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ABSTRACT

In the paper we consider the boundary value problem with an integral condition of the second kind for a
hyperbolic partial differential equation of the second order with the Bessel operator. We prove the
uniqueness of the solution of the problem. In the paper we use the apparatus of the theory of partial
differential equations and ordinary differential equations, methods of functional analysis, the apparatus of
special functions. While solving the problem, we obtain some restrictive conditions on the functions that
define the initial data of the problem. The solution of the problem is obtained explicitly, as a series, using
the variable separation method. The substantiation of the solution is carried out by the method of spectral

expansions. The work is theoretical.
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1. INTRODUCTION

The modern problems of natural science have led
to the necessity to generalize the classical problems
of mathematica physics and to formulate
qualitatively new problems, as well as to develop
the methods for their studying. One class of
qualitatively new problems consists of the problems
with nonlocal conditions. The conditions are
usually called nonlocal if they relate the values of
the solution, to be found in a domain D, on some
interior manifold in D to the values on the boundary
of D. It has been found in the study that the greatest
difficulty is connected with the case when nonlocal
conditions do not involve the values of the function
at the boundary points. This case includes nonlocal
conditions given in the form of integrals. The
problems with integral conditions arose in the study
of certain physical processes, for which the
boundaries of the occurrence regions may not be
available for direct measurements, but the average
values of the unknown quantities are known. The
conditions of this kind may appear in the
mathematical simulation of the phenomena related
to plasma physics, heat distribution and
demography. Nonlocal integral conditions can be
regarded as a generalization of discrete nonlocal
conditions.

Thus, a number of processes studied in physics,
chemistry and biology often lead to the formulation
of the so-called nonlocal problems for differential
equations. Nonlocal problems are such problems, in

which, together with the classical initia and
boundary conditions or instead of them, the
conditions are set which relate the values of the
solution (and, possibly, its derivatives) at the points
of interior and boundary manifolds. For example,
nonlocal problems with integral conditions appear
in the mathematical ssimulation of some processes
of thermal conductivity, moisture transfer in
capillary-porous media, the processes occurring in
the turbulent plasma, in the study of the problems
of mathematical biology, and also in studying some
inverse problems of mathematical physics.

The problems with integra conditions for
parabolic and elliptic equations have been
considered by many authors, and for quite some
time. The question of formulation and solvability of
the problems for hyperbolic equations is studied
much less. Systematic study of the problems with
integral conditions for hyperbolic equations began
in the 90s of the XX-th century. The study results
showed that the choice of the method of proving the
solvability of nonlocal problems with integral
conditions is conditioned by the form of these
conditions themselves. Over the last couple of
decades, a large number of publications have
appeared in the mathematical literature dedicated to
studying nonlocal problems for partial differential
equations of hyperbolic type. Two classes of
problems are distinguished: the problems in which
the integra condition is set aong the
characteristics, and the mixed problems with the
classical initia conditions and the nonlocal
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boundary conditions. Nonlocal problems of the
second type are considered in the works by A.
Bouziani [1], [2], Gordeziani and G.A. Avalishvili
[3], L.S. Pulkina [4], [5], S.A. Bellin [8], [9], V.B.
Dmitriev [6], O.M. Kechina [11], and other
authors.

In the works[6], [7] theterms "conditions of the
first and second kind" were introduced and the
lemmas on the equivalence of the conditions of the
first and second kinds was proved. If a nonlocal
condition contains only an integral operator, then
this condition is called an integral condition of the
first kind. If a nonlocal condition, besides an
integral operator, contains the values of the sought-
for solution or its derivatives on the boundary of the
domain under consideration, then such condition is
called an integral condition of the second kind. This
work is devoted to the study of a mixed problem for
a hyperbolic equation with the Bessel operator with
nonlocal integral condition of the second kind. In
the paper by A.l. Kozhanov and L.S. Pulkina [12],
there was proved the unique solvability of the
boundary value problems with a nonlocal boundary
condition of integral type for multidimensional
hyperbolic equations, which was an important step
forward in the study of such problems.

Our work is devoted to studying a problem with a
nonlocal integral condition for a hyperbolic
equation with the Bessel operator. The topicality of
the work is connected with the need of studying
certain problems of hydrodynamics and gas
dynamics. Consider the following physical
problem. As is known, the state of a gas is
determined by three quantities. velocity, pressure
and density. The equations describing small
oscillations of the gas are derived from the genera
equations of hydrodynamics, namely, the continuity
equation, Euler’s equation and the equation of the
relationship between pressure and density in the
form of the Poisson adiabat. We will consider the
oscillations of the gasin a cylindrical tube. Suppose
that the gas is radially inhomogeneous, and there is
a power-law dependence of the density on the radial
coordinate. In addition, we use Boyle's law at
constant temperature. Then in the cylindrical
coordinate system, provided that the sought-for
functions depend only on the spatial variable r and
the time t, the considered hydrodynamic equations
after their linearization will assume the form of an
equation, in which the Bessel operator is applied to
the spatial variable r. Thus, this physical problem
can be interpreted as the problem of studying small
oscillations of a gas in a cylindrical tube within a
single cross-section, while considering the behavior

of the gas constant within each radius. Therefore, it
became necessary to solve the boundary value
problem for the hyperbolic equation with the Bessel
operator in a rectangular domain, which is
considered in this paper. We prove the uniqueness
of solution of this boundary value problem. The
solution of the problem is obtained explicitly. The
existence of solution is justified by the method of
spectral expansions. The research results are new in
the sense of formulation of the problem with a
nonlocal integral condition and have practica
applicationsin the field of gas dynamics.

Nonlocal problems for a hyperbolic equation
with the Bessel operator with integral conditions of
the first and second kind were investigated in the
works [13], [14]. Nonlocal problems for a parabolic
equation with the Bessel operator with integral
conditions of the first and second kind were studied
in the works [15]-[17].

The studies of nonlocal problems with integral
conditions have showed that the classical methods
are not always applicable to the solution of these
problems. The presence of non-local conditions
causes a number of difficulties, which do not alow
using the standard methods for the study of
nonlocal problems, and, therefore, the question of
development of the research methods still remains
topical today. The results of the present work are a
continuation of the studies of the mixed problems
with nonlocal integral conditions for hyperbolic
equations.

2. FOURIER METHOD FOR SOLVING A
MIXED PROBLEM WITH AN INTEGRAL
CONDITION OF THE SECOND KIND

2.1. Formulation of the problem
D ={(xt)|0<x<L10<t<T}
Let be a
rectangular domain in the coordinate plane Oxt; we

denote the boundary of the doman as
o ={(xt)|x=0,0<t<T|

In the domain D we consider a hyperbolic
equation with the Bessel operator or a B-hyperbolic
equation of the form

o°U

atZ

1)

~BU =0

B ————————
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B yk 0 " P ~ 02 +k 0 2.2. Unigrenas of the solution of the mixed
= — — == _6_ problem
where OX OX) OX° XOoX is

the Bessel operator, 1<K<2 is a given rea
number.

It is required to find a function
U (X’t) satisfying the following conditions:
U(xt)eC?*(D)nC'(DuUT,)nC(D)

®) ’

o°U
o2 -BU=0 (X,t)e D
3
L "
OX |y_o , O<t<T,
4
U|t—0 _j (X) Ut|t:o =y (X) 0< X<1'
©)
1
M+Iu(x,t)xkdx:0
X g . 0<t<T,
(6)

j (X X
whereJ ( ) and y ( ) are given sufficiently
smooth functions.

The nonlocal integral condition (6), in addition to
the integral operator, contains the value of the
derivative of the sought-for solution with respect to
the spatial variable, and, therefore, is an integral
condition of the second kind. Or, according to [6],
[7], if the values of the sought-for solution or its
derivatives are included in the relation, then such
relations are called non-local conditions of the
second kind.

Let us formulate the purpose of the work: to
study the posed boundary value problem for the
hyperbolic equation (1) with the Bessel operator
with the nonlocal integral condition (6) of the
second kind and to prove the unique solvability of
the problem.

Theorem 2.2.1. The mixed problem (2)-(6) with
the integral condition (6) cannot have more than
one solution.

Proof. We prove the theorem using the method of

reductio ad absurdum. Let U, and U, be two

supposed solutions of the problem (2)-(6). Then

their difference W ~Y17Y2  rtifies the
conditions (2)-(4) of the problem (2)-(6), the
homogeneousinitial conditions

W|t:0 = 0, Wt |t:0 =0

(%)

and the homogeneous integral condition

ow(1t) *+
LJFIW(x,t)xkdx: 0
OX 5

6
(79

It is not difficult to check that there holds the
identity
xkv([ai-sxvjzla{xk [@VJZ[WH}_G(WWJ

ot 26t ot ox ox\" ot ox

Putting in this identity ¥ =W and taking into
account that W isa solution of equation (1), we get

s G5 ol

Integrating the last identity with respect to x over

k@@j
ot ox

the segment [0’1] , we have
10

S (D) =w (Lt)w, (L)

()

where

E(t) = j{(%} +(%T:lxkdx.

(8)
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k
Multiplying equation (1) by X" and integrating it

1
with respect to x over the segment [O’ ] , We get

ow(Lt)

IW xdx = —22 ™

(9)

w, (1t
In the condition (60) we substitute % (1' ) by
its value from (9), as aresult of which we have

I XdX+IW X,t)x‘dx=0
(10

1
J.w(x,t)xkdx:z(t)

Setting here ©
the equation £ +Z =0 whose general solution
Z(t)=c,cost+c,sint

, We obtain

has the form , thus,

1
[w(xt)x“dx=c, cost +c,sint
0

By virtue of initial conditions (20), & =9 and

1
J.W(x,t)xkdx:o
, and, hence, © Lt
aw(J,t):0

follows from here and (60) that  OX
Now, from this and from (8) and (9) we get

c,=0

10

1 2 2
— [%j + (%] }x“dx =0
ot OX

20ty

Whence we conclude that
2 2
(@j + (@j x“dx = C = const
ot OX

t=0

1

J

0
(11)

Putting in (11) and taking into

consideration initial conditions (50), we get
C:O,and hence

BEEI

8\N
it follows tha O

w(xt)=c

equality and initial conditions (50) that €=0,
U, =u

%:0
OX

and

Therefore, It follows from this

Thus, we have obtained W =0 and
theorem is proved.

2 The

2.3. The construction of particular solutions of
equation (1) in a rectangular region by the
Fourier method

First we construct a system of particular solutions
of equation (1) satisfying the conditions

U(xt)eC?(D)nC*(DuUT,)NC(D)
(12 |

o°U
= BU=0 (xt)eD
: e
L
OX |20 ’ O<t<T,
(14)
1
Mﬂ.u(x,t)xkdx:o
ox 0 , 0<t<T
(15)

We look for a particular solution of equation (1)
of the form

U(x,t)=X(x)T(t)
(16) |

where X and T are yet undetermined functions.
We find them from the requirement that the
function (16) satisfy conditions (12)-(15). To this

end, we substitute it into equation (1) and boundary
conditions (14) and (15).

XT"-TB,X =0
(17) '
X’(O)T(t)zo
(19) '

B ————————
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( +ix xdx]():o
(19) |

Separating variables in equation (17) and
dividing equations (18) and (19) by T, we get the
ordinary differential equations and conditions for
the undetermined functions:

T"+1*T=0
(20)
BX+I2X =0
(21) '
X'(0)=0
(22) '

X’(1)+.1[X(x)x"dx:0

(23)

With respect to function X we have come to a
Sturm—-Liouville problem concerning eigenvalues
and eigenfunctions. Let us find the general solution
of  equation (21), i.ee. the equation

k
X"+=X"+12X =0
X . Multiply this equation by

2
X" and perform the variable change according to
1-k

X)2 X

|
the formulas ! | . Asaresult,
the equation is reduced to the Bessel equation,
which appears in many questions of physics,
mechanics and astronomy:

,du  du [Xz—(k—_ljz}uzo
dx? ax 2
(24) |
E.
Let 2 bea non-integer number. Then it is

known [20] that among the particular solutions of
the Bessel equation there are functions which have
the same name with the equation, the Bessel
functions of the first kind, defined by the formulas

J, () = Zw:( ) (Jm

= nir'n +n+1)

(1)n(j—n+n
3,0 = z 2

o n!IT'(—n +n+1)

where F(n) is the Gamma-function defined for
al positive values by the formula [20]:

= Te‘xﬁ‘ldx
0

Since the expansions in the right-hand side of the
formulas for the definition of the Bessel functions
begin with different powers of x, then the partia

Jia (%), I (%)
solutions 2 2 of Bessel equation

(24) will be linear independent, whereas the general
solution has the form

u(x):cle;( )+CJ1 (X)

2
(25)

Coming back to the old variables in (25), we
have

1-k 1-k
X(x)=cx?J (I x)+c,x2 I (I x)
2 2 ,
(26)
C,,Cy, | : :
where are arbitrary constants. We will

find them from the requirements that the general
solution (26) satisfy conditions (22) and (23). To
this end, we substitute it into these conditions.

Due to the known formula of differentiation of
the Bessel functions [20]:

dX = 2
&:_cll x2 3, (1 )+l x23 (1 %)
2 2

Also, by virtue of the known asymptotic formula
for the Bessel functionas X = O71g],
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dX It is known [19] that the transcendental equation
c, %0 li n(]—ZOO (30) has an infinite set of real roots. Let

we have for 2 . X0 dx ,Whereasfor | | |
dx 1t 22t 0™ he positive roots of equation (30)

c,=0,c,#0. &Xzo

Then, according to condition (22), for the general
solution (26) to be bounded we must put ¢ = 0; as
1-k

X=cx2J3,(lx)

a result, we get 2 . Here we

also put Cl_l, since the Eigen functions are
determined up to a constant factor. Thus, the
solution of equation (21), satisfying condition (22),
has the form

1k
X=x2Jg (1 x)
2
(27)
Subgtitute  (27) into  condition  (23):
dX vk
—=-1x2J,,.(l x)
dx 2 : whence
dX (1
( ):_I ‘Jk+l(| )
dx -

Asaresult of substitution we have

k+1

- Jk+l )+ 31 (1 x)x 2 dx=0

2

O

(28)

It isknown [18] that

IJP( X) xPdx = xP1J L (X)+c
(29)

Calculating the integral in (28) with the help of
formulas (29) and the Newton—Leibniz formula,

k+1 1
ijl (1 x)x 2 dx_I Jea (1)

we obtain 0 2 2
From this and (28) we have:
1
A 3 (1) + 7 da (1) =0
2 2 or
3.(1)=0
2
(30)

placed in the order of increasing. Then the numbers

2t determine the eigenvalues of the
spectral problem. Setting in (27) I =l N, we obtain
the corresponding Eigen functions of the Sturm—
Liouville problem

1

1-k
X,=x%x2 JH(I nx),n:12,3,...
2
(31)
Let us prove that the system of functions (31) is

k
orthogonal on the interval [0,1] with the weight X .
The function (27) isasolution of equation (21), i.e.

xk%[xk jx[ RN X)DH Z(Xlzk.lkzl(l x)]:O

(32)

k
Multiplying equation (32) by X, we get

jx[xk (;’X[ N X)DH Zxk[xlzkjkzl(l X)JZO

or
k+1
= d d
12x2J,_ (I X)=——| xX*—| x2J,, (I x
'%1( ) dx( dx[ kzl( )D
(33)
L =1 | =I
Setting in this equality 1 and 2 we
have
ka d d( ¢
| 2x 2 J%_l(llx):—& xk& X 2 J%_l(llx)

2% 2 3,4 (1 %)= %[xk%(xl; w(l; X)JJ

2

We multiply the first of these equalities by
1-k

x2 3, (1,%)
2 and
1-k

x 23, (1.%)
2 , then we subtract the first equality
from the second. As aresult, we get after some easy

transformations

the second one, by

B ————————
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2 2 _
(13 -12)x3 0 (1) 34 (1 %) = Jia(l1)=0
2 2 Since 2 , the last equality assumes
the form

d{k;l d( k kel
=—{x2J,,(! x)—[sz,(I x)]—xz\], I ,%)
g * Pl g X a2

%(X%J%(l ZX)H+

Since the second bracket turns to zero, the last
equality assumes the form

(13 -12)x3 0 (1) 34 (1 %) =

2
(34)

d k+1
=—|x2
dxl: o

(1 x):X[xH N x)]—x%l\]%(llx)%[x%\]%(lzx)ﬂ

2

Calculating the inner derivatives in equality (34),
we get

A( zx):% lZXJle(llx)‘] 2 (1) =13, 1(12%)

1 (I X)J

L k1
2 2

Integrating this equality with respect to x over
the segment [0,1], we get

(171 f)ijk_lU X)Jda (1,X)dx =

2

m ¥ (110 Js (1:0) =1 001 (1) 305 ZX)}"X‘

2 2

=13 (1) 3 (1) =13 (1) 3,4 (1,) =0

2 2 2 2
(35
Thus, it is proved that the system of Bessel
{Jkl(l nx)}
functions 2 is orthogonal with the

weight x on the interval [0,1]. It follows from here
that the system of functions (31) is orthogonal with

k
theweight X on theinterval [0,1].

In(35)werep|aceI2 with | ,|1<| <l

LI x)dx=1J,. 1(I1)JM(I )—Ilej(Il)JM(I )

2 2 2 2

(1 2—If)ixJ%(l X)J

k1
2

J.xkal(le)kal(I X) dx = 7I 7 >

Now let us take the limit as ! _>|1 in the

equality (36). Since both the numerator and

denominator converge to zero as | _)O, we
evaluate the indeterminate form in the right-hand

side of this equality by L’Hopital’s rule:
2
. Jea(l)
2
J.xJk;l(le)dx:zT
0 2 . Thus we have
j'X,(x)Xl(x)xd j‘%i1 J(I X)xkdx = ijllx) I (1 %) xelx =
(37)
0,j i
=41 .
=Jea (1)), j=i
2
2
_ |
where l' and ! are positive roots of the
J.(1)=0
equation 2

f(X) be

Let an arbitrary function
representable in the form of the series

© 1-k

f(x)=>ax2 3, (1%

i=1 2

(38)

To determine the coefficients 4 , we multiply
both sides of the expansion (38) by
1-k
X 2 Jk_l(l J.x) )
2 and integrate with the weight X
over the segment [0,1], considering term-by-term
integration possible. Then, taking into account (37),
we get
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k+1

2 o
a=———f(x)x2J, (I, x)dx=f,
Jf_l(li)l B Il X

2

(39)

The expansion (38), whose coefficients are
determined by formula (39), is the expansion of
function f(x) into the Fourier—Bessel series.

| 2= 2

Setting in equation (20) n, we get

" 2 _
Ti+1 T, =0. The general solution of this
ordinary differential equation has the form

T =a,cosl t+b sinl t,n=12,..

Thus, the system of partial solutions of equation
(1), satisfying conditions (12)-(15), is determined
by the formula

1k
U, (xt)=(a,cosl t+b,sinl t)x2J (I

2

X)n=12,...
(40)

3. RESULTS OF SOLVING THE MIXED
PROBLEM WITH AN INTEGRAL
CONDITION

To solve the problem (2)-(6), we apply the
method of separation of variables, which was
described above. Let us justify the existence of
solution of the problem (2)-(6) using the method of
spectral expansions.

We will look for a solution of the problem (2)-(6)
in the form of the following series

) 1-k
=Y (a,cosl t+b sinl t)x 2 3, (1)
n=1 2
(41)
where a, and b" are yet undetermined

constants. We will find them from the requirements

that the function U (X’t) , determined by the series
(41), satisfy the initial conditions (5). To this end,
we substitute this function into these initial
conditions:

s 1-k

Z;anxz\]kz_l(l X)=j (x)

(42)

1-k
ZI bx2 3, (1.X)=y (x)
(43) :

The series (42) and (43) are the expansions of the

functions J (X) and y (X) into the Fourier—
Bessel series. Due to (39), the coefficients of these
expansions can be represented in the form

2 kil
Q‘:Jf_l(ln)lj CEEMUESE
(44) 2 :

2 L kel
bn:sz_l(| B nly (x)x 2 J%l(l nx)dxzﬁ
(45) 2

Based on the differentiation formulas for cylinder

functions, the integrals for I and Yn can be
represented in the form

2 ¢ df
Jn==———1] (X)—| x23J,, Inxjdx
Jlf—l(ln)ln! ()dX( le( )

2
2 7 d(
= —|x2J,(1,x)]|d
I J,fl(ln)lnj;y (X)dx[x %1( ”X)} X
2

o Y eCl[O,l]

. Then, integrating these
integrals by parts, we get
. 2 ‘. kil il
in=- P(x)x2 3., (1 x)dx=—-"1
T X el
2
(46)
2 1 E_ '
Yy, =- y'(x)x2J,,(l x)dx=—"="
J@(In)lnl ) %( ) I,
2
(47)

Also, we represent the integrals for I and Yn
in the form
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N ( nx)jdx

Now, let j(X)’y (X)ECZ[O’]'] and

j'(Y=0y'(n=0

the last integrals, we get

. Then, integrating by parts

1:n i E oy
in=-= 2 ! (X)XZJ (X)xz\]lﬁa(lnx)dx:fj—n
JL&(In)InO X 2 In
2
(48)
2 1y ”(X)X*y’(x) k+3 yv/
Yy =- 2], x)dx=—="
‘]é(ln)ln“; ’ k23( ) n
2
(49)

Then we consider integrals for In and y n.
These integrals will be also represented in the form

1; n k+5
j (¥ d 5

Jies (1 d
J(; dx[x k+5( nx)j X

2

n 2
‘]kl nln

2
’

, 2 1 ”XX— ’X d k+5
yn_ l Jy ( ) 3y ( )[ 2‘]k+5(| nX)]dX

I (D) X dx -
Z
: 3

Wy ecorg
i (J=0y (1)=0j "(1)=0y '(1)=0j "(1)=0y "(1)=0
. Integrating the last integrals as above, we get
G2 "X -3 N(0x+F (x) i
S v sl ot
(50)

y::Jffl(lz )| j‘V W(X)Xz_al):a()()x+3/’(X)X%EJ@(HX)dX:)I/—:’
(51)

n 14
Substituting in (48) and (49) 1 1 and ¥ 0 by
their values from (50) and (51), we will have

m

! Jn _ T
|2 Yn= |2
n

Then, substituting in (46) and (47) J » and ¥ n
by their values from (52), we will obtain

—
S 3
<
S 3

_
=)
|

= ol

(53)

It follows from (44) and (45) that the coefficients
of the series (41) are represented in the form

[/

I

"
— n
b“_l

=]
<

an:

(54)

Substituting the coefficients of the series (41) by
their values from (54), we get

j y lk
U(xt)= Z;(I”cosl AT Y ngin tj J
(55)

Let us prove the uniform convergence of the

S ow
S oa

4 (1ox)

k-
2

series (55) in the domain [_). It is known (Watson,
1949) that for the Bessel function of the first kind

there holds an asymptotic formula as X =

3, (x):O[X%)

(56)
It is also known (Watson, 1949) that for

f(X)EC[O,l] andx_)oo

ogmeofL]

1

[f(x)x

0
(57)

According to formulas (56) and (57), we will
have for N — ®
, 1
I n

. 1
i)
(58) |

It follows from the asymptotic formulas (56)-(58)
that in the domain D for N—>

com m 1-k
In Y n 1
[I —5 cosl nt+I sinl tj ZJL-l(I nX):o[l 7/2J

n 2 n
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This yields that for the terms of series (55) there
holds in the domain D' the followi ng estimate

c

I 7/2
n

jm ym 1-k
[ —1 cosl t+| Llsinl tj 2Jk;l(l X[ <

n 2

By virtue of the Weierstrass criterion, the series

(55) and (41) converge uniformly in D and, hence,

U(xt)eC(D)

1
X D
Let us prove now that U( ,t)eC ( ) To
this end, we differentiate series (55) with respect to
t and x.

2 (1)

© m ﬂ
Q:Z(—J—”sinl t+y“COS| tj 2

at n=1 I n2 " n kT
(59)
w [ m m 1k
%_U:_Z(JI =1 cosl t+)|/ =ftsinl t] 23,,(1,%)
X n=1\!n n 2
(60)

With the help of asymptotic formulas (56), (58)
and analogoudly to what is proved above, it can be
showed that for the terms of the series (59) and (60)
there hold in the domain D the following estimates

om m lk
( Lo gni nt+3|/”cosl t] 23(1,%) <&

|2 k-1 |5/2

n 2 n

H " 1-k
[J 1 cosl t+3|/ > Lsinl tJ 2 Jia (14X) <&

I 5/2
2 n

It follows from this that the series (59) and (60)
converge uniformly in D and, hence,

U(xt)eCH(D)

2
X
Let us now prove that U( t)eC ( )
Differentiating twice the series (55) with respect to
t and applying to it the Bessel operator

o° kK 0
Bx :F-i‘ a
2 som m 1k
aath" :_;(Jl”cosl t+3|/”sml tj Jia (1h%)
n= n n 2
(61)

j m ym 1-k
BU = ZEI tcosl t+35sinl ntsz Jia (1%)
n n 2

(62)

Also, with the help of asymptotic formulas (56)-
(58), it can be proved that for the terms of series
(55) in the domain D there hold the following
estimate

G
| 3/2
n

2

jm ym 1k
(I"cosl t+| Lsinl t] 23, (1 x)|<

n n

It follows from this estimate that series (61) and
(62) converge uniformly in the domain D and,

ene U (x1)€C*(D)

Thus, we have proved the following theorem,
which is one of the main results of our study.

- 3
Theorem 3.1, If the functions | Y € = [0'1] .
j (1) =0,j '(1) =0, " (1) =0

y =0y '()=0y"(H)=0 . e
problem (2)-(6) is uniquely solvable and the
solution is defined by the series (41).

and

4. CONCLUSION

As it was already mentioned in the introduction,
the topicality of the subject of this work is justified
by the need of theoretical generalization of the
classical problems of mathematical physics. Also it
is justified by the applied character of the work,
which we will now discuss. The problem,
considered in the paper, has the following physical
meaning. Suppose that there is an "infinite"
(extending in both directions to infinity) immovable
cylindrical tube with the cross-sectional radius
equal to R. Fill this tube with gas. Let the gas
undergo small harmonic oscillations about its
equilibrium position. In studying these small
oscillations we restrict ourselves, for simplicity, to
the case of radia oscillations. Then the function

U , the velocity potential, will depend on the
distance of the oscillating gas particle to the Oz axis
and on time. After transition to cylindrical
coordinates, the wave equation describing the
motion of the gasin the tube will assume the form:
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U 10U 10U
2 T T i a2
o° ro a ot
(63)

Let us formulate a problem about small
oscillations of gas in the cylindrical tube: find a
solution of equation (63), satisfying the initial
conditions

Ulo=i (1) Uoo=y (1)
(64)

and the boundary condition

U

or |_r
(65)

We will solve the posed problem by the Fourier
method, according to which we will look for
particular solutions of the form

U(r,t) =T(OW(r)
(66)

Substitute (66) into equation (63) and conditions
(64), (65). After separation of variables and the
calculations, which were demonstrated above, we

will obtain a solution of the problem (63)-(65) in
the form of the series

S | at |t l.r
u(r,t)= ——+b — .| =
(r.t) Z(ahcos - thysin R)(’(Rj

n=1

whose coefficients are determined by the
formulas:

=gl (0 e
WJW (3 Jr

whereas 1’

2’| 3" are positive roots of the

J,;(1)=0
transcendental equation 1( ) , placed in the
increasing order.

Obvioudy, equation (1) is more genera
compared with equation (63). Equation (63) is

obtained from (1) for the value k= 1 The problem
(63)-(65) is usually regarded as a mathematical
model of oscillations of a real gasin a cylindrica

tube. However, equation (63) is obtained after some
mathematical simplifications. Thus, it makes sense
to assume that equation (1) can describe more
accurately the behavior of areal gas for some minor

deviations from the value k= 1 The problem (2)-
(6) can be interpreted as a problem about
oscillations of gas in an infinite tube, whose cross-
section is arectangular domain.

The solution of the problem has been obtained
explicitly, in the form of a series. The results of
further studies of the obtained solution will be
displayed as a graphic dependence of the velocity
potentials on time and the space variable. It will be
possible to evaluate the behavior of gas for some

deviations of the value of the parameter k from the

value k= 1 we hope that the planned results will
be useful in the study of physical experiments of
gas dynamics. In the future, we plan to consider the
boundary value problem for the equation of small
oscillations of a gas in the case when the considered
functions depend not on one spatial variable, as was
already mentioned in the introduction, but also on
the second spatia variable in a cylindrical
coordinate system. We will also consider other
problems for the equation of small oscillations of a
gas.

In solving the problem, we used the well-known
method of separation of variables, which enabled us
to investigate the solvability of the problem. The
scientific novelty of this work is the following:
setting of the problem in a rectangular region for a
hyperbolic equation with the Bessel operator and an
integral condition of the second kind; the proof of
the unique solvahility of the problem in arectangle;
in the course of solving the problem there have
been identified some restrictive conditions on the
functions included in the classical initial data of the
problem. The results of this study, as was
mentioned in the introduction, are continuation of
the studies of the mixed problems with nonlocal
integral conditions for hyperbolic partia differential
equations.
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