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ABSTRACT

In this paper, we find a family of p-ary sequences with ideal two-level autocorrelation with symbols in the
finite field F,. The proposed family may be considered as a generalization of the well-known nonbinary
sequences introduced by Helleseth and Gong. Using the constructed sequences and m-sequences, we
present a family of p-ary sequences of which the correlation property is optimal in terms of the Welch
lower bound.
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shall be referred as a generalization of the HG

1. INTRODUCTION sequence. With the proposed construction, a family
Pseudorandom sequences with good correlation  of p-ary sequence with period " — 1, size p™ and

properties have many applications in modern  the maximal nontrivial correlation value Fyyax not

communication systems and cryptography, such as : n/2 :

radar, CDMA communication systems, and stream exceeding p™~ + L is proposed.

cipher cryptosystems [1-5]. The design of 2. PRELIMILARIES

sequences with two-level ideal autocorrelation, - .

which play important roles in synchronization Let n=(2m+1)e a“‘?' poan odd prlm%

applications and also have close connection to 'hroughout we denote the finite field gf order p

different sets, has been an interesting research topic by Fp» and its nonzero elements by I, and we

for decades [2] and [4]. In recent years, there have ~ assume « is a primitive element of F,». Let

been numerous researches on binary sequences with g = p°. We denote - as 'y and Fyn as F 21

two-level autocorrelation property, see [2] for \when convenient. Let Tr” () (and, respectively,
details. However, for p-ary sequences with two- Tr () be the trace mapping from Fpn into the

Ievelt alJtFocorrt(;]Iatlo_n, V;”thOUt usmgl a StUbf:?Id subfield Fy (and, respectively, from Fy into Fp).
constructions, there is only one general construction They are given by

for any arbitrary odd prime p, which is the m-
sequences. Helleseth and Gong [4] presented a moo. !
co%struction of p-ary sequencegs \[/vi]thpideal two- Tre () = Z‘LP » Trifz) = le :
level autocorrelation for any odd p , which =0 x
generalized the ternary family by Helleseth, Kumar
and Martinsen [5]. This is another general
construction for p -ar ith ideal Tre ().
y sequences with idea :

autocorrelation property and we refer it as HG ~Given two sequences a = {ag,a1,---  an—1}
sequence in the sequel. Using p-ary HG sequences, and b= {bo, b1, -~ ,bx_1} of period NV, we
Jang, et al presented a family of nonbinary define the periodic cross correlation between a and
sequences having optimal auto- and cross- b atshift 7 as

=0
For simplicity, we denote Tr7(x) (and,
respectively, Tr{(x)) as Tr,(x) (and respectively,

correlation property with respect to the well-known =
Welch bound [6]. Cop(r) = Y wiht P,
t=0
In the present paper, we give a class of p-ary where w is the p -th root of unity given by
sequence with two-level ideal autocorrelation which 2mv =T .
w=-e P . In particular, we denote the cross

e ——
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correlation of « with itself at shift 7 by Aq(7),
which is the autocorrelation of @. A sequence « of

period N is called an ideal two-level
autocorrelation sequence if A,(7) = —1 for any
7 # 0 (mod N).

2m
Let x=> wa; where 2;€F; and

=0
aj, ¢ =0,1,---,2m is a basis for F zm+1 over
F,. Then the function Q(x) in Fpmi1 is a
quadratic form over F if it can be expressed as

2m 2m 2m
Q) = Q) wias) =) > bijwix;

i=0 i=0 j=0
where b;; € Fy . The quadratic form in odd
characteristic has been well analyzed in [7]. The
rank of a quadratic form is the minimum number of
variables required to represent the function under
the nonsingular coordinate transformations, which
is related to the dimension of the vector space WV in
Fq2rn+1, ie.,

W={ye F 2m+1 [Q(x +y) = Q(x)}
forall x € Fgzm+1. More precisely,
p=2m +1— dim(W).
It is well known that any quadratic form of
rank p can be transferred to one of the following
three canonical form [7].

Lemma 1. For any quadratic form Q(x) in Fy, if
the rank of @(x) is p, then Q(x) is equivalent to

the following
Type I: B,(x);
Type Il: B, 1(x)+ //,.7:%;

Type III: B, () + 2p-1 — )\:10{2);

where B, = z1x0+ -+ 2, 12,, p € {1, A}
and A is a fixed nonsquare in Fy. For any element
§ € [Py, the number of solutions to the equation
Q(x) = (s as follows:

Typel: ¢ +v(()g?™ P2
Type II: q2m + n(cu)q2m+1f(p+1)/2;
Type 111: q2m _ .U(C)q2m_p//2;

where v(xz) and 7(x) are functions in F, ,
respectively, given by

—1 if x#0,
v(z) = .

q—1 otherwise.
and

0 ifz=0,
n(z) =<1 if zis a squre

—1 otherwise.
Let p(x) be a polynomial with coefficients in [~
such that p(Az) = Ap(z) for any A € Fpe. Letd

be a positive integer such that ged(d, p™ — 1) = 2
and d = 2 (mod p® — 1). Then,

TraE) _ 1 Q) I (rQ())
where Q(x) = Tr"(p(x?)) is a quadratic form
over IF; and 7 is a nonsquare in IF,.

The main result depends on the following lemma
which is an extension and consequence of results
from Trachtenberg [9] and Helleseth and Gong [4].

Let Q(x) be a quadratic form over Fg in
2m + 1 variables of rank p. Let 7 be a non-square
in I, and define

_ 1 Try, (Q(=)) Try (rQ(2))
S = 5( Z wk + Z wF )
‘TEFqu,+1 IEﬁquJrl
Then
0, if p is odd,
§=24" P

+q2mH0=0/2 " if p s even.

Helleseth and Gong in [4] introduced a family of p-
ary sequences with ideal two-level autocorrelation.
Theorem 1. ([4]) Let s, 1 < s < 2m be an integer
such that ged(s,2m + 1) = 1. Define by = 1,
b; = bomy1 i and bis = (—1) for
1=1,2,---,m, where indices of b;s are taken
modulo 2m + 1. Let ug = bg/2 = (p + 1)/2 and
u; = bo;fori =1,2,--- ,m. Define

"

folw) = wa™ /2, €
1=0

[, defined by
ideal two-level

over
an

Then the sequence
a(t) = Tr,(fola?)) has
autocorrelation.

Using the above Helleseth-Gong sequences, a
family of p-ary sequences of period p" — 1 with
size p™, which has the optimal correlation property,
was constructed in [8]. That is, the maximum
nontrivial correlation value Cpax of all pairs of
distinct sequences in the family does not exceed

p”/2 + 1, which means the family has optimal
correlation with respect to Welch lower bound [6].

3. NONBINARY SEQUENCES WITH IDEAL
AUTOCORRELATION

Similar to the idea adopted by Helleseth and Gong,
we present a family of nonbinary sequences with
two-level autocorrelation in this paper.

Theorem 2. Let & be an positive integer such that
ged(n, k) =e. Lets, 1 < s < 2m be an integer
such that ged(s,2m + 1) = 1. Define by =1,
and by = (—1)° for
,m, where indices of b;s are taken

bi — b2m+1—i
P=1,2,--
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modulo 2m + 1. Letup = by/2 = (p+1)/2and
u; = bo;fori =1,2,--- ,m. Define

Then the sequence over F, defined by
b(t) = Tr,(f(a?)) has an ideal two-level
autocorrelation.

Remark 1. For the special case of k = ¢, the
function f(x) defined in Theorem 2 turns to be the
function fo in Theorem 1. Then the sequences
{a(t)} and {b(t)} are the same. In general, we will
show in Proposition 2 and Example 1 that there
exist integers & such that the sequences {a(t)} and
{b(t)} are cyclically inequivalent. Hence we regard
the sequences obtained in Theorem 2 as generalized
Hellseth-Gong sequences.

We firstly give an interesting result which will
be used in the proof of Theorem 2.

Define a vector

e= (50,81, " ,&am), € = (,1)1' for 0 <i<2m
and the right circular shift operator o over € as
0(5) = (€2m75(] T 752m71)-
By iterating the shift operator o over £, we can
obtainasetT = {e, o(g),--- ,02™ ()}
Definea (2m + 1) X (2m + 1) matrix M as

]\/[ijj = ,15’v,»_z-(tz1-zj — ].) (3)

where
3 = O'T(E) = (EQ,,L_l_,-, e €2y EQy ,527”_7») (4)
is an element of I" and the indices of 3;’s and z;’s
are taken modulo 2m + 1.
For example, when m =2 and r = 1, denoting
tij =tziz; — 1 for 0 <4,5 <4 for simplicity,
we obtain the matrix M as follows.

tu,0 to,r  —toe2 to,s  —to,a

—t1,0 t11 12 —ti13 t1,4

M= t2 o —t21 ta2 t23 —t24
—t3.0 t31  —t32 t33 t3,4

t1o —t41 t12 —t13 ta,4

The determinant of the matrix A as defined in (3)
is characterized in Proposition 1.

Proposition 1. Let 3 = o" (&) with 0 < r < 2m,
The determinant det(M ) is given by

2m 2m

det(M) = 2¥"1( H(u,/]t,ft +] [¢zizie 1),

+=0

Proof. Note that fori =0,1,---,2m,

2
/i+ '/i— — ?
Bi+ Bi—1 {0,
For+=0,1,---,2m, by replacing the i-th row
by the sum of the i-th and (¢ + 1)-th row (where

ifi=r,

otherwise.

)

indices are taken modulo 2m + 1), we obtain a
matrix /V with entity

Nij =Bj-iltzizj — 1) + Bj_p1y(lziy125 — 1)
)izt aia) -2, Hj—i=r,
N Bj_itzj(z; — 2i41), otherwise.

Then dividing the elements in the ¢-th row by
t(z; — z;+1) and the elements in the j -th
column by z;, the determinant of the matrix N
becomes

2 2m
= TleG—=an [ =
i=0 §=0
where R is a (2m 4+ 1) x (2m + 1) matrix such

that
Ri; = {W

Bi—i, otherwise.
We repeat the process above for the matrix 2, i.e.,
for: =0,1,---,2m we replace the #-th row the
sum of the i-th and (7 + 1)-th row (where indices
are taken modulo 2m 4 1). Performing these row
operations on I leads to a matrix where all
elements are zeros except for only two nonzero
elements in each row. The only nonzero elements in
the resulting matrix .S are

det(N) - det(R),

(tzj(zitzig1)-2) 1f] =1
)

L Jr 61 1+ (fw-t—r( ~L+1) - 2)/t3i+'r(2i — Z’H—l)
*2'(tzt~'z+r - l)/tzz+7'(zi - 3i+l)
andfor y = ¢+ r + 1,
Sig =Bre1 + (25201 + 2ig2) — 2)/z5(zi01 — 2i42)

:2(tzi+2zj — 1)/t2j(2i+1 — Zi+2).
Thus, the determinant of .S is a product of two
terms along two “diagonals™ corresponding to
indices (i,i + r) and (¢,7 + r + 1) respectively

for i =0,1,---,2m . That is to say, the
determinant
2m 2m
2tzizipr — 1 2tzipoZigrsr — 1
det(S) _ H ( 2iZitr ) + H ( Zi+2%i4r+1 )
s teer(z — i) L i (2 — 2ig2)
2 2
_ ﬁ 2(tz2i4, — 1) i ﬁ 2(tzit12i0r — 1)
i—0 tzerr‘ 1 Zz+l) i—0 tzz‘Jrr(Zi - Z'i+l) ’

Note that the determinant of the matrix with
rows r; fori = 0,1,--- ,2m is one half of the
matrix with row r; + r;41 fori =0,1,--- | 2m,
This implies
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det(M) —df’t(N)/ Thus, Q(z 4+ y) = Q(x) is equivalent to
9m m m
fH =z ][] 2 det(R)/2 T (D ()™ 1) = T (3 wa?™ ),
7=0 . i=0 i=0
2m |.e.,
= | [tz — zi1)) | | 7 - det(S)/4 = 21k = :
,I:IU : Jlj(, ’ Tr"(va(a?p Py—l—l:y —O—Z@ y? P’ k“) =0.

2m 21
=2 N[ [tzize — 1) + [ [tz 2000 — 1)
i=0 =0

2m 2m

22277L71(H(t27j2’,;+71 — 1) -+ H(tZinrr,l — 1))

i=0 4=0
The proof is ended. |
We can now complete the proof of Theorem 2.
Proof of Theorem 2. The autocorrelation of {b(¢) }

at shift 7 is given by
pr—2

) = Z HEFT)=0(E)
=0

P2

— Z T (F (o) —F(a"))

t=0

—1+ Z wTn(fla™z)—f (=)

TEF,n

In the following we will investigate the value of

Ap(7) when 7 is nonzero. From the definition, one

has f(Ax) = Af(z) forany A € Fpe since
P**F+1)/2=1 (modp - 1)

fore =0,1,--- ,m,

Denote p(x) = f(a"z) —

Lemmas 2 and 3 that

1 Tro (Q(x))
T)+1—§(Z W

f(z)). It follows from

Gl pn @l
0, if p is odd,
- {iq2m+1p/2: otherwise,
where
Q) = Tl (p(a?)) = T2 (f(a72%)— f(2?))

is a quadratic form over I, and p is the rank of
Q(x). To determine the rank p, as stated in Section
2, we need to consider the number of solutions

Y € Fpn(= Fpami) : such that
Qx+vy)=Q(x) for all x€Fpr . In the
following  we represent  each element

¢ =a" € Fyninthe form ¢ = t7* where t = 1 or
t is a non-square in the subfield [F,,. For simplicity,
we denote ' v

v = g (P2 1) = g (P -
then

1),

e

Q) = T2 (f(a7a?)~ f(e?)) = T2 (Y™ 1),

i=0

£ Y T

If this holds forallx € F g2+, we must have

m

Tr? ( Z vi(xPZL Y+ xy” k))

=0

=Try (x(i (er

=0

2¢k 24 n2i
g +wy"2k)))

=0
and

m
T (D vy ) 0.
=0

The first equation holds for all z € Fg2m+1if and

only if
L) = (o ) =0
=0

The second equation follows directly as a
consequence of L(y) =0 by considering
Trg(yL(y)) =0 . Hence, Qz+y)=Q(x)
holds for all # € Fy2m+1if and only if L(y) = 0.
That is to say, in order to show the rank of Q(x) is
2m 4+ 1, it suffices to show that the equation
L(y) = 0 has only one solution y = 0.

From the definition of v;, we have

m

Lly) =) _ui ((hp*

i=0

m

— 27k

Ty

pzak_'_l_l)ypzm).

Further, since wu; = by , b = boye1—; for
i=0,1,--- mandgcd(s,2m—|—1):1

2m 2m,

Zb (t~P el 1)1; Zb (t'}‘f Tl -1y f,

where f = k/e. Raising the Imearlzed equations
L(y) = 0tothe il power fori = 0,1,--- ., 2m,
we can obtain a linear equation system with

2m + 1 equations in the 2m + 1 unknowns yqjsf

for 7=0,1,--- ,2m . The coefficient matrix
M = (rn; ;) of this system is given by
isf isf
Tflwi:j = b(jfl)s(t’}/q e — ].)

where the indices are taken modulo 21 + 1 and

. - jsf . .
m;; is the coefficient of ¥ in the equation

(L(y))? =0 . Note that by = (—1) and
b; = bymt1—ifori =1,--- ,;m. Thus the vector
b= (b, b, - ,bans) becomes
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b=(1,-1,---,(—1)™, (—1)™,---,—1) Theorem 2, Q1(z +y) = Q1(z) holds for any
=(D™((-D™, - ‘(71)2771 (71)0‘_” (71)%@;1 Fy2m+1 is equivalent to the linearized

(=1)"a™H(e)

m+1(€)

where o is as given in (4). Denote the

variables z; = wqisf fori =0,1,---,2m. Then it
follows from Proposition 1 that the determinant of
the coefficient matrix M is

2m 2m

A :(71)7”227”71(1_[( 2 Zi—mA41 — 1 + H tZIZH»m -
i=0
2m

(71)77122771 H(tzzzurm o

i=0
Note that z; 24, = v¢ is a square.
Thus, if ¢ is a non-square, tz;2;j+.,, — 1 # 0 for
t=0,1,---,2m, which implies A # 0. When
t = 1, suppose the determinant A = 0, then we

1).

Lbf (it+m)sf
have ~9 T4 =1 for some integer %,
which is equivalent to
eed(a™ e+ -1) Since

(qmf +1,¢7*1 —1) =2, we have 72 =1.

This leads to a contradiction ¢ = tv? = 1. Thus,
the linear equation system with (L(y))q“’f =0
for :=0,1,---,2m has y =0 as its only
solution. This implies the quadratic form
Q(x) = TY"(f(a"x?) — f(z?)) has rank
2m+1 when 7#0. Thus, 4Ay(7)+1=0
when is nonzero. |

The following proposition characterize the
sufficient and necessary condition for cyclic
equivalence of the sequences given in Theorems 1
and 2.

Proposition 2. Let f =k/e. Let {a(t)} and
{b(t)} be the sequences as defined in Theorems 1
and 2. Then C,3(7) =p™ — 1 if and only if
7=0and for any 0 < ¢ < 2m, b; = bg(;), where
o(i)=i- f' (mod 2m +1).

Proof. As discussed in the proof of Theorem 2,

Cop(T)+1 = 7( Z wTre(@1(@) Z T TQl(rj))

2€Fm E2SI
where Q1(x) = Tr(fo(z?) — f(CLUQ)) is a
quadratic form in Foami1, ¢=a” and 7 is a
nonsquare of F,. Note that Cyp(7) = p™ — 1 if

and only if the rank of the quadratic form Q1(x)
equals to zero. That is to say, Cyp7 = p" — 1 if
and only if Q1(z +y) = Qi(z) holds for any
T,y € Iqum+1. Similar to the method adopted in

equation

m

Z (uﬂl(y 2 + Zrn+1 )1))
=0
_Z wic
holds foranyy € F 42m+1. From the definition of

u; = bo; for ¢ =0, 1 ,m , this equation is
rewritten as

2m 2m
Z bzyq = Z bic” e

Therefore Q1(x +y) =

K 2if 4

2

2m
f = be 1Cq
Qi (> ) holds for any

2,y € Fpemirif and only if b; = b;; cT for
i=0,1,---.2m . It is easily obtained that
c=a"=1 for :=0 and b;=b;-1 for
i=0,1,--- [ |

1',+1
2

y?.

,2m,

Due to Proposition 2, the task of finding cyclically
inequivalent sequences in Theorems 1 and 2 can be
reduced to find parameters 72, s, f such that the
condition b; = b,(;) for ¢ =0,1,--- ,2m is not
fulfilled, which is independent of the value of p and
e. We give two such examples in the following.

Example 1. (i) For m = 2 and s = 2, it follows

from the definition that
B = (by, b1, b2, b3,b4) = (1,—1,—-1,1,1) and
(UQ, U, UQ) = (1, -1, 1).Denote

B" = (bs(0), bo(1): Vo (2): Vo (3) D))

If f = 2, then the inverse of f modulo 2/ + 1is
3. This implies
B’ = (bg, b3, b1,b4,b2) = (1,1,
B
Then for any odd prime ¢ and positive integer e,
the two sequences

a(t) = Tr,(af — at@+0/2 ¢ at(q4+1)/2>
and

b(t) = Tro(al — alld*+1)/2 4 at(q8+1)/2)
are cyclically inequivalent.
(i) For m =3 and s = 2,
definition that
B: (b(),])17b2,l)3,})4,?)5,l)ﬁ) = (1,1,—1 1,1, 1)
and (ug, w1, u2,us) = (1,—1,1,—1). Denote
B = (bn,bg(l), s ,bg(ﬁ)). If f =3, then the
inverse of f modulo 2m + 1is 5. This implies
B/ (b() [)r) I)g, bl bﬁ, })47 bz)
(1,1,-1,1,-1,1,-1) # B
Then for any odd prime p and positive mteger

_17 1,1 —1) #

it follows from the

-1,1,1
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e, the two sequences

a(t) = Try (ot — at@+1/2 4 at(q4+1)/2) — afld*+1)/2)

and

b(t) = Tr,(al — a'@HD/2 L oUe*H1)/2 _ (e +1)/2)
= Try(al - Qa0 2 4 /2 a,r,(q2+1)/2)

are cyclically inequivalent.

Now we turn to the construction of a sequence
family of which the (auto- and cross-) correlation is
optimal up to the Welch bound. Similar to the
method in [6], an extended family of p -ary
sequence with optimal cross correlation property is
presented in this paper.

Let f(x) be defined as in Theorem 2. A family of
p-ary sequence of period p™ — 1 with family size
p” is defined as
S={s#)[0<i<p"—1,0<t<p"—2}, (5)
where  s;(t) = Tr, (o) + Tr,(f(v;0?))  and
{v;|0 <i<p*—1} is an enumeration of
elements in the field Fy~. Specially let vpn 1 = 0.
The following theorem can be similarly proved
with the method adopted in the proof of Theorem 7
in [8]. Here we omit the proof.

Theorem 3. The family S defined in (5) has the
optimal correlation property with

Cmax - pn/2 + 1
4. CONCLUSION

In this paper, we generalized the function given in
[4], which generates sequences over [¥,, with two-
level ideal autocorrelation. Among the proposed
sequences, which is referred as the generalized HG
sequences, we have found sequences cyclically
inequivalent to the HG sequences. In addition, a
nonbinary sequence family with optimal correlation
property was constructed.
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