization problems. At the same time, in the
simplest case of the single-objective problems, the
families @ and ¥ contain respectively just one
function f and criterion extr, i.e. m=1. As a
consequence, the instances of such problems could
be represented in the simplified form

1 :<Q,P,go,f,extr>.
Let us denote by G'< G the set of all feasible
solutions satisfying the constraints of the problem

that i1solation

instance 7, i.e. ¢(G')=1. Under such approach, the
exact solution for the instance / of the single-
objective problem takes the form of the
configuration X( € G’ such that the value f(X{)
constitutes the global minimum or maximum
(depending on the criterion extr) of the objective
function fover the set G'. Notice that the instance
of the combinatorial optimization problem might be
deprived of the feasible solutions in the case of
g'=0.

The generating combinatorial operator F
ensures filling the configuration space G with the
structures implementing different forms of the
relationship between the elements of the base set P
(such as the combinations, permutations, selections,
etc.). Accordingly, the instances of the
combinatorial optimization problems could be
equipped with the configuration spaces G of
various types, which substantially differ in
representing the elements X € G. In spite of the
huge variety of possible concrete implementations
of the F operator, we can indicate four
fundamental classes of the search spaces G . Let us

introduce the notations Q([) and XO for the
spaces belonging to the i-th class and their
constituent configurations. Remark that the search
space g® composed of the feasible solutions

x'® belongs to the same class as the complete

space Q(i) - g'(").
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Looking into detail, the classification proposed in

this article distinguishes the classes whose
representatives are:
1. The spaces G whose elements are

represented simply by the unordered sets
xM :{xl,...,xt}gP
repeated elements.

deprived of the

2. The search spaces g® composed of the

multisets that allow the multiple occurrences
of the constituent eclements but are
indistinguishable from the perspective of their
order. The solutions contained in such spaces

have the form of pairs X(2)=<XU,¢9>
including of the underlying ordinary set of
elements X; c P associated with the
multiplicity function &:Xy — Ns;. The
image of any element pe X, under the
function @ reflects the number of all its
occurrences in the configuration X @),

3. The search spaces g® comprised of the

chains that are sensitive to the order of the
elements but do not presuppose their
duplications. In this case, each configuration
is given by the set X;; — P paired with the

function J:X; — {1,2,...,|XU|} reflecting

the order of elements, i.e. X = (Xy,6). In
particular, &(p)=t shows that the element
peXy occupies the r-th position in the

solution X,

4. The spaces g(“) whose elements are

represented in the most sophisticated form of
the “ordered multisets” encapsulating the
information about the order of the elements
that could be repeated. In turn, the solutions
comprising such spaces could be represented

by quadruples x@® = <H,XU,6’,/1> , Where H
denotes the auxiliary set equipped with the
function /1:H—>{1,2,...,|H|} specifying the
order of its elements. On the other hand, the

set H is constructed from the underlying set
Xy and function 6:X; >N, in the

following way:

For example, the instances of the 0-1 knapsack
problem are generated from the base sets P
composed of n items associated with the prescribed

values of the weight w(p) and cost ¢(p). These
instances are equipped with the configuration

spaces G that include 2" unordered sets

x® c P reflecting all possible variants of packing
the knapsack represented as the combinations of the
items peP produced by the operator F .

Obviously, such spaces belong to the first class
according to the proposed classification. The
limitation of the maximum load capacity of the
packaged knapsack Q is taken into account by the
function ¢ that outputs the value of 1 only for the

configurations X'

condition:

satisfying the following

w(p)<0.
pex'®
In turn, the pursuit of packing the knapsack with
the most valuable items leads to introducing the
criterion extr =max and specifying the next
objective function:

f(X'(l)): 3 e(p)
pex®
For contrast, let us consider the modified version

of this problem that allows adding the multiple
copies of any item to the knapsack. Its instances are

equipped with the search spaces g(2> of the second

class, while their constituent configurations X @
are the multisets representing the combinations of
the elements p € P with repetitions.

It is noteworthy that some combinatorial
optimization problems exhibit several natural
schemes of generating the instances equipped with
the search spaces of different classes. A prime
example is the traveling salesman problem for the

graph G =(V,E) whose instances could be
e

composed of the configurations X Q) reflecting the
permutations of the vertex set J that serves as the
base set. However, this problem could be
characterized by the alternative set of instances

associated with the third class space

having the first class spaces g comprising the
|V| -combinations of the edges e E. In this case,

the base set is represented by the collection of
edges E.

Finally, let us take a look at the modification of
the traveling salesman problem allowing the
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multiple visits of each node v V. The instances of
such problem could be equipped with the fourth
class spaces 9(4) whose elements X represent
the permutations with repetitions of the set V. The
alternative way involves the formation of the
instances accompanied by the second class spaces
g(2> including the combinations with repetitions of
the edges e e E. These examples clearly insinuate
the possibility of transforming the search spaces,
which is discussed more fully in the remainder of
this article.

3. REPRESENTATION OF THE SEARCH
SPACES BY THE GRAPH STRUCTURES

Since according to Definition 1 all solutions are
constructed from the elements of the base set, the
structural organization of the search space G could
be described in the form of the undirected bipartite
graph S(G)=(Vp,Vx.Epy). The vertices of its

first part v/ e Vp are in line with the elements of
the base set P, while the nodes of the second part
v eVy -embody the configurations X eG.
Notice that the forbidden solutions belonging to
G\ @' are ignored in the structure of the graphs

S(G), which ensures considering the problem

constraints. Moreover, each vertex v¥ e Vy 1is
equipped with m weight coefficients reflecting the
values of the weight functions {f},..., f;,} for the

corresponding configuration X. In turn, the
collection (set or multiset depending on the class of
the modeled space G) Epy contains the edges

connecting the nodes that belong to the different
parts of the graph S(G). In particular, each edge

(v,f ,vf ) € Epy reflects the inclusion of the base

set element p; in the configuration X ;.

Taking into account the classification of the
configuration spaces proposed in the previous
section, we should emphasize that the type of the

graph S(G) significantly depends on the class of
both spaces G and G'. In particular, the first class
spaces G are represented by the simple (i.e.
deprived of the parallel edges) graphs S(g(l)). On

the contrary, the search spaces Q(z) of the second
class are described in the form of the multigraphs

S (g(z)). Their multisets Epy include the parallel

edges that are needed for reflecting the repeated
entriecs of the base set eclements in the

configurations. For the third class spaces g® , the
graphs S (9(3)) are simple but additionally

equipped with the weight function defined over the
set of edges Epy . The value of this function for

each edge (v}(D ,vj( ) reflects the position of the base

set element p, in the solution X 5-3) and equals

5(pg). The fourth class spaces G™ constitute
the most complicated case for representing and are
reflected by the multigraphs S (g<4)) with the

weight function defined over the multisets of edges

4. OPERATIONS FOR UNIFICATION AND
HOMOGENIZATION OF THE SEARCH
SPACES STRUCTURE

In summing up the previous section, the search
spaces of the first class are the most convenient for
the analysis and representation in terms of the
graph structures. This underlines the desirability of

converting the spaces g(z), g® , and G¢™ into the
equivalent first class spaces.
Definition 2. The operation of the search space

unification involves representing the problem
instances I= <g(i),P,¢),<D,\I’> for  which
ie{2,3,4} in the new form

I'= <g*(1),P*,qo*,CD*,‘P>. Accordingly, all search

spaces belonging to the first class are referred as
having the unified structure.
This operation could be reduced to implementing

the transformations <7}P ,’]}X > such that
7.7 (P)=P" and T* (X(i)) = X" Here the
transformation 7;”

1
while T:X

1

ensures translating the base set,

converts all possible configurations.

Let us demonstrate that the specification of the
transformations ’];P and 7}X is sufficient for
constructing all components comprising the tuple of

the resulting instance /™. In particular, the space
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g
configurations X @) eg(i) with the corresponding

outputs ’Z}X (X (i)). The family of criterions ¥

is obtained simply by substituting all

remains unchanged under the unification, while the

functions /™ e ®* and ¢" are defined on the new
domain g*(l) . Let us represent the function ¢ by
the set of pairs (X(i),go(X(i) )) Under this

could be
constructed by replacing these pairs with the

modified ones (ZX (X (i)),(p(X (i))). Moreover,

representation, the function ¢"

the objective functions 7™ e ®* could be formed in
the similar manner.
Obviously, the unification does not affect the

cardinality of the search space, i.c. ‘Q(i)‘ = g*(‘)‘.

Notice that the transformations ZP and ZX are

applied only to the base sets and configurations of
problem instances equipped with the search spaces
belonging to the i-th class.

The transformation 7—2P translates the initial base
set P into the following one:

n 2

P 1 i

7 (P)=U{pi,-~-,p,-m }
i=1

where n denotes the cardinality of the set P, while

m?

7 is the maximum value of 9( p,-) among all

configurations X @ eg(z). Notice that the set
P n 2
7,7 (P) holds )" (m;

the initial set P. In turn, the transformation ’TZX

—1) more elements than

ensures representing each concrete configuration
x@ =<X 9) in the next form:

(X(z)) U {p,, )}.
rieXy
In simple terms, any element plk € TZP (P)
corresponds to the k-th copy of the element p; € P

appearing in the solutions x@ eg(z). Fig. la
shows the simplified example of the second class

search space g represented by the multigraph

structure S(Q(z)). In this case, the base set

includes the elements p;, p,, and p;, while the

space g encompasses two solutions Xl(z) and

Xéz). For example, the configuration Xl(z) is
composed of the element p, and three copies of
the element p;. As is evident from Fig. la, the

existence of n copies of the base set element in one
configuration is reflected in the corresponding
multigraph by the “dipole” structure composed of n
parallel edges.

The result of performing the unification of this
space is presented in Fig. 1b. Notice that the

vertices v,{) + correspond to the elements plk of the
base set 75" (P). The representation of all copies
of the elements p; € P by the separate elements

(distinguished by the index k) in the set 7,7 (P)

leads to the elimination of all parallel edges in the
corresponding graph structure. Therefore, the
resulting graph given in Fig. 1b is simple.

Vi@ Vp-

of f—_,\\\ o
N

)
s %

(a) (b)

Figure 1: Graph Structures Representing the Sample of
the Second Class Search Space (a) and the Result of
Implementing the Operation of Its Unification (b)

On the contrary, the transformation 7'3P produces
the following output set:

n

7’ (1’°)=LJ{JD},-~-J9Z-"”3 }
i=1

where ml3 is the maximum cardinality of the

underlying set X;; such that p;, € X;; among all

solutions X eg® . Similarly to the previous

case, the cardinality of the resulting set 7'3P (P) is

larger by Zln_l(ml3 —1) compared to the initial set
P. At the same time, the appropriate transformation
7'3X translates  the

argument configurations

X3 = <XU,5> into the next ones:
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¥ (%)= | {pl p’}

Pi€Xy
In short, each element plk € ’]}P (P) corresponds

to the element p;eP contained in the

configurations X ) ¢ 9(3) at the k-th position. Fig.
2a depicts the example of the third class search

space G®. Its structure is illustrated by the graph
S (9(3)) whose edges are accompanied with the

weight coefficients reflecting the values of the
function 6. In particular, the configuration X1(3)

includes the elements p; and p, located

respectively at the first and second positions.
Fig. 2b presents the structure of the search space
obtained after implementing the operation of the
unification. The more close inspection shows that
the information encoded by the weight coefficients
in Fig. 2a is expressed in Fig. 2b by the index & of

.
the vertices vf + representing the elements

k P
pi €713 (P )
At the same time, the formation of the base sets

representing the outputs of the transformation T4P

involves the appropriate consideration of both
ordering and repeating of the elements in the

configurations X ) 69(4). Thus, the expression
for the 7L (P)
complicated form:

2= U (i)

plepy

sets takes the following

4 . .
where m;" is the maximum value of Zpe X, o(p)

among all configurations X ) such that pieEXy.

In turn, the set Pj; is defined as follows:

* " 1 m4
PH :U{pi""’pi ! },
i=1

where m; denotes the maximum value of 6(p;)
among all configurations X g™

The presence of the auxiliary set H in the
structure of the tuples x@® :<H,XU,0,A>
provides the opportunity to present the expressions

for the outputs produced by the transformation 7'4X
in the next simple form:

k
7 (X(4)): U p:c,/l(p;) -
pleH
Thus, the unification of the fourth class search
spaces requires the combination of the techniques
used for unifying the second and third class spaces.
The example of implementing such operation is

shown in Fig. 3. Remark that the nodes v 4 of the

resulting graph reflect the elements pl.’ of the
base set 73 (P).
Vp Vi@ Vpr Vi@
1 (3)
v @ ” @) v
277 O) X3
deE T |
OFt

(a) (b)

Figure 2: Structure of the Sample Third Class Search
Space (a) and Its Modification in the Process of the
Unification (b)

VP Vx(4) Vp* VX"(“

(a) (b)

Figure 3: Graph Models Constructed for the Instance of
the Fourth Class Search Space (a) and Its Unified
Variant (b)

Another challenging issue that dramatically
complicates the analysis of the search spaces
structure is associated with unequal cardinality of

the configurations X M comprising the search

spaces G of some real problems. For example,
the problem of finding the longest path between the
vertices vy,v, €V in the graph G=(V,E) has a

number of possible solutions constructed from the
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different number of edges e € E . In order to deal
with such situations, this article introduces the
following operation:

Definition 3. The operation of the search space
homogenization is applied to the problem instances

1= <g(1),P, (p,CD,‘P> having at least two solutions
X;EI),XE-I) eG"  such that ‘X,El)‘ ¢‘X§.1)‘

consists in their transition to the new form

f=<é(1>,ﬁ,gb,<i>,\y> in which all solutions

XM 6™ have the equal cardinality. The search
spaces are referred as having the homogeneous
structure if they have the unified structure and
encompass only the configurations having the equal
cardinality.

Similarly to the previous case, the implementation
of this operation comes down to specifying the pair

of  transformations <’Z: P,’Z:X> such  that

fP(P)zf’ and fX(X(l))z)?(l). These

transformations are
expressions:

given by the following

fP(P)=L’1J{p?,p3},

i=1
7)< {pp e x O (P |y e X |
In simple terms, the transformation 77 (P)
performs “splitting” each element p; € P into the

pair of the new elements { p? , p,l} In turn, the

configurations TX (X (1)) are required to include

exactly one element from each such pair, which
clearly shows the equalization of their cardinality.

Vp Vi@ Vs Vi@
o |
x@
P . vi
v @
P
v; @,

x@

Q) v;
1;‘f\.)/

(a) (b)

Figure 4: Graph Models Demonstrating the Structure of
the Sample First Class Search Space Before (a) and After
(b) Performing Its Homogenization

Initial instances
@P¢¢w

It Unification of
i—1 2 3, 4 the search space
structure

Instances with the unified structure of the
search space

r *U)P(pcbkp

If all
solutions If the Homogenization
cardinality of of the search
have the the solutions is space structure
eq.ual. unequal
cardinality

Instances with the homogeneous structure
of the search space

P=(60.5.9.6.%)

Figure 5: Diagram Illustrating the Main Stages of
Transforming the Problem Instances in Order to
Construct the Search Spaces Having the Unified

Homogeneous Structure

Fig. 4 depicts the example of the search space
homogenization. In particular, the graph model
constructed for the initial non-homogeneous space

. . . ) M
(Fig. 4a) includes the vertices le and vf(
Xl(l), Xél) e and

having the degrees of 3 and 1, respectively. On the

reflecting the solutions

gD ¢(D
contrary, the nodes le and vg( of the graph

given in Fig. 4b represent the configurations
formed after performing the homogenization of the
search space. Note that both these nodes have four

vertices v,-{J « corresponding to the

of the base set 77 (P), which

clearly illustrates the effect of the homogenization.

adjacent

elements plk

Obviously, the application of the transformation
7P (P) results in doubling the cardinality of the

base set. Notice that according to Definition 3, the
operation of the search space homogenization is
performed only for the problem instances equipped

with the first class spaces 6" Such limitation is
associated with the absence of the clear and
unequivocal concept of the “cardinality” for the
solutions contained in the search spaces belonging
to the other classes. On the same grounds, the
homogeneous structure of the search space is also
unified, while the converse is not always true.
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5. CONCLUSIONS

As shown in Fig. 5, the fundamental idea of the
proposed algebra lies in performing two operations
modifying the structure of the search spaces
associated with the problem instances. In particular,
the operation of the unification results in blurring
the class-based differentiation of the search spaces.
It is followed by the operation of the
homogenization intended to equalize the cardinality
of all possible solutions.

As a result, the search spaces passed through both
stages of transformation are eligible for encoding
by the sets of the equal-length strings drawn from
the binary alphabet. Under such encoding, the
elements of the base set included in any solution
could be indicated by ones in the corresponding
string. At the same time, the opportunity to present
the structure of the search spaces in the unified
homogeneous form afforded by the proposed
algebra has the drawback expressed by increasing
the cardinality of the base sets.
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