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ABSTRACT

The synchronization problem is investigated for a class of discrete-time complex networks, where the
networking induced communication constraints between the coupling nodes are considered. By choosing a
novel Lyapunov functional, sufficient conditions for the synchronization of the discrete-time complex
networks subject to both coupling delays and packet dropouts are given. The derived criteria are presented
in the form of linear matrix inequalities (LMIs), which is easy to be solved numerically. Finally, an

illustrative example is presented to verify the effectiveness of the results.
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1. INTRODUCTION

Complex networks have received considerable
attention over the past decades. They are ideal
mathematical models for various natural and
engineering systems: cellular networks, social
systems, the Internet, just to name a few [1]~[16].
The scientific interests in complex networks
include, for example, the clustering characteristic
(small world effect) and degree distributions,
[1]~[3]; the stability and synchronization of
complex networks, [4]~[16] and so on.

Due to the finite speeds of transmission and
spreading, traffic congestions, as well as bandwidth
restriction(for the Internet), information travelling
through a complex network is often associated with
time delay as well as packet dropouts. This is
ubiquitous in biological, physical and engineering
networks. Time-delay often causes instability of the
system and thus has been investigated extensively
in various contexts for complex networks: for
deterministic systems the reader is referred to [7],
[14]; for stochastic modeling and analysis please
refer to [17]~[19]; besides, [20], [21] provide good
hints for nonlinear systems. Packet dropouts have
also received much attention in recent years, as they
are inevitable in imperfect communication networks
[22]~[25]. They are firstly treated separately from
time-delays, but more recent models intend to
combine the two effects together, which is more
practical. In most studies, the packet dropout
process is modeled as a Bernoulli process with

appropriate variations in correspondence to the
specific systems.

To the best of the authors’ knowledge, the
synchronization problem for complex networks
subject to the communication constraints is still an
open problem, which motivates the present work.
The main contributions of the paper are threefold:
(1) the imperfect coupling communication channels
are considered for the first time in the
synchronization context. (2) a stochastic model is
utilized to describe the incomplete information
phenomenon, taking both coupling delays and data
packets dropout into account, and covering the
aforementioned models as its special cases. (3) the
stochastic analysis methods, the properties of
Kronecker product, as well as the free-weight
matrix techniques are employed to deal with the
synchronization problem, and criterions in terms of
linear matrix inequalities (LMIs) are given.

The rest of this paper is organized as follows. In
Section 2, the discrete-time complex networks with
coupling communication constraints induced by the
imperfect networked channels is introduced, and
then the problem under consideration is formulated.
In Section 3, sufficient conditions are presented to
guarantee the synchronization for the considered
complex networks. An illustrative example is given
in Section 4 to demonstrate the feasibility of the
acquired criterion. Finally, concise conclusions are
drawn in Section 5.

Notations: Throughout this paper, R" is used to
denote the n-dimensional Euclidean space, R™" is
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the set of all m x n real matrices. The superscript
“T’ denotes matrix transposition and “*” denotes the
transpose of corresponding elements introduced by
symmetry. X > 0 means that X is real symmetric
and positive definite; Moreover, X >Y means
X—Y>0.1and 0 represent the identity matrix
and zero matrix with compatible dimensions,
respectively. Given a matrix A, denote by || A || its
operator norm, i.e. [l A = sup{|Ax|: |x]| =1} =
v Amax(ATA), with | | denoting the Euclidean norm
on R®, and , A,,.,(Q) denoting the maximal
eigenvalue of square matrix Q. (2, F, {Fi}ren) is a
complete probability space with a filtration {F,}
satisfying the usual conditions (i.e. F, contains all
the P —null sets and it is right continuous). E{-} is
the mathematical expectation of a random variable
with respect to the given probability space, and
E{é|x} denotes the conditional mathematical
expectation of a random variable ¢ € F with
respect to the subfield created by y (i.e. a(x)). All
the matrices, if they are not explicitly specified, are
assumed to have compatible dimensions.

2. PROBLEM FORMULATION AND
PRELIMINARIES

The following discrete-time complex network
with nonlinearity and multiple time-delays is
considered

Xm(k +1) = Ax,, (k) + Bf(xm(k))
+ Bag (xm(k — d(K)))

+ i i W& L, ()T (e

a=1p=0
m=12,,N

= 1p(k))
o)

where x,, (k), xm(k - d(k)), Xq(k —1,(k) €R"
denote the state vector, delayed state vector, and the
coupling delayed vector of the mth node of the
complex networks at time k respectively. A, B, B,
are all known matrices with compatible dimensions.
f,g: R™ = R™ are both vector-valued nonlinear
functions to be given later. d(k), 7, (k) are
integers denoting the state time-delay and all the
possible coupling delays which satisfy:

d<dk) <d 2)

To(k) =0 3)
4, <, <7, p=12r ()
where d, d, r_pand 7, (p = 1,2,---,7) are all known

positive integers. Moreover we define that d, 4, =

max, ( Tp, d). L I, denotes the inner-coupling

matrices I|nk|ng the acth coupling state variable

with time-delay 7, (k), W ® = (@)Y s IS the

outer-coupling configuration matrix of the network
with wp,,, = 0(m # ), but not all zeros, and the
coupling configuration matrix W® (p = 0,1, ---,7)
is assumed to satisfy the diffusive connections:

(r) —a)gf,)l ,m % a

ma
N
z w® = Zw(p) =0,
a=1

=1
ma=12,-,N;p=01,-,1r
L, (k) is assumed to be a random variable satisfying
certain discrete probabilistic distributions on the

interval [0,1] which can be acquired from statistical

tests, mutually unrelated with each other (for
p = 0,1,---,7) with mathematical expectation a,,
and variance y;..

Assumption 2.1: The nonlinear function
f(x(k)), g(x(k)): R" - R™ are assumed to be
satisfying the following sector nonlinearity
described as

[f() = fO) = Kix = I [f () = f()
—Kx—-vy)]<0,vx,y eR"

5)
[g(x) —g») = Li(x =] [g(x) — g()
—Ly(x—y)]<0,vx,y ER"
(6)

both of which satisfy the zero initial condition, i.e.
f(0)=0,g(0) =0,and K, K,, L, L, are all
known matrices satisfying K; — K, < 0,L; — L, <
0.

Remark 2.1: The model in(1) includes both
delayed (for p=1,2,---,r ) and non-delayed
coupling (for p = 0,), which makes it very general,
and can cover most of the existing models.

Remark 2.2: The system dynamics (1) is of much
significance due to the following reasons: (1) As far
as the authors know, there has been little work on
the synchronization for complex networks subject
to imperfect coupling channels (taking both
coupling time-delays and packet dropouts into
account); (2) the sequence of unrelated random
variables with discrete probabilistic distributions
used to describe the coupling information implies
that multiple packets might be transferred between
the nodes; it is different from the model presented
in [23] and [24], which takes exclusive Bernoulli
random variables and allows only one packet at
time k, hence the model in this paper is more
realistic. (3) the model in [25] is a special case of
the model in this paper if we set the assumed
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sequence of random variables with arbitrary
discrete probabilistic distributions in this paper
defined on [0 1] in this paper to be Bernoulli
distributions. The assumption in this paper is
reasonable because in practice the transmitted
information can be neither completely missing nor
completely received, but only a part of the initial
information can be transmitted successfully. In that
case, the usually assumed Bernoulli distribution
which only takes the completely successful case
and the completely missing case in account is not
quite suitable. Similar ideas can be referred to [26],
[27], and [28], which focuses on the missing
measurements without taking multiple time-delays
into account.

Firstly, for simplicity denote
x(k) = col{xy (k), xz(k), -+, xy (k)}

fx () = col{f (x1(K)), f (x2(K)), -+, f (xn (kD)3
g(x(k)) = col{g (x1(k)), g (x2 (k)), -+, g (en (kD) }

0, = E{L,(0} v =E{|l,00) - |}

I,=a,xl, p=01,r
WP = (@ Jyxn

WOW®D = wea = (0P, v pg=01,-71

a

By the Kronecker product ‘®’ of matrix, the
complex networks dynamics of (1) can be recast
into the following compact form

x(k+1) = (I®A + (k) x W,®Ty)x(k)
+ (I®B)f (x(k))
+ (I®By)g (x(k — d(K)))

+ Z L,(k) x (WP QT, )x(k
14

—1,k)
@)

Moreover, to make the deduction more concise,
the augmented complex networks can be denoted in
the following form

x(e+1) = Y00 + ) 1,00 — )
=0
X Ewﬁj)@rp)x(k — 1, (k))
®)

where

y(k) = (I®A + W,®T,)x (k) + (I®B)f (x(k))
+ (I®Bg)g (x(k — d(k)))

+ Z(W@)@E)x(k — 7, (k)
p=1

Definition 2.1: "% The discrete-time stochastic
complex network (1) is said to be asymptotically
synchronized in the mean square sense if, for all the
addressed communication constraints, it holds that

lim E{Jxm (k) ~ x(K)?} =0,
1<m<a<sN

©)

In this paper, we aim at presenting certain
sufficient  conditions  for  the  stochastic
synchronization problem between the nodes of a
class of discrete-time stochastic complex network
(1) subject to the aforementioned imperfect
coupling channels. With the stochastic analysis
method, as well as the free weight matrix technique,
we construct a novel Lyapunov functional and
develop an LMI approach to ensure the addressed
stochastic complex networks to be synchronized in
the mean square sense.

3. MAIN RESULTS

Before presenting the main results, we list the
following useful lemmas.
Lemma 3.1: DO et U=(a;)  be a
NXN

symmetric matrix satisfying that the sum of entries
in each row of U is zero. x = col{x;, x5, -+, xx},

y = col{yy,y2,~+,yn}, %1,y ER™ i =12, N.
P € R™", Then the following equality holds

x(U®P)y = — a;;(x; — )Py — yj)
1<i<j<N

Lemma 3.2: Let a be real scalar and 4, B, C, D be
matrices with compatible dimensions. Then the
following properties of Kronecker product hold

a(A®B) = (aA)®B = AQ(aB)
(A®B)" = ATQB”
(A®B)(C®D) = (AC)®(BD)
(A+B)®(C + D) = A®C + A®D + BRC + BRD

Lemma 3.3: Let A € R™*?,B € RP*"™ and = AB
. If each column sum of A4 is zero or each row sum
of B is zero, then each column sum or row sum of C
is zero.
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Lemma 3.4: ¥ For any random variable ¢ € F
satisfying E{|¢|} < +o0 and o —field g c F, then it
always holds that

E{E{¢|g}} = E{¢}
Now, we are ready to present the main results of
the paper in the following.

Theorem 3.1: Under assumption (2.1), the
stochastic complex networks described in (1) can be
synchronized in the mean square if there exist
positive matrices P,Q,Rp,p = 1,2,---1, positive

real numbers p;, p,, such that the following —— N(N D)
LMIS hold.

Y, Y,
Yy = ( m:'“ Yma,lZ) <0 (I1<sm<a<N)
ma,22
(10)
where
G)moz,ll ema,lz 9ma,13 9ma,14\
Y _ * ema,zz O ema,24
ma,11 — \ % " Gma,33 0 /
* * * G)ma,44
Oma11 = ATPA = Nol®) (ATPF_O +T, PA)
~ NoOT, PT,
~ Nw,(,?;’)FOTPFO —-P
+ Z (1+% 1) Ry
p=1
— P (KlTKz + KzTKl)
— po(LTL, + L3 L)
Omasz = ATPB — N Ty PB + py (KT + KI)
Gma 13 — pZ(Ll + L )
Omars = ATPBy — Nw T, PB,
Oma 22 = BTPB — 2p, X1
9ma,24 = BTPBd
Omass = (1+d—d)Q —2p, X1
ema,44 = BdTPBd - Q
(Dma,ll cI)mot,lz q)ma,lr
Y. — cbma,Zl Cbma,zz Cbma,Z‘r
ma,12 0 0 e 0
CDmaAl cbma,42 Cbma 4r
D1y = NP ATPT, - NoOPT, PT,
p=12,--,7

E-ISSN: 1817-3195
Py 2p = —Nw,(f:gBTPF_ p=12-r
(Dma4-p Nw,?:zBdTPF p = 1’2’...’7-
lpmoc,ll l'I"moc,lz lpma,hw
Y‘ — * lpmoz,zz lea,Zr
ma,22 — . .
* * * lpmoz,rr
—T
Woapp = —Rp = N0&PT, PT, — yZNw&P L, TP,
p = 1’2, ree, r
b = —Nw®PT," PT, 1<p<g<
ma,pq — Wma 1p q <p<q<r

Proof: We denote

Xma (k) = xm (k) — x4 (K),
fna(x(k)) = f Gt (K)) = f (e (D),
Ima(x()) = g(xm (k) = g(xa (K)),

Ima(x(k — d(K))) = g(xm(k — d(k))) —
g(xg (k — d(k))),

Xma (k -7 (k)) = xm(k
Xg (k—rp(k)), p=12-,r

Let %(k) = {x(k); x(k - 1):"':x(k - dmax)} )

and consider the following Lyapunov candidate for
the augmented system (7)

-1, (k)) _

5
V(E(0) = Y Vi(X(0)

Where
(W) = " (O @ Px(k)
k-1
BE®) = D g EW)U S Qg
v=k—d(k)
d-1 k-1
BER) =D D g (W)U OgEm)
1=d v=k—1
r k-1
V(X)) = z Z x"()(U ® R,)x(v)
p=1v=k-1p(k)

r 1 g-1

Vs(X(k) = z Z x"(W)(U ® R,)x(v)
p=11

v=k-l1
with P,Q,R,,p = 1,2,---,r being positive definite
matrices to be determined, and U being defined as

=T

<
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N-1 -1 -1
v=| 71 N1 T oy
-1 -1 - N—-1

By calculating the difference of V(%(k)) along
the solutions of the augmented complex networks
(7) and taking the mathematical expectation
condition X(k), we have

E{AV(X(k))|X(k)} = Z E{AV,(X(k))|%(k)}

i=1
(12)
Then, one has
E{aV; (£(k)) £k}
= E{V,(X(k + D) [x(0)} - (X (b))

= E{x"(k + (U ® P)x(k + 1)|X(k)}
—x"(l)(U ® P)x(k)

Y0 + ) (1, () = &) WP @ T, )x(k - 7,)

p=0

i

®P) [y(k)

+ D (100 = @) (WP @ T, )x(k
p=0

—1p)

I%(k)} —x" () (U & P)x(k)

It is worth pointing out that y(k), I, (k) — a,, are
both measurable with respect to o(X(k)). Then it
follows

E{AV; (X (k)X (k) }

—E {yT(k)(U ® Py + Y 13
p=0
x [w® @1 )x(k - 1,)]" (U
®P)[wW® @r,)x(k - 1,)]
—ﬂ@XU@Dﬂ@&@%

(13)

It is noted that the former deduction has used the
fact that I,(k),p = 0,1,--,r are mutually
unrelated with each other.

E{AV,(X(k))|X(k)}
= E{V,(X(k + D) |X()} - V(%K)

115

k k-1

LI
v=k+1-d(k+1) v=k-d(k)

x g7 (x@)) (U ® Q)g(x(¥))[%(k)}
= E{g"(x()) (U ® Q)g(x(K))
—g" (x(k — d(0))) U ® Qg (x(k - d(k)))

k—d(k)

+ g (x) U ® Qg(x())| x(k)}

v=k+1-d(k+1)

< E{g"(x())(U ® @)g(x(k))
—g" (x(k — d())) (U ® Qg (x(k - d(K)))

k-d

+ Y (W)U @ OgHm) X))

v=k+1-d

(14)
E{AVs (X(K))|X(k)}
= E{Va(X(k + D) |X()} — V(X (k)

da-1 k k-1

x g"(x() (U ® Q) g(x ()% ()}
= E{(d - d)g" (x(k))(U ® Q)g(x(k))

da-1

= g7 = DW ® gk - DI X(K))
l=d

= E{(d - D)g" (x(0) (U ® Q) g(x(k))

k—d

= Y FE®)U Q@ Qg(x@) X))

v=k+1-d
(15)
Similarly, one has
E{AV, () 1%(k)}
= E{V,(X(k + D)|X(K)} — Vu(X(K))

SEQ) (TIO(U ® R, )x(k)
p=1

—x"(k = 17,(k)) (U @ R, )x(k — 7, (k)))

E-ISSN: 1817-3195
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v=k—Tp

+Z Z T @) (U @ R,)x(w)| X(k)}

p=1v=k+1- ‘rp

(16)
E{AV5(X(K))|1X(K)}
= E{Vs(X(k + D)X} - Vs (X(0))
=B Y (T(U ® R)x(k)
p=11=1p
—x"(k = D(U ® R,)x(k — D)|X(k)}

= E() (@ — 5,27 () (U ® R,)x(K)
p=1

vkrp

>y

p=1v=k+1- ‘rp

x"@)(U ® Ry)x(v) |X(k)}

A7)

It is easy deduced that W@y =yw® =
NW® hence it follows

WP QT URPIWDQT,)
- NWPD ® ET PT,

p,gq=01,-,7

In view of lemma (3.1), when (13)~(17) are
substituted into (12), one can have that

E{AV (X(k))1%(k)}
= E{V(X(k + D)|x(k)} - V(x(k))

< Z E{ xT., (k) [(A"PA
1sm<asN
— Now, (ATPTy + T, PA)
—Nw©OT, PT,

a

—y2Nw(OT, PT, - P
+ Z (1+7% = 1) Ro)ma(K)
p=1

+2(ATPB = NwQTy PB)fina (x(k))

+2(ATPBy — N Ty PBy)gma (x(k — d(K)))

116

+22 (~NwgATPT, — NoOPT, PT T, ) Xima (k

= 1p (k)]

+fna (X ()[BT PB fina (x(1))
+ ZBTPBd Gma (x(k = d(0)))
+2 Z (~N@)BTPT, ) xmalk

- r,,(k»]
+9ha(x())[(1 + d — d)Q1gma (x(K))

+9ma(x(k — d(k)))[(B," PB4
- Q)gma (x(k - d(k))>

+2 Z (~NwE)B,"PT, ) xima
- Tp(k))]

rp(k) (- Nw(pq)l“ PT,)

szma

X Xma (k

—74(0))

T
+ > xT, (k
1

- rp(k)) ( — VENwEPT, PT )

=
1l

— 7, () X (k)}
(18)

we have the

X Xma (k

Owing to assumption (2.1),
following inequalities

xm(k) - xoc(k) ]
f(xm(k)) - f(xa(k))

—(KTK, + KTK,) KT +K2]

T

K, + K, —21
X (k) — xq (k)
*1f G () —f(xa(k))] =0
(19)
and
[ X (k) — x4 (k) ]T
g(xm(k)) - g(xa(k))
(UL, + L5Ly) LE+ Lg]
Li+L, —21
X (k) — x4 (k)
[g(xm(k» g(xa(k))] =0
(20)

E-ISSN: 1817-3195
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Note that(19) and (20) respectively imply

Xma (K) ]T
fina(x(K))
y [—(Ksz +K;K) K{ + K{]
K, + K, —2I
Xma (k)
*|fra (x(k))] =0
(21)
and
[ Xma () 1"
Gma (x(I))
o [, +15L) LT+ Lg]
L +1L, —2I
Xma (k)
X [gma(x(k))] =0

(22)

Then Multiplying (21) and (22) with p; and p,
and substituting them into (18) yields

E{AV (X(k))|%(k)}
=E{V(X(k + D)|x(k)} - V(X(k))
< D Ehal o Emak)

(23)
where &,,, (k) is defined as
§ma () = [Xia (k). fira (x (), G (x (K)),
Gha (x(k = d(0)) ), xha(k — 72 (K)),
Xma(k = 75(K)), ) Xma (k — T, (k))]"
From lemma (3.4), it follows readily that

E{v(x(k + 1)) - V(X(k))}
< ¢ Z E{lfma(k)lz}

1sm<asN
(24)

where ¢, = max; cmeqentAmax Yona)} < 0. Note
that 1€, (1% = [l2me (k) 112, then it can be
deduced that

E{V (X(k + 1)) - V(X(K))}

<G E{llxma (K117}

1sm<asN

(25)

For any positive integer n, add both the sides of
the inequality (25) from 0 to n, we have

E(V(X(n + 1) - V(X(0))}

n

)

k=0 1sm<asN

E{llxme (K117}

(26)

Hence it follows

n

> Bl <
k=0 1sm<asN

e _
e

(27)

Let n » 400, it can be concluded that the

positive series

i > Bl 01

k=0 1sm<asN

is convergent. Hence

lim > Bl (0117 = 0

1sm<asN

which obviously implies
lim E{llxpma (R)I?} = lim E{|x,, (k) — x,(k)|?}
k—+o0 k—+o0

=0 (1<m<a<N)

This completes the proof.

Remark 3.1: The results presented in this work
are preliminary. For example, we have assumed the
linear coupling between the nodes and that all the
communication channels obey the same packet
dropout distribution. In this sense much work is still
to be done, for example, channels with completely
different communication conditions, nodes with
nonlinear coupling, and so forth.

Remark 3.2: This paper only talks about the
synchronization criteria of the synchronization
problems with the given complex networks subject
to imperfect networked coupling channels. For the
time-delays and data dropouts between the coupling
nodes, how to design the compensation technique
and adaptive filters and controllers to ensure the
synchronization of the networks is under
investigation in our future work.
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4. NUMERICAL EXAMPLES

In this section, we shall give a numerical example
to show the effectiveness of the criteria derived in
this paper.

Consider a discrete-time complex networks with
3 nodes which is described by the following
dynamics

4=(s “023)

(0355 022)

_ (013 0.14
Ba = (0.44 0.23>
d(k) = 2 + sin(Zk) IS the state time-delay, which
implies d = 3 and d = 1. There exist 3 possible
coupling delayed states, i.e. r = 3, and all the
possible coupling delays are described as 7, (k) =
2 +sin(Zk), 1o(k) = 3 + cos(Gk), 13(k) =3 +
2sin(Gk), witht, = 1,7, =31, =2, T, = 4;
T3 = 1, ﬁ = 5.
It is also assumed that

-2 1 1
W0=< 1 —2 1>,W1=W2=W3=0.5W0
1 1 -2
/028 0
o _( 0 022
f(xm(k)) = g(xm(k))

_ <0.2xfn”(k) + tanh(O.lx,(nl)(k))>
0.3x? (k) — tanh(0.1x2 (k))

)T =T, =Ty = 041,

1)) @ 17 e
where x,,, (k) = [xn’ (k), x5, (k)] . Hence, it is
easy to verify that f(x,,(k)) and g(x,,(k)) all
satisfy the sector nonlinearity assumption with

Ki=1,= (062 0(.)2)'1(2 =L = (063 0(.)3)

To describe the multiple packet dropouts
phenomenon, I, (k),p = 0,1,2,3 is assumed to be
the following discrete distributions:

0.5 Io(k) = 0
Prob(ly () = {0.5 1283 =1
0.4 I,(k) =0
Prob (I,(k)) =102 I,(k)) =05 p=123
0.4 L) =1
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Then by theorem 3.1, using the Matlab LMI tool
box, we can find a feasible solution with the solved
parameters listed as follows

p= (907.5793 —95.8237)
—95.8237 267.2214
0= (253.2414 39.7640 )
39.7640 163.4829
R = (44.7353 —6.8574)
17 \-6.8574 13.7844
R = (44.7353 —6.8574)
27 \-6.8574 13.7844
R. = (32.7381 —4.6748)
37 \—4.6748 9.8146
p; = 1.2439¢ + 003, p; = 961.0925
7
6 x21-x"7
X3 X 41
5H X3 X
24
i
§.
S ol\Wa -
£ Uh [ 4
a4+
2
s ‘ ‘ ‘ ‘
0 20 40 60 80 100
time step k

Figure 1: The Synchronization Errors Between The
Nodes (The First Entry Of The State)

— xzz-x 12
) X3 % 12| |
%32 X 22
0
g
g oflif . (- S -
Q
& “
=
g2
i3
a
§ 4
Qo
£
E:]
3 . . . .
0 20 40 60 80 100

time step k

Figure 2: The Synchronization Errors Between The
Nodes (The Second Entry Of The State)

It is shown that the investigated complex
network subjected to communication constraints
satisfies the conditions of theorem3.1, hence can
reach asymptotical synchronization in mean square.
This is clearly demonstrated in Fig.1 and Fig.2.
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5. CONCLUSIONS

Efforts have been made to investigate the
synchronization problems of an array of coupled
discrete-time complex networks subject to
nonlinearity, mixed time-delays as well as
communication constraints. By choosing a new
Lyapunov function, we have derived the criteria
under which the investigated complex networks can
reach global synchronization in mean square. A
numerical example illustrates the effectiveness of
the results. Future works will focus on, for
example, channels in completely differently
adverse communication environments, nodes with
complex nonlinear coupling, adaptive controllers
design and so on.
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