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ABSTRACT 

 

T A novel approach is proposed to restore the defocus image with the linear change defocus radius. Firstly, 

by studying the space-invariant defocus blurring model, the space-variant defocus blurring model with the 

linear change defocus radius is obtained. Then, a nonlinear coordinate transforms for blurred image is used 

to convert the space-variant images blurring into space-invariant blurring images, which is easier restored. 

The experimental results demonstrate the restoration image has more details and fewer ringing. The 

restoration effect of the proposed method reveals its practicability in the space-variant defocus image 

restoration. 

Keywords: Defocus Image, Linear Change Defocus Radius, Space-Variant Blurring, Nonlinear 

Coordinate Transforms 

 

1. INTRODUCTION  

 

A Defocus blurred images are produced when the 

focus is not accurate in the processing of shooting 

process. Defocus blur is one of the most important 

blur. So the defocus blurred image restoration is 

particularly important [1-2]. 

    Image point spread to spot while image plane 

is out of focal plane, which result in out of focus. 

These spread are described by PSF(point spread 

function). The PSF is space invariant when image 

plane is parallel with focal plane. Conversely, the 

point spread variant following a point on the image 

surface. At this time, the defocus blur is space-

variant. All this time many scholars, both at home 

and abroad, have made great efforts to space-

invariant defocus blur and worked out a lot of 

achievement [3-5]. However, because of the 

complexity of space-variant defocus blur, there is 

no effective restoration algorithm for space-variant 

defocus blur. 

Considering the cause of defocus blur, due to 

arbitrariness of location of image plane and focal 

plane, the PSF of space-variant defocus blur is very 

complex. So it is very difficult to restore the space-

variant defocus images. The blind restoration 

algorithm is mostly used to solve the restoration 

problem in many domestic and foreign literatures. 

However, the restoration result is often very poor 

because of little prior knowledge [6-7]. In order to 

simplify the problem, in this paper we only consider 

a simple space-variant defocus blur, namely there 

has an angle between the image plane and focal 

plane, by this time, the defocus radius of the blurred 

image is linear change. By studying the PSF of 

space-invariant defocus blur, this article first 

derives the PSF of space-variant defocus blur with 

the image plane is not parallel with focal plane. 

Then the restoration algorithm is proposed for this 

space-variant defocus blur images so as to solve the 

restoration problem that the image plane is not 

parallel with focal plane. 

This paper is organized as follows. In Section 2, 

we present the PSF model of space-variant defocus 

image with linear change defocus radius. In Section 

3, we present a novel restoration method of the 

above defocus image. Experiments are 

demonstrated in Section 4, and conclusion is 

presented in Section 5. 

 

2.  PSF MODEL OF SPACE-VARIANT 

DEFOCUS BLUR 

 

2.1  Image Plane is Parallel with Focal Plane  

A simple optical imaging system consisting of 

lens is illustrated in Fig.1 [8]. Where p1 represents 

object point, p2 represents image point, u represents 

object distance and v represents image distance, s 

denotes the distance from the len to the image 

sensor, f denotes the focal length. So the Gaussian 

imaging formulas is: 

1 1 1+ =
u v f

                                (1) 
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when s=v, the point p1 is imaging in the point p2, 

which is called focusing. When ≠s v , the image 

point p2 will spread in the image sensor. According 

to the principle of geometrical optics, the image 

point p2 spread into the circular with the radius r, 

which results in the defocus blur of the image. 

Apparently, the greater the distance between s and 

v is, the more serious the focal is. And so the image 

is more blurring. 

 

Figure.1 Optical Imaging System Schematic Diagram When The Image Plane Is Parallel With Focal Plane 

 
Figure.2 Optical Imaging System Schematic Diagram When The Image Plane Is Not Parallel With Focal Plane 

  

 

             

     Figure 3. The Method Of Nonlinear Transform 

 

And then through the geometrical relation of 

Fig.1, to be seen 

1 1−  = = − 
 

r s v
s

a v v s
                    (2) 

From formula (2), as long as the focal plane is 

parallel with the image plane, the focal radius r 

would not change. This is the so-called space-

invariant defocus blurring. Its PSF is able to use a 

simple disk model to simulate. Then the restoration 

result is perfect by using the existing restoration 

algorithm such as Wiener filtering. 
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2.2 Image Plane is not Parallel with Focal Plane  

When the image plane is not parallel with focal 

plane, as illustrated in Fig.2, Suppose the angle 

between image plane and focal plane is θ. The 

intersection of image plane and optical axis is J, s 

denotes the distance from J to the center of optical 

axis. Q represents any point in the image plane and 

z represents the distance from J to Q. The defocus 

radius of point Q is deduced by the formula (2). 

0

1 1 = − 
 

r as
v s

                           (3) 

( )

0

1 1

1 1 1 1

 = − − 
 

   = − − −   
   

= +

r a s z
v s

as a z
v s v s

r kz

cos

cos

θ

θ      (4) 

 

where 
1 1 = − 

 
k a

v s
cosθ ，so when there has 

only one angle between image plane and focal 

plane, the defocus radius is linear change. Similarly, 

according to the space-invariant PSF, the current 

PSF model is: 

( )2 2

0

1 1= =
+

PSF
r r kzπ π

             (5) 

The next step is to study how to implement the 

restoration of defocus image with the above PSF. 

 

3. THE RESTORATION OF DEFOCUS 

IMAGE WITH THE LINEAR CHANGE 

DEFOCUS RADIUS 

 

The mathematical model is [9-10] 

( ) ( ) ( ) ( )= +∫∫, , , ; , ,g x y f h x y d d n x yα β α β α β                         

(6) 

Considering the defocus radius is linear change 

and the PSF is simultaneously related to the 

location between the image plane and the scene 

plane, the mathematical model is the space-variant 

model. So the model cannot be further simplified as 

a convolution model.  

For space-variant model, there are two methods. 

The one is that the image is divided into many 

blocks so as to make every image blocking 

approximate to space-invariant mode, along with 

much obvious artificial trace in the connection part 

among image blocks. The other is to make a 

nonlinear transform for blurred image so that the 

space-variant blurring is converted into space-

invariant blurring. The process is shown as in Fig.3 

For linear variety defocus radius r(z)=r0+kz, we 

do non-uniform sampling in interval [0,Z]. In any 

point z, if the sampling points are the same in 

interval r, the scale of space-variant PSF is 

irrelevant to the spatial location of the resulting 

sample sequence. In other words, the resulting 

sample sequence represents the space-invariant 

blurred image. So we can convert the space-variant 

PSF into the space-invariant PSF by using a non-

uniform sampling. 

After a non-uniform sampling, we get the 

following formula, 

( ) ( ) =p z r z A                         (7) 

where p(z) denotes density function, A is constant. 

If λ(z) represents the distribution function of p(z), 

then by the theory of probability knowledge, 

p(z)=dλ /dz, so there will be, 

( ) 0

= =
+

d A A

dz r kzr z

λ
              (8) 

Then: 

( ) ( )1 0 2= + +z c r kz clnλ         (9) 

After nonlinear transformation, the size of 

images needs to remain the same, that is, λ(0)=0, 

λ(Z)=Z, so the coefficient can be obtained, 

( )1

0
1

=
+

Z
c

kZ rln /
,  

2 1 0
= −c c rln      (10) 

In order to obtain uniform sampling interval, the 

inverse function of λ(z) is obtained by formula (9) 

2
0

1

1  − 
= −  

  

c
z r

k c
exp

λ
             (11) 

This is the nonlinear transformation function 

which converts space-variant defocus blurring with 

the linear change defocus radius into space-

invariant defocus blurring with the changeless 

defocus radius. The equivalent of the changeless 

defocus radius is 

0 2
= + k

r r Zλ                       (12

) 
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So the restoration image is obtained by the 

restoration algorithm of the space-invariant defocus 

image[11-12]. And at last, by using the inverse 

function of formula (9), the restoration image is 

converted into the images in original coordinates. 

   For defocus radius, if the linear coefficient k are 

less than zero, formula (4) should be rewritten as 

r=|r0+kz|. When nonlinear coordinate transforma-

tion is used, we have to compute the value of z 

which meets r0+kz=0, denoted as z0. Taking z0 as 

the boundary, the image is divided into two blocks. 

When r0+kz are greater than zero, namely r0+kz, the 

image is converted and restored by the above 

method. When r0+kz are less than zero, the formula 

is rewritten as r=-r0-kz, the image is also converted 

and restored by the above method. Finally, the 

restored image is the combination of these two 

pieces of images. 

The following is the verification in experiment. 

4. THE EXPERIMENTAL RESULTS AND 

DISCUSSION 

 

4.1 Linear Change Defocus Image Simulation 

and Their Restoration Results  

To demonstrate the validity of the proposed 

method, we tried some experiments on some 

synthetically focus images and real focus images. 

The image “Cameraman” and image “Lena” are 

derived from image database and their defocus 

radius are respectively r(z)=1+0.06z and 

r(z)=3+0.1z. For synthetically focus images, We 

compare our algorithms with the other restoration 

algorithms[12], namely conventional restoration 

algorithm with the equivalent radius in formula (12). 

The restoration results are all displayed in Fig.4. 

  
(a) 

  

(b) 

  
(c) 

  
(d) 

  
(e) 

  
(f) 

 Figure.4 Restoration results of the conventional 

restoration algorithm and our algorithm (a)original 

image (b) defocus blurred image (c) space-invariant 

defocus image after nonlinear transform (d) the restored 

image of (c); (e) the restored image after nonlinear 

inversion transform from (d); (f) the restored image using 

conventional method from (a) 

Table 1 PSNR of the two methods 

Restoration results 
PSNR/dB 

Cameraman Lena 

Fig.4(f), Conventional 

restoration method 
19.51 17.58 

Fig.4(e),our method 19.88 21.59 
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From restoration results, if the linear change 

defocus images are restored by using conventional 

restoration algorithm for space-invariant images, 

the ringing effect is very serious. Moreover, the 

greater the linear change is (the greater the value of 

coefficient k), the more serious the ringing effect is 

and the worse the restoration result is. 

However, by using our algorithms, the ringing 

effect of restoration image apparently reduce. The 

PSNR of the restoration results are shown in Table 

1, which also demonstrate our method is better than 

the conventional space-invariant method, especially 

for great linear change coefficient k. 

4.2 The Restoration of Linear Change Defocus 

Image with The Negative Coefficient k 

We choose the barche image for testing the 

algorithm for the negative coefficient k. The 

defocus radius is set r(z)=10-0.1z. According to the 

algorithm proposed in this paper. First, the image is 

divided two piece and then block processing. The 

restoration images are shown in Fig.5 

From Fig.5(b), due to linear change defocus 

radius, the center of the image is clear than the 

other parts of the image. After restoration, 

compared the blurred image, the restoration image 

is clearer, shown in Fig.5(c). So this experiment 

showed our method performs well with the negative 

coefficient k 

 
(a) 

 
(b) 

 
(c) 

Figure.5 The Restoration Of Linear Change Defocus 

Image With The Negative Coefficient K:(A) Original 

Image (B) Defocus Image (C) Restored Image 

4.3 Real Defocus Image Restoration with Linear 

Change Defocus Radius 

In order to test the algorithm for the real 

defocus image with linear change defocus radius. 

We build the optical imaging system, shown in 

Fig.2. The restoration results are displayed in Fig.6. 

From the restoration images, the words are clearly 

identified, but in the blurred images, the words are 

hardly identified. So this experiment demonstrated 

our method performed well for the real defocus 

image with linear change defocus radius. 

 

(a) 

 
(b) 

 
(c) 

Figure.6 Real Defocus Image Restoration: (A) Real 

Defocus Image; (B) Restored Image Using The Method 

In The Text; (C) Restored Image Using The Conventional 

Method 
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5. CONCLUSION AND FUTURE WORK 

 

After the summarization of defocus blurring 

model, this paper proposes a novel approach to 

restore the image with the linear change defocus 

radius. The success of our method benefits from 

two aspects. Firstly, based on space-invariant 

defocus blurring model, we extended to the space-

variant defocus blurring model with the linear 

change defocus radius. Then, a nonlinear 

coordinate transforms for blurred image is used to 

convert the space-variant blurring into space-

invariant blurring. Compared with the conventional 

restoration method, the presented method performs 

apparent advantages under most circumstances.  

However, the space-variant defocus blurring is 

very simply only with the linear change defocus 

radius. So a future research direction would be to 

consider more complex space-variant defocus 

blurring. 
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