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ABSTRACT

This paper investigates the attitude tracking problem for rigid spacecraft. An adaptive backstepping sliding
mode control law is proposed to solve this problem in the presence of inertia uncertainties and external
disturbances. The control scheme is developed by combining sliding mode control with adaptive
backstepping technique to achieve fast and accurate tracking responses. The proposed control law provides
complete compensation of uncertainty and disturbances. Although it assumes that the uncertainty and

disturbances are bounded,

this control law does not require information about the bounds on the

uncertainties and disturbances. The asymptotic convergence of attitude tracking is ensured by Lyapunov
approach. Numerical simulations on attitude tracking control of spacecraft are provided to demonstrate the

performance of the proposed controller.
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1. INTRODUCTION

In recent years the attitude control of rigid
spacecraft which has already attracted a great deal
of attention. It is an important and practical
problem due to its many different types of space
missions  such as  spacecrafts, satellites
maneuvering, satellite surveillance, spacecraft
formation flying, and space station docking and
installation. Since the attitude dynamics of
spacecraft is coupled and highly nonlinear, the
attitude controller designs are usually difficult. In
practical situations, the model parameters of the
spacecraft may not be exactly known and the
spacecraft is always subject to external
disturbances. Thus, the attitude control problem
with external disturbance has become a very
challenge and interesting problem.

A large variety of nonlinear control sechemes
[13] have been proposed for solving the attitude
tracking control problem. These control schemes
include adaptive attitude control [4,5] sliding mode
control [6,7], output feedback control [8,9], LMI-
based control [10], passivity-based control [11,12],
and fuzzy control [13]. Among these methods,
sliding mode control (SMC) has been shown to be a
potentially approach when applied to a system
subject to disturbances which satisfy the matched
uncertainty condition [14]. SMC can offer many

good properties, such as insensitivity to model
uncertainty, disturbance rejection and fast dynamics
responses. Robust attitude controllers based on the
SMC scheme have been proposed in [15,16]. These
control laws can achieve global asymptotic stability
and provide good tracking resultsThe terminal
sliding mode (TSM) method [17,18] can be used to
design a robust controller that will guarantee a
finite time convergence to the origin. This makes it
a welcome method for attitude controller designs
(see e.g., [19,20]).

Since the bounds on the uncertainty and
disturbance of a spacecraft are often unknown, it is
important to develop controllers that do not require
this information. The adaptive sliding mode control
(ASMC) method has been developed to solve this
problem. In the ASMC method an adaptive scheme
is combined with the SMC design. For example, an
ASMC strategy has been proposed for the attitude
stabilization of a rigid spacecraft, where the lumped
uncertainty is assumed to be bounded by a linear
function of the norms of angular velocity and
quaternion (see e.g., [20,21]). On the other hand,
backstepping design techniques have been widely
applied to control nonlinear systems (see [22] and
reference therein). The main concept in
backstepping technique (BT) is the use of a step-
by-step recursive process to stabilize the state of the
system. Once the final step is completed, the
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stability of the entire systems is ensured. However,
the conventional backstepping design assumes that
the lumped uncertainty in the system is constant or
slowly changing. When, the derivatives of the
model uncertainty and disturbance can not be
regarded as zero, the backstepping design with
integral adaptive laws is no longer useful. Control
strategies which combine BT with SMC have been
developed by [23].

In this paper a new attitude control algorithm
is developed. The finite-time stability of the
algorithm is analyzed using Lyapunov concepts and
differential inequalities with backstepping method.
The proposed adaptive backstepping sliding mode
control (ABSMC) strategy ensures that asymptotic
convergence of the errors is achieved.

The paper is organized as follows. In Section 2,
the dynamic and kinematic equations that govern
the attitude model [24, 25]. Section 3 states the
control objective of the proposed control design.
Section 4 proposes an adaptive backstepping
sliding mode control (ABSMC) algorithm for a
rigid spacecraft. The sliding manifold is chosen and
the sliding control law is studied and a proof of
finite time convergence is given by using the
Lyapunov stability theory. In section 5, numerical
simulations on attitude tracking control  is
presented to show the usefulness of the proposed
controller. In Section 6, we present conclusions.

2. NONLINEAR MODEL OF SPACECRAFT
AND PROBLEM FORMULATION
2.1 Kinematics of the Attitude Error

We now briefly explain the use of quaternions
for description of the attitude error. We define

. T T 3 .
the  quaternion Q:[q q4:| eR’ xR with
7
9=[a, ¢, 4] €% and
T
0, =|:Q§ ‘14d:| >
where ¢, =[¢, ¢oy @su] €W s the desired

The
. . T T 3 .
attitude error is O, =[qe q4e:| e N xRN with

reference attitude. quaternion for the

4. =[4.492.9:.] €®’. Using the multiplication
law for quaternions, we then obtain

0.- {qwq—qﬂd;q,q} M
94940 9 9a

subject to the constraint
0/0.=(q"q+a ) alq.+ai)=1. @

Remark 1 a quaternion consists of the scalar
g, and the three - dimensional vector g, so it

has four components. The scalar term is used
for avoidance of singular points in the attitude
representation [26]. The scalar ¢, can be

calculated easily using the vector ¢ and the
||Q||=1. details of

quaternion and other representation
please see [24, 26].

For
attitude

condition more

The kinematic equation for the attitude
error can be written as [25]
. (0,

0 == {()%@ 3)
-9,

where [, is the 3x3 identity matrix and

T(Qe) =q, +q,1;.
To avoid the singularity of 7(0Q,) that will

occur at g,, =0, we let the attitude of the

spacecraft be restricted to the workspace W
defined by [27]

={Qe 10.=[d ¢..] -
4., 2\1- 5" >0}, @)

q.|< P <1,

where [ isa positive constant.
2.2 Dynamic Equations of the Error Rate

In [24], the dynamic equation for a rigid spacecraft
rotating under the influence of body-fixed devices
is given as

Jo=-0"Jo+u+d, %)

where @ =[w, @, ,] isthe angular rate of the
spacecraft, u =[u, u, u,] represents the control

d=[d, d, d3]T are bounded

disturbances, J is the inertia matrix, and the skew-

vector,

symmetric matrix " is defined by

0 -0, o
o'=lo, 0 -0l (6)
-0, o 0

We denote @, =[0, ®,, ,] as the desired

reference rate and o, =0-Cw,  with

C=(q%.-24/q.)1,+29.9] ~2q,.4. as the error

rate. As a result, the dynamic equation of the error
rate can be obtained in form [25]

Jo, =—(0,+Cw,) J(0,+Ca,)+u+d
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+J(0;Co, +Ca,). (7)
In this paper, ¢,,q,,4, and @, are assumed to

be bounded, and the objective is to design control
laws which force the states of the closed-loop
systems (3) and (7) to converge to a desired region
contatining the origin in finite time.

2.3. Lemmas

Before giving the controller design, the
following lemmas and assumptions are required.

Lemma 1 (Du etal. [28]) If pe(0,1), then the
following inequality holds

1+p

pIA Z[lellzj : )

i=1 i=1

Lemma 2 (Du et al. [28]) Suppose V' (x) is a
smooth positive definite function (defined on
Uc®R") and V(x)+cV'(x) is negative semi-
definite on U = R" for 1€(0,1) and ceR’, then
there exists an area U, = R" such that any ¥ (x)
which starts from U, < R" can reach V' (x)=0,in
finite time. Moreover, if 7, is the time needed to

reach ¥ (x) =0 then

7<)
" oe(1-0)
when V' (x,) is the initial value of V().

Lemma 3 (Yu et al. [18]) For any numbers
A4>0,1,>0,0<@ <1, an extended Lyapunov

&)

condition of finite-time stability can be given in the
form of fast terminal sliding mode as

V(x)+ A4V (x)+ 4V (x) <0,
where the settling time can be estimated by
Vl—a
e 111[jq (x)+4 J (10)
A(l-@) A
Lemma 4 If P:=¢q, [, +q,

then P satisfies
the following equation

Po, = —%qea)fa) (11)

Proof. From P we have P =g, I, +¢ and then
Po, =(4,1,+4;)o,. (12)

Using ¢, = %Pa)c and substituting (1) into (12), one

has

. 1 1 -
Po =|-——q¢ 0 |o +|—Po, | o. (13
e [ qu Lj e [2 L) e ( )

We know that ¢! w, = g,0] and ® @, =0. Hence,

. 1,
Po, =-—q,0,0

e 2q€ e

To prove the asymptotic convergence of the
proposed controller, the well-known Barbalat's

lemma (see e.g., [29]) is restated by Lemma 5.

Lemma 5 If a continuous differentiable dual
function V :R"x[0,0) > R
V(x,£)<0, and V¥ (x,f) is uniformly continuous on
[0,%0) , then lim V(x,t)=0.

has lower bound

Assumption 1 We assume that the inertia
matrix in (7) is of the form J =J +AJ where J,

is a known nonsingular constant matrix and AJ
denotes the uncertainties and satisfies ||J||S/L,,

where A, is the upper bound on the norm of the

inertia matrix.
Based on Lemma 4, the time derivative of ¢,
along the system trajectory (3) satisfies

g, =1Pw€+lPa')e
2 2
1 4 | [ 1 « .
= —qua)e o, —EPJU o J,0 +5P(a)€Ca)d —Ca)d)

+lPJ0’1u+o~l,
2
(14)

where d = Ag+d are the total uncertainties

containing inertia uncertainties and external
disturbances, and where

Ag =%PJ;1(—wXMw—AJa>) and d =%PJU'1d.

Hence, we can obtain

= f+Bu+d, (15)

where

1 1 1
f= —quijc —EPngw*Joa) +5P(a):Ca)d -Ca,)

and B, =%PJJI. The dynamic model (15) will be

used in the subsequent control design and stability
analysis.

Assumption 2 The desired system states
d,> 44, 4, and @, are assumed to be bounded.

Assumption 3 The time derivative of the ith
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component of the total disturbance vector is

assumed to be bounded, i.e., ZII‘SK:, i=1,2,3,

where KI*, i=1,2,3 are positive constants. The

term 12,, i=1,2,3 can then be adapted to estimate

‘5’,‘ and has an upper bound K, (i.e.‘l%,‘ <K )

3. THE CONTROL OBJECTIVE

In this paper the objective is to design a
control law which forces the states of closed-loop
systems (1) and (2) to asymptotically converge the
desired attitude motion ¢, and desired angular

velocity @, .
lime(r)=0

[—0

This can be expressed as

and tli)rg w,(t)=0,

(16)

where @, = w—a,is the angular velocity tracking
error vector.

4. ABSMC

The adaptive backstepping method (ABT)
used is a recursive Lyapunov-based scheme in
which any useful nonlinearities can be introduced to
improve the transient performance. SMC is a
potential robust control approach for dealing with
nonlinear systems with uncertainties. In this section,
the SMC and ABT methods are combined to
develop a control law that can achieve accurate
tracking.

As an example of the application of the new
method, we consider set-point control of robot
systems. Let x, =g, and x,=¢,, respectively.
The expression (15) can then be written as

X, =X,
%, = f+Bu+d. (17)
Let x, be a virtual input defined by
x, =—K;sign” (x,)- px, =¢(x,), (18)
where K, = diag (k. k. k) and
p, =diag(p,.p,.p;) are positive diagonal

matrices, 0 <o <1 and ¢(x,)e R" with #(0)=
The function sign’ () is defined as

T
sign’ (v)=||n[ sign(n) vl sign(x,)] -
With 0<y <1 and ye R".

Next, let z=x, —¢(x,), Then the model (17)

can be written as

215

X =¢(x)+z

z=f+Bu+d-4(x) (19)
It is obvious that the derivative of ¢(x,) will be
infinite at x, =0 and %, =0. To avoid this

problem, the term ¢(x,) is approximated as

#(x,)=-ky(x,)-p.x,, i=1,2,3  (20)
with
alx,| " %, x, 20 and %, £0
w(x,)=1a|A| " %, x, =0and %, 20 (1)

0, x, =0,

where x,, is the ith element of vector xl,,¢(xl,) is

the ith element of vector ¢(x,) and A, isa small

positive constant, i=1,2,3. The
controller is designed as

=B, (—f—xl - K,sign” (z)- p,z
—]%sign(z)+¢f(xl ))

proposed

(22)

where
K, = diag(kzpkzz’k ) Py = diag(pﬂ,pzz,pm)-

Here, the adaptive law K, is updated by

K =nlz|, i=123, (23)
where 7 is a positive scalar.
Let a sliding surface be defined as
s=z=x,-4(x). (24)

Substituting (22) into (19), one obtains the scalar
form as

X, = _Kll |x11 |(z Sign(xll ) - ,thl, + S’
= _K21 |Sl|(z Sign(s, )_x“ _pZISI
+a~’l —ksign(z)l ,i=12,3.

Theorem 1 Under Assumptions 1- 3, the action
of the control law u (22), the state trajectories x,

(25)

and the sliding variable s of the system (25)
globally asymptotically converge to the origin.
Proof. The proof proceeds wusing the
backstepping method [29] and terminal sliding
mode control [18].
Consider the differential equation

Xll = _Kll |xll |a Sign(xll ) - pllxll . (26)
Consider the Lyapunov function
1
V= E‘xlzl 27)
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Differentiating ¥, with respect to time yields

. a .
I/1 = _xll (Kll |xll| Slgn(xll )) _xllpllxll

= _Kll |x11

|a+l

=P (14)
Define k, =min(k,) and p,, =min(p,). the
expression (14)satisfies the following inequality

I/'vl = _klm |x11 |0H-1 - plm‘xlzl (15)
which can be further written as
atl
Vl S_ﬁlVl_lel 2, (16)

where k =2k and p =2p,,.

It is obvious that V; is negative semi-definite.
According to the Lemma 3, the equilibrium state of
the differential equation %, = —K| sign” (x,)— px,
is globally finite-time stable with the estimated
settling time

2 A (Vl (xo ))(FTQ) +I€1

T <— In ~
pl(l—Ol) P

We next choose the Lyapunov function

Vy =V, 422 (K, -T ), G1)
2 2n
which can be written as
1 | B
V, ==& +—(K, -T) 32
2 25, 277( 1) (32)

where &=[x, z] . For analyzing the closed-

loop system dynamic of (25). The time derivative
of V, is obtained as

Vz =Xy (_kll |xll|a sign(xl, )+S’ _’D”x”)
o b sien(s) 5, s
~ds,~ K sign(s) ++ (K, ~ KD,

n

|a+l _p Sz
2i%i (33)

=k, |xl, - pxi =k, |s, |°’+l
+ds, —I%,sign(sl )+(I€, —K,*)|zl|
With s, = z, , it follows that
Vz < -k, (|xh |a+l +|S,|0t+l ) - 05 (xf, + slz)
+d|s|-K]s,
where k;,, =min(k,.k,) and p, =min(p,,p,).

Letting & =K' —d be a positive scalar, one

obtains

VZ = _k3t (|xlt|‘wrl +|S, |a+l ) - p3’ (xlz’ + S’z)

(€R)
g s
By Lemma 1 and |§ | 2 |s | we have
k31 |§ | p3l i 81 |Sl|
< _P3,§, (36)

In view of (36), it is shown that &, K,,i=123

S _p31§z§.1 N Since gl
bounded, then we get that x,,,s,,i=12,3 are all

are bounded and ¥,

bounded. Using Assumption 1 and the above
analysis, one concludes that & is bounded. It
follows that ¥, is also bounded. Then ¥, is
uniformly continuous on [0,0). By Lemma 5, we
conclude that }ijgvz(z)=o, thus  lim&(1) =0

Thus, the state trajectories x, and the sliding

variable s of the system (25)
asymptotically converge to the origin.
competes the proof.

globally
This

Remark 2 According to Theorem 1, the
Lyapunov function V, defined in (31) is used to

ensure the asymptotic stability of the whole system.
Although, finite-time stability of the first equation
in (25) is ensured, for the whole system, the
asymptotic stability is achieved.

5. SIMULATIONS

An example of a rigid-body satellite [21] is
presented with numerical simulations to verify the
performance of the developed controller (22). The
spacecraft is assumed to have the nominal inertia
matrix

20 12 09
J=|12 17 14 |kg-m’
09 14 15

and the parameter uncertainties
AJ = diag|sin(0.1¢) 2sin(0.2r) 3sin(0.2¢)]

kg -m* The attitude control problem is considered

in the presence of external disturbance d(r). The
external disturbances are described as
0.1sin(0.1¢)
d(r)=|02sin(02) [ N-m.  (17)

0.3sin(0.3r)

216



Journal of Theoretical and Applied Information Technology
20" December 2014. Vol.70 No.2

© 2005 - 2014 JATIT & LLS. All rights reserved- PATIT

Smnns

ISSN: 1992-8645

www.jatit.org

E-ISSN: 1817-3195

In this numerical simulation, we assume that the
desired angular velocity is given by

. Tt
sm| —
(100)
2
o, (1)=0.05 sin(lTﬂéj

. (37t
sin| —
L 100 |

For the initial condition of the unit quaternion and
the  target  unit quaternion, we set

0(0)=[-03 0.1 02 09277
0,(0)=[0 0 0 1"

of the angular velocity is

rad / s. (18)

and

Finally, the initial value
assumed to be
=[-0.02 0.01 0.02] radss.

For the ABSMC scheme (22), the chosen
=diag(2.5,2.5,2.5)
P, = diag(2.0,2.0,2.0), K = diag(2.0,2.0,2.0),

parameters are given as p

K, =diag(15.1.5.1.5), =05, azg and

£=0.001.

The attitude quaternion tracking errors and
angular velocity tracking errors are shown in Figs.1
and 2. It can be seen that the ABSMC scheme (22)
gives smoother quaternion and angular velocity
tracking errors and fast convergence to zero. From
Fig. 3 it can be seen that the sliding surface s=0
is reached after 10 seconds. As shown in Fig. 4, the
ABSMC scheme (22) provides smoother response
of control torques.

05

0.3

0.29
a 1-\

0.0 >

Quaternion errors

0 S
0.2

-0.37)

-05 T T T T T
a 10 20 30 40 50 60
Time (s)

Figure 1: Quaternion tracking errors under (22).

Angualr velocity errors (rad/s)

T T T T T
0 10 20 30 a0 50 80
Time(sec)

Figure 2: Angular velocity errors under (22).

1.0

0.5
ST
3 ’

Sliding surface
-~

T T T T T
0 10 20 30 a0 50 80
Time (s)

Figure 3: Switching function under (22).

~m
L L PR L L
e

Tarque inputs (N-m)
, Lo

4 T T T T T
0 10 20 30 a0 50 60
Time(sec)

Figure 4: Control torques under (22).

6. CONCLUSIONS

The proposed robust attitude tracking
controller has been successfully applied to
spacecraft tracking maneuvers. For the controller
design, the BASMC law is applied to deal with
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quaternion-based spacecraft-attitude-tracking
maneuvers. Using the Lyapunov stability theory
and adaptive backstepping design we prove that the
error dynamics asymptotically converge to the
origin. Numerical simulations are also given to
demonstrate the performance of the proposed
control law.
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