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ABSTRACT 

 
Network's shortest paths calculation is an important need in transportation network analysis. The Dijkstra 
algorithm has long been developed for the shortest path of a pair of nodes calculation individually. A more 
practical method to simultaneously calculate all shortest paths of all pair of nodes of a network needs to be 
developed. This paper presents the development of a method to calculate simultaneously all shortest paths 
of all pairs of nodes of a network. This calculation method, called a Min-Plus Algebra, is a modification of 
Max-Plus Algebra, having a special Matrix Power Operation, enable and easier to be executed in spread-
sheet software. 
Keywords: Simultaneous shortest path calculation, Matrix power operation, Min-Plus Algebra, Max-Plus 

Algebra 
 
1.  INTRODUCTION 
  
 The shortest path of a network calculation is 
almost always needed in transportation network 
analysis and transportation network planning [1-5]. 
Algorithm for calculating Shortest Path, such as: 
Dijkstra Algorithm, Graph Theory Algorithm, and 
Enumeration Method, has been developed since 
long time ago. These algorithms had been 
developed mainly to calculate the shortest path for 
only for a pair of nodes at once [4], [6-10]. 
Subsequently a new algorithm designated to 
calculate the shortest paths of the whole pairs of 
node of a network at once, need to be developed. 
This paper is emphasized on a new mathematical 
algorithm development to calculate simultaneously 
the whole shortest paths of the whole pairs of node 
of a network. 
 
2. REVIEW OF NETWORK SHORTEST 

PATH 
 
 Shortest path is the shortest itinerary 
connecting two nodes of a network. Knowing the 
network's shortest path is important for traffic 
assignment modeling, vehicle armada routing 
calculation, transportation infrastructure optimal 
location calculation and other purposes [4], [11-12]. 
 
2.1 Shortest Path Algorithm 
 Algorithm shortest path calculation had been 
developed in operations research, network analysis, 

and graph theory. The following, among others, 
algorithms used for that purpose are [1-4],[6], [13]:  
 

• Dijkstra Algorithm 
• Graph Theory Algorithm 
• Taffe Algorithm 
• Total Enumeration Method 

 
2.2 Max-Plus Algebra 
 Max-Plus Algebra is a branch of mathematics 
which developed in system control for discrete 
event system calculation (Baccelli et al, 1992, Vries 
et al, 1998) Its mathematical operations are 
presented as follows. 

 In  a set of real numbers with ε = -∞ 
Max-Plus Algebra Mathematical Operations are 
defined as follow [5],[14]: 

 a  b = max (a,b)   (1) 
 a  b = a + b   (2) 
 
These two mathematical operations can be used for 
matrix operation as follows [5],[14]: 
 
 A  B = C | cij = max(aij, bij)  (3) 
 A  B = C | cij = ail  b1j  ai2  b2i  …  
            ain  bnj   
  = max ((ail + btj), (al2 + b2j), … , 

                          (ain + bnj))                     (4) 
The above matrix operation, in turn, can be 
developed for Max-Plus Algebra Power Operation 
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on Matrix as follows [5],[14]:. 
 

   (5) 

  
 
2.3 Max-Plus Algebra For Network Analysis 

Utilisation 
 Max-Plus Algebra Power Operation on Matrix 
has been proved to be useful to investigate a tree 
graph existence. A connectivity matrix, powered in 
N degree, represents the existing connection 
between the pairs of node in N steps. 
 

3. ALGORITHM DEVELOPMENT 

3.1 Min-Plus Algebra Development 
 The experience of the Max-Plus Algebra 
Matrix Power Operation usage to investigate the 
existence of a tree graph had initiated a similar 
modified mathematical operation development for 
shortest path calculation. The new mathematical 
operation, developed as a modification of Max-Plus 
Algebra, instead of calculating the maximum value 
of an array of numbers, the method is designated to 
calculate the minimum value of an array of 
numbers. Then the s value will be defined as ε = ∞, 
instead of ε = -∞. 

In , a set of real numbers with ε = ∞, a Min-Plus 
Mathematical Operation is defined as follows: 
 
a  min b = min (a,b)   (6) 
a  min b = a + b  (7) 
C = A  min B | cij = min (aij, bij) 
C = A  min B | cij = ail  min blj  min al2   
min b2i min … min ain min bnj 
  = min ((ail + blj), (ai2 + b2j),…,  

  (ai,, + b.j))                    (8) 
 (9) 

 
3.2 Example of Min-Pius Algebra Matrix Power 

Operation 
 To ease the presentation of a Min-Plus Algebra 
Matrix Multiplication Operation, an example of a 
multiplication of two 3 x 3 matrices is presented as 
follows. 
 

C = A  min B 
       cij = min ((ail + bij), (ai2 + b2j), …, (ain + bnj)) 
 
The calculation on a spread-sheet software is 
presented as below. 

Table 1: Min-Plus Algebra Matrix Multiplication 

A 1 2 3 
1 0 4 7 
2 4 0 5 
3 8 5 0 

 

B 1 2 3 
1 0 2 9 
2 3 0 6 
3 7 4 0 

 

C 1 2 3 
1 0 2 7 
2 3 0 5 
3 7 4 0 

 

c23 = min ((a21+b13), (a22+b23), (a23+b33)) 
= min ((4+9), (0+6), (5+0))  
= min (13, 6, 5) 
= 5 
 

3.3 Shortest Path Calculation Formula 
 The Min-Plus Algebra then can be used as 
below. The formula for Shortest Past Calculation 
can be formulated as follows: 
 

   (10) 

Where : 
MSP = matrix of shortest past distance between 

node i to node j 
MLL  =  matrix of link length 
N  =  number of nodes 
 
4 ALGORITHM TEST CASE 

4.1 Algorithm Test Case Method 
 The four following steps were used to evaluate 
the invented formula Firstly, a test case network has 
to be established. Secondly, the shortest path matrix 
is calculated. Then, the correctness of the formula 
is evaluated by comparing the calculation result 
against the shortest path from the visual 
observations. At last, calculation result connotation 
and behavior is investigated by observing the 
calculation result for each matrix power step. 
 
4.2 Case Network and Shortest Path 

Calculation 
 The case network has to be as simple as 
possible, but it should contaimng various possible 
variations of cases. The most important one is the 
changing of the shortest path as the calculation 
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moving in bigger number of steps in the process of 
searching the shortest path. The network consist of 
5 nodes connected by 8 links as presented in Figure 
1 The shortest path ofpl4 must change from 10 to 5 
as the power value increase from 1 to 2. 

 
Figure 1 :  Network Case 

Network Shortest Path calculation is determined as 
follows. The MSP is calculated by using spreadsheet 
software. 
 

  

    
 
Notation:  
mN

ij = cellij value of a matrix power N 
 
The MSP calculation is presented in Table 2 below. 
 

Table 2 : Calculation om MSP 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
4.3 

Shortest 

Path 

Formula 

Evaluation 

 Shortest path evaluation is made for three pairs 
of nodes: spl4, sp24, sp25. By comparing the shortest 
path indentified by visual observations to those 
resulted by the shortest calculation, the correctness 
of the shortest path formula can be investigated. 
The evaluation is presented in the following Table 
3. 
 

Table 3 : Shortest Past Comparaison: Observation 
against Calculation 

 
It can be seen clearly that the visual observation is 
conform to the calculation result. This indicates that  
the formula is correct. 
 
4.4 Assessment of Connotation and Behavior 
 Furthermore, assessment is made to investigate 
the connotation of calculation result and its 
behavior. The three paths above, spl4, sp24, sp25, are 
investigated through the whole calculation process.  
 
Power 1 investigation: 

  

pl
l4  = 10 

pl
24 = ∞ 

pl
25 = 9 

 
All value indicates the length of the direct link 
connection between pair of nodes.  
 

 

 

1 1 2 3 4 5 
1 0 5 3 10 999 
2 5 0 3 999 9 
3 3 3 0 2 4 
4 10 999 2 0 3 
5 999 9 4 3 0 

2 1 2 3 4 5 
1 0 5 3 5 7 
2 5 0 3 5 7 
3 3 3 0 2 4 
4 5 5 2 0 3 
5 7 7 4 3 0 

3 1 2 3 4 5 
1 0 5 3 5 7 
2 5 0 3 5 7 
3 3 3 0 2 4 
4 5 5 2 0 3 
5 7 7 4 3 0 

MSP 1 2 3 4 5 
1 0 5 3 5 7 
2 5 0 3 5 7 
3 3 3 0 2 4 
4 5 5 2 0 3 
5 7 7 4 3 0 

No Path Visual Observations Calculation 
Result 

Conformity 

1 spl4 l13 + l34 = 3 + 2 = 5 mSP
l4 = 5 conform 

2 sp24 l23 + l34 = 3 + 2 = 5 mSP
24 = 5 conform 

3 sp25 l23 + l35 = 3 + 4 = 7 mSP
25 = 7 conform 
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Power 2 investigation: 

   

p2
14 = min {(ml

11+ml
14

), (ml
12+ml

24), (m
l
13+m1

34),  
   (ml

14+m1
44), (m

1
15+m1

54) 
 = min {(0+10), (5+999), (3+2), (10+0),  

   (999+3)} 
= min { 10, 999, 5, 10, 999} 
= 5 
= (m1

13+ml
34) 

 
Calculation result indicates a 2 steps path through 3 
points: n1, n2, n3, n4, therefore through 2 links: 113, 
134. 

p2
24    = min {(ml

21+ml
14), (m

1
22+m1

24),  
(m1

23+m1
34), (m

1
24+m1

44), (m
1
25+m1

54)} 
 = min {(5+10), (0+999), (3+2), (999+0),  
    (9+3)} 
 = min {15,999, 5,999, 12} 
 = 5 
 = (m1

23+m1
34) 

 Calculation result of p224 indicates a 2 steps path 
through 3 points: n2, n3, n4 therefore through 2 
links: 123,134. 
p2

25      = min {(m1
21+ml

l5), (m
1
22+m1

25),  
 (m1

23+m1
35), (m

1
24+m1

45), (m
1
25+m1

55)} 
 = min {(5+999), (0+9), (3+4), (999+3),  
   (9+0)} 
 = min {999, 9, 7, 999, 9} 
 = 7 
 = (m1

23+m1
35) 

Calculation result of p225 indicates a 2 steps path 
through 3 points: n2, n3, n4 therefore through 2 
links: 123,135. 
 
Power 3 investigation : 

  

p3
14       = min {(m2

11+m1
14), (m

2
12+m1

24),  
  (m2

13+m1
34), (m

2
14+m1

44), (m
2
15+m1

54)} 
 = min {(0+10), (5+999), (3+2), (5+0),  

     (7+3)} 
  = min {10, 999, 5, 5, 10} 

   = 5 
 = (m2

13+m1
34), (m

2
14+m1

44) 
While :  

 m2
13 = (m1

11+m1
13) 

 m2
14 = (m1

13+m1
34) 

Therefore : 
p3

14   = (ml
11+ml

13+m134), (ml13+m134+m144) 

Calculation result of p3~4 indicates a 2 steps 
path through 3 points : n1, n3, n4 therefore 
through 2 links : 113,134. 

P3
24 = min {(m2

21+m1
14

), (m2
22+m1

24), (m
2
23+m1

34),  
  (m2

24+m1
44), (m

2
25+m1

54)} 
 = min {(5+10), (0+999), (3+2), (5+0), (7+3)} 
 = (m2

13+m1
34), (m

2
14+m1

44) 
While :  

m2
13 = (m1

11+m1
13) 

m2
14 = (m1

13+m1
34) 

Therefore : 
P3

24 = (ml
11+ml

13+m134), (ml13+m134+m144) 

Calculation result of p3~4 indicates a 2 steps path 
through 3 points : n1, n3, n4 therefore through 2 
links : 113,134. 

P3
24 = min {(m2

21+m1
14

), (m2
22+m1

24), (m
2
23+m1

34),  
  (m2

24+m1
44), (m

2
25+m1

54)} 
 = min {(5+10), (0+999), (3+2), (5+0), (7+3)} 
 = min {15,999, 5, 5, 10} 
 = 5 
 = (m2

23+m1
34), (m

2
24+m1

44) 
While: 

m2
23 = (m1

22+m1
23),(m

1
23+m1

33) 
m2

24 = (m1
23+m1

34) 
Therefore : 
P3

24 = (m1
22+m1

23+m1
34), (m

1
23+m1

33+m1
34) 

 (m1
23+m1

34+m1
44) 

All 3 shortest path alternatives indicate 3 steps path 
through 3 points : n2, n3, n4 therefore through 2 
links : 123, 134. 

P3
25 = min {(m2

21+m1
15), (m

2
22+m1

25), (m
2
23+m1

35),  
    (m2

24+m1
45), (m

2
25+ml

55)} 
 = min {(5+999), (0+9), (3+4), (5+3), (7+0)} 
 = min {999, 9, 7, 8, 7} 
 = 7 
 = (m223+m135), (m225+m155) 
While : 

m2
23 = (m1

22+m1
23), (m

1
23+m1

33) 
m2

25 = (ml
23+ml

35) 
Therefore : 
P3

25 = (m1
22+m1

23+m1
35), (m

1
23+m1

33+m1
35) 

   (m123+m13s+mls5) 

All 3 shortest path alternatives indicate 3 steps path 
through 3 points n2, n3, n5, therefore through 2 links 
: 123, 135. 
 
Power 4 investigation: 
 

  

p4
14  = min {(m3

11+ml
14), (m

3
12+m1

24),  
    (m3

13+m1
34), (m

3
14+m1

44),  
    (m3

15+ml
54)}  

 = min {(0+10), (5+999), (3+2),  
    (5+0), (7+3)}  
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 = min { 10, 999, 5, 5, 10} = 5 
 = (m3

13+m1
34), (m

3
14+m1

44) 

While. 
m3

13 = (ml
11+ml

11+ml
13),  

 (ml
11+ml

13+m1
33) 

m1
34

 = (ml
11+m1

13+m1
34),  

 (m1
13+m134+m144) 

Therefore: 

p4
14   =   (m1

11+m1
11+m1

13+m1
34),  

 (m1
11+m1

13+m1
33+m1

34) 
     (m1

11+m1
13+m1

34+m1
44), 

     (m1
13+m1

34+m1
44+m1

44) 
All 4 shortest path alternatives indicate 4 steps path 
through 3 points: n1, n3, n4, therefore through 2 
links: 113, 134. 

 
P4

24  = min {(m3
21+m1

14), (m
3
22+m1

24),  
  (m3

23+m1
34), (m

3
24+m1

44), (m
3
25+m1

54)} 
 = min {(5+10), (0+999), (3+2), (5+0), 

(7+3)} 
 = min {15, 999, 5, 5, 10} 
 = 5 
 = (m3

23+m1
34), (m

3
24+m1

44) 
While. 
 m3

23 = (m1
22+m1

22+m1
23), (m

1
22+m1

23+m1
33),  

   (m1
23+m1

33+m1
33)  

 m3
24 = (m1

22+m1
23+m1

34), (m
1
23+m1

33+m1
34),  

(m1
23+m1

34+m1
44) 

Therefore : 
P4

24 =  (m1
22+m1

22+m1
23+m1

34),  

   (m1
22+m1

23+m1
33+m1

34),  
   (m1

23+m1
33+m1

33+m1
34) 

 (m1
22+m1

23+m1
34+m1

44), 
 (m1

23+m1
33+m1

34+m1
44),  

 (m1
23+m1

34+m1
44+m1

44) 
All 6 shortest path alternatives indicate 4 steps path 
through 3 points : n2, n3, n4, therefore through 2 
links : 123, 134. 
 

P4
25  = min {(m3

21+m1
15

, (m3
22+m1

25), (m
3
23+m1

35), 
   (m3

24+m1
45), (m

3
25+m1

55)} 
 = min {(5+999), (0+9), (3+4), (5+3), (7+0)} 
 = min {999, 9, 7, 8, 7} 
 = 7 
 = (m3

23+m1
35), (m

3
25+m1

55) 
While. 
 m3

23 = (m1
22+m1

22+m1
23), (m

1
22+m1

23+m1
33),  

   (m1
23+m1

33+m1
33) 

 m3
25 = (m1

22+m1
23+m1

35), (m
1
23+m1

33+m1
35) 

 
Therefore : 
P4

25  = (m1
22+m1

22+m1
23+m1

35), (m
1
22+m1

23+m1
33+  

 m1
35), (m

1
23+m1

33+m1
33+m1

35), 
  (m1

22+m1
23+m1

35+m1
55),  

  (m1
23+m1

33+m1
35+m1

55) 
All 5 shortest path alternatives indicate 4 steps path 
through 3 points : n2, n3, n5, therefore through 2 
links : 123, 135. 
 
Comparison of all different power calculation result 
is presented in Table 4.  

Table 4 Comparison of different power value calculation result 

No Path 
Power 1 Power 2 Power 3 Power 4 

Evaluation 
length links length links 

lengt
h 

links length 

1 p14 10 113, 134 5 113, 134 5 113, 134 5 all the same 
2 p24 ∞ 123, 134 5 123, 134 5 123, 134 5 all the same 
3 p25 9 123, 135 7 123, 135 7 123, 135 7 all the same 

 
As predicted during creation of network case, the 
Power 1 gives different results from the Power2. 
Calculation result remain the same for Power 2 to 
Power 4 in terms of' the same path, the same length, 
but give different number of steps, different order 
of steps, and different number of step alternatives. 
Thus, it can be concluded that The shortest path 
calculation formula is correct. 
 
4.5 Connotation and Behavior of Shortest Path 

Calculation 
 The connotation and behavior of shortest path 
calculation result can be explained as follow: 
• Cell values of Connectivity Matrix Power N 

indicate the shortest path length in N steps 
connections.  

• Once a shortest path of a pair of nodes has 
been gotten, the cell value remain the same 
through-out the incremental power value. 
Thus, once the whole shortest path value for 
all pairs of nodes has been gotten, the whole  

 
• matrix cells values remain the same. 

 
5   CONCLUSIONS 
 
 The research give the following principal 
conclusions : 
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The shortest path calculation formula (eq.10), is 
proved to be correct. The cell value of Powered N 
Connectivuty Matrix, mN

ij indicate the shortest path 
length between ni and nj for N steps. Once the 
shortest path is gotten, it remains the same through 
the afterward calculation. 
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