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ABSTRACT

As a core framework in artificial intelligence, standard graphical models generally assume that every state
of a variable node has effect on other nodes by propagating beliefs to them. However, in many real world
problems concerning undirected relationships, it is common that certain state of an object cannot possibly
change other objects' states. Besides, an object only remains in this state when no effect on it successfully
changes it. This paper defines it as passive state, and presents a framework - Partial Dependent Graphical
Models (PDGM) for representing undirected relationships involving these states. Through a static
undirected structure with a varying directed edge system, it analytically captures the behavior of variables
having passive states. An inference method is developed for reasoning in the model. Experiments and
examples are provided to show the effectiveness of PDGM.
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1. INTRODUCTION

Through graphical representation for
distributions over multidimensional state spaces,
probabilistic graphical models provide a general
approach for reasoning under uncertainty [1]. They
are used as tools for representing quantitative
structured uncertainties and conditional
independencies, playing a fundamental role in
uncertainty reasoning in all kinds of intelligent
applications. Standard models include Bayesian
networks (BN), Markov networks (MN) [2], and
factor graphs [3], for directed, undirected, and
generalized form of dependencies respectively.
They represent distributions compactly as
normalized products of factors. Their graph
structures encode relationships of conditional
independence (CI) among different variable nodes.

Generally, any state of a variable in a
standard graphical model (GM) is treated in the
same way: it affects its neighbors by assigning
distributions on their states. The assignment can be
directly calculated from parameters concerning the
state in a potential. However, in many real world
problems, it is common that certain states are
known that they do not affect other variables. The
random variables in these states are the same as
they are absent. While such relationships have been
explored in BN, which known as Noisy-or models

[2] and other extensions [4,5], there are little work
concerning variables having such state in a more
general dependencies.

This paper explores probabilistic relations
involving states that have the same influence as the
absence of wvariables. It shows that such
dependencies exist in real world. It reviews why
those developed models, such as MN, are difficult
to capture these relations. It then presents a
probabilistic framework with graphs to represent
the relationships. Since exact inference is
computationally hard, it develops a much more
efficient inference method based on message
passing for reasoning in the model.

2. BACKGROUND

BN and MN are two basic forms of
graphical models. A BN is represented by a
directed acyclic graph. Its joint distribution can be
factorized as multiplications of every local
conditional probability: P(x) =[], P(x:|pa(x;)).
Noisy-OR models [2] are a kind of BN
incorporating a special failure state. A binary parent
node in this state implies that it fails to affect its
child nodes, as if it is absent. Nodes in non-failure
states affect their child through an OR gate. In case
no parent succeeds to affect a child, a leak
probability is assigned to the child [6]. Thus a local
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relation can still be represented in a conditional
probability table (CPT). Extensions of this model
have been developed, allowing interactions such as
AND or MAX. A MN G(V, E)is an undirected
graph with set of vertices V = {X;,.... X,,} and
set of undirected edges E C V x V, where each
X, is a random variable. The joint distribution is
normalized multiplications of local potentials:
P(x) = o], ¢:(xgy) . Each potential ; is a
function of a set xy;, of the variable nodes in a
cliqgue, and « is the normalization function. In
discrete state spaces, a potential is a table which
assigns a nonnegative number to every state
combination of variables in the corresponding
cligue. Among various developed GMs, context-
specific independent (CSI) models can explore
different dependence under different contexts [13-
15]. Edges in graphs can be deleted in specific
context of certain nodes. CSI in factor graphs can

be represented by a graphical notation of Gates [16].

In stead of cutting edges, it uses a selector variable
to disable factors.

A fundamental inference mechanism in
GM is belief propagation (BP) [2] or its equivalent
form of sum-product algorithm. It can be expressed
as two phases of message passing. The message a

variable sent to a local potential is:
ta—s £ () = [lpen@en gy #o—e (). The message a
local potential sent to a variable is:

fif—e(T) = ZN{-J:} (f(X) Hye-n(f)\{ﬂ'} Hy—£(y))

[3,7]. It yields exact results in finite steps if the
(moral) graph is acyclic, and is an update rule of
iterated inference algorithm if there are loops.
Although not guaranteed to converge, theoretical
[8-10] and empirical [11,12] studies have shown
the effectiveness of loopy belief propagation (LBP).

3. PROBLEMS WITH EXAMPLES

As an example, suppose the fire states of
rooms in a building are to be estimated. The only
observation is whether certain room is on fire or
not. Each room can be represented by a variable
with 2 states: Flire and NoI'ire. Clearly if a room
is watched on fire, the probability that its
neighboring rooms are also on fire would rise.
Furthermore, a room's state is independent of its
non-adjacent rooms given all of its adjacent rooms'
states. With these observations of direct
dependence and ClI, it is natural to represent it as a
GM, and estimate a room's state through marginal
distribution inference. The problem left is which
model to use.

e
101

Since forcing fixed directionality between
rooms is unreasonable, BN is not a proper model
for it. Is MN proper? Suppose there's a potential
function between two adjacent rooms, as in Table 1.
If only these two are considered, when one is in
state F'ire, the other can be set a probability
(p/(1+ p)) to be in the same state. Considering
symmetry, and making the potential in a canonical
form, 3 of the 4 entries can be fixed. However,
setting any number to entry ¢(NoFire, NoFire)
would encounter problems.

Table 1: potential of adjacent rooms.

B=Fire B=NoFire
A=Fire p 1
A=NoFire 1 q

Taking the real line part of Figure 1 as an
example, if the entry is set a number ¢ = 3, then
when room A is observed not on fire, by
computation its neighbor /3 would have 25% to be
on fire. Even worse, since 5B has a non-zero
probability on fire, s probability on fire would be
higher than B as long as p > 1/4. As this goes on,
the result would be at least 25% of all the other
rooms are on fire. That is far from facts. If it is seta
very large number, only leaving a near-zero "leak
probability” to be on fire as an approximation, then
when there are rooms observed on fire, all the other
rooms except their direct neighbors would have
near-zero probability to be on fire by computation.
The model would then lose its meaning. Similar
results would be got if a singlet potential is set as a
prior on every unobserved node, as the dash line
part in figure 1. Low prior on Fire lowers the
effect of any evidence on fire. Other techniques are
possibly effective for fitting specific observation
data in specific structure approximately, such as
setting » a large number, making some potentials
asymmetric, or adding extra nodes to the structure.
But when the observation or the structure differs,
these techniques are easily ended in failure. The
experiment in Section 7 clearly shows it. Basically,
the standard framework of undirected GM neglect
the fact that NoF'ire is not a state that can change
its neighbors' states. Therefore, it is not a proper
model for this problem, not even an approximation.

f(B)._) fC)Lr D)L}

I. 1
A B C D

Figure 1: rooms modeled by MN
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It seems that NoFire is like a CSI state.
Can CSI models capture its feature? According to
CSl's definition [15], two sets of variables X and
Y are contextually independent given context
C — ¢, where C is also a set of variables and
¢ € dom(C), if P(X|Y =y, c) = P(X]|e), for all
y € dom(Y'), such that P(Y = y,c) > 0. In the
above example, the state N oF'ire makes itself have
no effect on other nodes. If it is a CSI model, the
fact that the context € is either X or ¥ would
make the equation trivial. It always holds without
capturing the feature of the relation. Furthermore, if
it is not an evidence, a room in NnF'ire does not
mean it is independent of other rooms. It still can be
affected by them if they are not in NoF'ire. Either
cutting edges or disable factors would block
possible effects from them. In addition, a room in
NoFire would change to Fire if any possible
effect is successful to do so. It only remains on
NoFirewhen all effects fail to change it. This is
similar to the failure state in a Noisy-OR model.
For example, fire in a room can cause an alarm
beeping. When there is no fire, the beeping state is
predetermined by a leak probability. If there are
multiple causes to make the device beeping, each
cause affects it on their own, which known as the
Independence of Causal Influence (ICI). When all
parents of a child node are in their failure states, it
can be viewed as they sending a belief message
revealing the child's leak probability. Thus every
state combination can be incorporated in a CPT,
making it a BN. Based on it, a child node in failure
state can also send messages to its parents under the
assumption of a prior distribution of its parents’
states. Usually this prior is a uniform. This is totally
different from the situation of undirected relation.

States like NoFire in "Fire Estimation”
are common in real world. Epidemic propagation
modeling normally has state "uninfected". Social
influence modeling in a social network always
encounters people "unaffected”. Biological system
modeling usually has molecules or cells that have
"inactive" state. It's a state like "sleeping”, having
no effect and waiting to be activated. Proper models
should be established to precisely represent the
relationship involving these kind of states.

4. PASSIVE STATES
Comparing to standard GM, the major

difference of modeling comes from the existence of
the special state. It has no effect on other variables.

102

A variable in this state is passive. It leaves the state
if any effect can activate it.

Definition 1 Suppose
probabilistic model on a set of random
variables V , |V|>2 . Fach variable
X € V has state space {z',...2N}, N >2.
b(X) denotes X 's distribution. An effect
m on N
on X 's states: m(z'),...,m(z"),

there /s a

/s in the form of a distribution
where
SN m(x') = 1. Then the passive state of

X, denoted by 2°,0€{l,..N}, is the
state that satisfies:

(1)  For any W CV\X if its
distribution can be predetermined by
P(W) without considering X then
P(W|z°) = P(W). Otherwise, P(W|x®) is
undetermined.

(2) For multiple effects M = {my,....,my,

on X, X 's distribution under M s
denoted by b(X) = M(X). For any m; € M,
with probability m;{(x°), effect m; fails
to have effect on X, b(X) = (M\m;)(X).
A variable that has a passive state is

called a passive variable. |f it is in

this state, it is passive. By contrast,
other states are called act/ve states. |f
a variable is not in passive state, it is

active . The set of all states other than
r° is denoted by x7?. a° denotes that
every variable in set X is in passive

state, while o~ denotes none of them in
passive state.

active

A variable that only has

states is called an active

variable. We only concern variables that
Multiple
passive states cannot be distinguished in
should be

have at most one passive state.

a probabilistic model, and

combined to one state.

Corollary 1 Suppose X, C CV are two
finite non—empty sets of possibly passive
random variables, then YC c C , when
C=e°

P(X|C) = P(X|(C\C))
P(X|(C\C)) /s a

distribution without considering (.

(1M

where conditional

Proof: According to definition 1(1), if

=
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P(X|C) = P(X|(C\C). ")
= P(X.(C\O)|e") P((C\O)|e”)
= P(X,(C\C)P(C\C)
= P(X|(C\O))

Corollary 2 For a set of effects mq,...,m, on
passive  variable X nonempty  set
r Cn={1,...,n} denotes any distinct subset of
e, X's distribution under these effects can be
computed as:

Z'rgn (057' HiEr(?n’i ('I._U)”"‘f (‘Y))
Jlign m;(x°)) X #a°
Hi-e7l ?n't' (':t.(-)) }( B .UU
where a, = 1/ 3 v 0 [Tie, mi (X).

b(X) =

Proof: Let M, ={m;.jer} . For any
subset r , with probability
[Tic, mi(@7)  [l;gp mi(x°) . each effect

labeled in = is successful to make X in
an active state, effect
labeled in 5 — p fails to activate X. By
12, bX)=M,(X)  , and
effects in A, only set X in its active
states. Therefore, with this probability,
b(X) = ar [Lie, mi(X) ¥YX #£%° , and
b(x®) =0. The sum of the product of each
M, (X) with its probability is the first
case of the equation. It only
X =22 with probability [[,., mi(x?).
Corol.2 is proved.

while each

definition

|eaves
Thus

It can be viewed as the active part of each
effect affecting X through an OR gate. Specifically,
if X is binary, b(2=?) =3, (ILie, mi(z7?)
[1;g. m;(2°)). Since = is nonempty, it equals to
1 — [L;en mi(x®). Then this is exactly an OR gate
on each rn;(x~°), and its computation is rather
efficient. If X" has 2 or more active states, every
possible situation - which effects "succeeds" (in set
r), and others "fails" (in set n — ), is computed
separately by their probabilities. Then the overall
number of different situations is 2% — 1, which
makes it inefficient when n is large. If X has no
passive state, by this corollary's computation, its
each state's distribution is avy, [];,, 71 (), which is
consistent to BP in a standard model. With corol.1,
conditional probability can be computed, and CI
can be verified. Based on it, the static structure of
related variables in a GM can be established.

Consider a probabilistic model on a set of possibly
passive variables V', |V| > 2. For three mutually
disjoint sets X, Y, CCV , if P(X|Y.C)=
P(X|C)holds for any possible values, then X and
Y are conditionally independent given €.

Definition 2 Two variables XY and Y have a
neighboring relation in a graphical model on a set
of variables V , if there is no CCV ,
Cn{X,Y}=0 that makes X and V
conditionally independent. The two variables are
each other's neighbor.

Two neighbors are connected by a static link. The
overall static links on V" form the model's structure.
Here we only consider models that any variable in
it is conditionally independent of other variables
given its neighbors.

5. PARTIAL DEPENDENCE

Usually, an edge in a GM represents a
direct dependence that both sides have effect on
each other. However, in a model that has passive
variables, a static link does not imply the two
connected variable nodes can always affect each
other. According to definition 1, if one is in passive
state, it cannot change the other's state. In this sense,
the dependence between them is partial.

Definition 3 If a neighboring relation involves at
least one passive random variable, it is called a
partial dependence (Pl).

Describing PlI in a proper form of
parameters requires thorough analysis. It is known
that parameters of discrete active variables are in
the form of potential table. Each entry of the table
corresponds to a state combination of variables in a
cligue, with a nonnegative real number. An
example is shown in figure 2(a). The effect of one
variable's state on the other variable's distribution is
computed through each entry's proportion to all
entries corresponding to the state. In a pair-wise
model, the distribution computing on every entry is
bi-directional. However, if there is a passive state, it
has to be unidirectional - from active state to
passive state, since passive state cannot affect other
variables. Figure 2(b) and 2(c) show two examples.
Furthermore, the entry corresponding to all
variables in their passive states has to be left empty,
since every side has no effect on others. Figure 2(b)
is an example.
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(a) active-active  (b) passive-passive (c) active-passive
Figure 2: Parameters between different types
of variables. Entries with "*" are

unidirectional

Definition 4 A partial potential (p-pot) on a
clique € , where every variable in C has
neighboring relation with every other variable, is a
function table denoted by (). For every X e C,
it maps every combination of active states in
C - {X}, to a proportion on X''s states, which
implies:
ACP(C\X)") x P(X) @

An entry of the table is a nonnegative real number
corresponding to a state combination of every
variable in the clique. If an entry's correspondent
state combination includes at least one passive state,
it is called a partial entry. If there exists an all-
passive state combination, its correspondent entry is
undefined and left empty. A distribution can only
be computed under condition of active states. The
proportion of a partial entry to all entries that have
the same active states is interpreted as: in this
proportion, the nodes in those active states fail to
activate the node in passive state.

In a PI relation, node A having effect on
node 7 does not mean at the same time 73 having
effect on A. Plus, an effect only possibly holds
when it comes from active states. Neither standard
edges nor static links can explicitly represent such a
relation. Therefore, effect edges are designed as an
assistant system to exhibit partial dependence.

Definition 5 An effect edge is a probabilistic
existed directed edge between two neighboring
nodes. The probability it exists is the probability
that its tail node has effect on its head node. It is
shown if the probability is not zero.

An effect edge only shows one-side effect in a
relation. Effect edge system can be cyclic, and
differs under different observations. The nodes
observed in passive states have no outgoing effect
edges. The nodes observed in active states or the
nodes only have active states have outgoing effect
edges to each of their unobserved neighbors with
probability 1, which is exhibited in thick real line in
a graph. Effect edges from unobserved passive
variables exist with probability less than 1, which is
exhibited in thin line if the probability is not 0. The

example in figure 3 shows the different effect edges
under different observations of the same static
structure in figure 3(a). Figure 3(b) shows the effect
edges when node A is observed in active state a',
and node F in passive state ”. A has effect on its
two neighbors with probability 1 , while = has no
effect on other nodes. Both 73 and 72 have effect on
¢ with probability less than 1, and vice versa.
Figure 3(c) shows the effect edges when the
observation is A in passive state and 7 in active
state. To be consistent to standard GM, an effect on
a variable node through an effect edge, in the form
of the node's distribution, is called a belief message
arrived at the node.

Since the existence of an effect from a
passive variable has a probability, it is always
possible that with certain probability, a node
surrounded by passive nodes is affected by none of
them. The node has to be estimated a prior
distribution. This prior distribution may not be
uniform. It is estimated by specific prior knowledge.
For example, in "Fire Estimation”, the prior on
NoFireshould be 1 or slightly lower if a room is
not supposed on fire when none of its neighbor is
considered affecting it. This is a fact for most real
world rooms. If it is 1, then every node's default
distribution is their prior, for the non-effect
property of passive state. There might be a question
on how a fire is originated in such a model. The
answer is intervention:; the first burning room is
usually for some reason outside of the model which
intends to reveal the correlations of the rooms. If it
is less than 1, that means every node in default has
a probability in active state to affect their neighbors.
In this case, when there is no observation, their
default distribution in the model usually has a lower
estimation on their passive states than their priors,
since they are probable to affect each other through
interaction.

B B B
N
C al ' C a C
D D D

) - B 0 .1
(a) static structure (b} effect edges under a*, €” (c) effect edges under a”, ¢

Figure 3: The static |ink structure and effect
edges with A and F are observed

6. PARTIAL DEPENDENT GM
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A Partial Dependent Graphical Model
(PDGM) is a graphical representation of a set of
probabilistically related random variables, each of
which possibly having a passive state. The nodes of
the graph correspond to the variables. The static
links of the graph reveal their direct dependencies.
Each local structure has a partial potential as its
parameters. As an assistant system, the effect edges
varying by different observations explicitly show
the variable nodes' effects on their neighbors.
PDGM can induce independencies and factor-
izations, as the standard GM. However, they have
significant differences. The establishment of
PDGM is not based on its variables' joint
distribution, and a fixed joint distribution may not
reveal relations among its objects. A joint
probability table for discrete variables set every
state combination a fixed probability, which means
a fixed frequency. In many cases, frequency is not
related to correlation. For example, for buildings in
London, frequency of fire is quite different during
peaceful time and during riot time. But the
correlations of Fire effect between the same
buildings, which mainly decided by their materials,
structures, positions, etc are never change. On the
contrary, a typical example of PDGM is the model
that every variable's prior distribution is 1 on its
passive state and O on other states. Its joint
distribution by computation would be 1 on the
combination of all passive states, and 0 on any
other state combinations. Although the model
exactly reveals the relationships of the nodes, its
joint distribution tells nothing about them. In a
model where variables have nonzero prior on their
active states, the joint distribution is not trivial. In
many cases, while variables' prior distributions are
different, the relations among them do not change.
In this sense, PDGM focuses on describing
probabilistic correlations among its objects.

Although joint distribution cannot be
compactly represented in PDGM, since the model
is established on neighboring relations, there is at
least one way to exactly compute it. It requires to
compute each condition for each state combination
of the variables. Taking the model in figure 3(a) as
an example, first every state combination is
considered separately. Then consider whether an
active state is a result of its prior. And then consider
whether each variable in active state which not
activated by its own prior can be affected by one of
its neighbors. For example, for state combination
state(ABCDE) = (11110), if only A is activated
by its prior - bypri(ABCD) = (1000), then the
relations among them is exactly as figure 3 (b)

shows. By separately computing the probability of
each 3 possibilities:(1) 73, I are activated by A,
while (" is activated by B, D; (2) B is activated by
A, (7is activated by B, and 7J is activated by ; (3)
1) is activated by A, ('is activated by 1, and 73 is
activated by (', the probability of this specific
situation can be obtained. Joint distribution can be
obtained by summing up the probability of all
possible situations in different state combinations.
This is a method of exhaustive searching, which is
inefficient.

6.1 Inference in Pair-wise Models
The inference is based on belief message

passing. For two passive nodes X and ¥ linked
together in a pair-wise model, the p-pot is
represented as (X, Y"). Suppose ¢(X) and ¢(}")
are X" and Y's distribution respectively without
considering each other's effect. Let 7 denote effect
edge V=X , P(E)=gq(y=°) . Then after
considering ¥'s effect on X', X''s distribution can
be computed by:
1. Incase ¥ # y°, which has probability P{E), ¥'s
effect on X is m' =a'q(Y?)p(X,Y), where
o =173 q(Y2)(X,Y). By Corollary 2:
am!(x=2)ym/(X)q(x~")q(X)
+q(z?)ym'(X) + m/(2°)q(X)
m' (x?)q(x”)
where a = 1/3 . m'(X)g(X).
2. In case Y = y°, which has probability 1 — P(E),
b(X) = q(X).
Altogether, H{ X) is:

P(E)[(am/(x=)q(x=")q(X) + q(x°))m’(X)

! (2°)g(X)] + (1 P(E))g(X) X #2°

m'(z%)q(x°) + (1 — P(E))q(x°) X=ua"
Note that this result is equivalent to the effect
m(X) computed by:

m(X) = {ml(‘Y)P(E) X # ‘.I,o(

X #2°
X =2a°

b(X) =

3)

m'(x°)+ (1 — P(FE)) X =ua°
Thus, the "final" effect of any node on its neighbor
can be obtained.

When computing ¥'s effect on X, the
effect from X itself has to be excluded. Otherwise
it would lead to infinite self-enhancement without
extra information. This is analogous to the sum-
product algorithm - the computation of a belief
message from a node on an edge excludes the belief
message arrived at this node from the edge. Thus
the probability that an effect edge ¥ — X exists is
the probability that all except X''s effects on Y that
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make Y in its active states. For a complete
inference, consider unobserved node X, with »n
neighbors: Ny, .... N,, and n corresponding partial
potentials o (X,. Ny),...,o(X,, N,). X, has an
effect edge .., to each I, and each &, has E;, to
X,.. Suppose X,'s prior distribution is g, (X,),
and let n = {0,1,...,n}. Suppose each normalized
belief message from N; to X, is my;(X,) .
According to the above analysis, we have:

- The incoming messages sent to X, excluding
m;.(X,), together with X, prior, on the belief of
X..in its active states is the probability of effect
edge E;. It can be computed by corollary 2:

P(Evi) =Pn\i(-X'c' #a7)
=1- H mjo(ay) 4)
JjEN\I

- With probability P(F,;). X, has effect

on N,. The distribution on its active
states can be viewed as a message sent to
2( X, Ny
o = [H (miru(.z':")m,;rr(X.l,))

X,#x2,rCn\i i'€r

H T”-J‘I-U(.Tg)} - O

jlenNi—r

%)

And the effect on N is:
mi(N;) = a'o( X0, Ni) ooy 6)

Including the part of passive state (with
probability 1— P(E,;)), the altogether
effect on N;,, which also can be viewed as
a message sent from (X,,N;) to N, is
computed by:

Ppmsi = My (N;) =

{-mj,i(.-\",-)P(Ec,i) N; #n?

N. — 0
N; = n;

, @
m!(N;) + (1 - P(E.))

Thus, each message sent from a node to its
neighbor can be computed by the messages it
receives from its neighbors. The equations above
can be used to update each belief message. Finally,
the belief of X,. can be directly computed by all
messages it receives through corollary 2.

Note that the number of unknown message
m are equal to the number of their equations. In
theory, they can be obtained by solving these
equations. However, solving high order equations is
infeasible. Therefore, the following iteration
algorithm - Belief and Effect Updating (BEU) is
presented to get approximate result:

1. Each node observed in active state and each
active variable establishes an effect edge to each of
its unobserved neighbors with probability 1;

2. Each unobserved node establishes an effect edge
to each of its unobserved neighbors with the
probability of its summarized prior on all active
states;

3. Each node sends out initial belief messages
according to their observations or priors, to their
unobserved neighbors through effect edges;

4. If a node receives a belief message from a
neighbor, it establishes an effect edge to every other
unobserved neighbors if the edge has not been
established before, and updates the probability of
the edge along with the belief message on it
according to equation(4), (5) and (7). Repeat this
process until they converge;

5. According to the above messages sent to each
unobserved node, compute each node's belief.

The algorithm is based on BP. If the static structure
is a tree, or if the static links among unobserved
nodes form trees, then each evidence through
different effect edge to a node on the tree, or each
prior of a node on a tree can only possibly update
any belief message on any effect edge at most once,
which makes BEU to get an exact result in finite
steps. However, if the unobserved nodes form loops,
it is not guaranteed to converge, like LBP.
Specifically, if there is no passive state, by
equation(4), P(F,;) =1 for every effect. Then
Mo (N;) = o’ (X, Ni)ag, H_,-,En\,- My (Xy)
Aside from an extra normalization which does not
change any result, it is the same as LBP in a pair-
wise Markov network.

6.2 Discussion of Non-Pairwise Models

In the above analysis and computations, a
p-pot is not required for a node if its corresponding
neighbor is in passive state. For a node in a clique
with 3 or more nodes, it requires different p-pots
when different neighbor in the clique is in passive
state. A natural way to deal with this problem is
keeping a complete p-pot table for the clique, and
reducing it whenever necessary. For p-pot 12(C") on
cliqgue €, the variables in a subset s © € are in
their passive states with a probability. The reduced
p-pot (C) ;. keeps the o(C) entries where s = 52,
without variables in s. The nodes in the clique will
then compute their belief messages by the reduced
p-pot. An example of reduced p-pots for a 3-node
clique is shown in figure 4.
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Figure 4: A p—pot with its reduced forms for a . ."“ o ! gyl z“ g
3-node clique, 0 is the passive state A A A|.'| ¢ ‘.A
. . . Y e
However, reduced p-pots cannot be B A B Bﬁ_'*f‘_" B

arbitrarily parameterized, otherwise they would not
be compatible in the complete p-pot. Thus their
parameters are constrained. If such constraint is not
reasonable, then a set of p-pots should be
maintained for a clique. For arbitrary parameters, it
requires one p-pot for each sub-clique. Each one of
them only has entries that at most one variable is in
passive state. An example of arbitrary
parameterized p-pot set for a 3-node clique is
shown in figure 5. In this case it can even be
reduced to one node, putting the node's prior in the
corresponding p-pot. For an overall computation,
each possible situation, including which variables
in a clique are active, and should send messages to
which p-pot in the p-pot set, is computed separately
by their probabilities. The computation of yix_, ., is
the same as in Equation(5), computing the effect of
all messages except the one from this clique. The
computation of ., x requires different o~ for
different cases of variables in their passive states.

o~

110 €I 11 Es 11 Eg 11 €11

{01le 10/es 10/e 10| en
-3

011 - 01 e7 01 €10 01 €13

Figure 5: A set of arbitrary parameterized p—
pots
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Figure 6: The structure in the experiment

7. EXPERIMENTS AND EXAMPLES

The following experiment compares
PDGM with MN. It models "Fire Estimation" on a
graph in figure 6(a), with each node representing a
room that might be on fire. The center node ~ is the
only room observed, 1 (Fire) and 0 (NoFire)
each time. Due to the symmetry of the graph, only
beliefs of two kinds of nodes - A and 7B are
required to be estimated. The potential table for
MN modeling is table 1. The p-pot for PDGM is the
same table without the parameter ¢. In PDGM
modeling, e = prior(Fire) is the prior on active
state Fire. Figure 6(b), 6(c) and 6(d) are effect
edges when 7 is observed in active state, passive
state with prior(Fire) = 0, and passive state with
prior(Fire) > 0 separately. Note that in each
modeling, exact results can be obtained by solving
quadratic equations.

Table 2: Fire estimation by PDGM and MN.

P=2 P=0.8 P=0.25
Z=1[2=0]2z=1[2z=0]2Z=1]2Z=0

PDGM, |AD.8582] 0 [0.5486 0 [0.2132 0
e=0  |B0.7713] 0 [0.3945 0 [0.0809 0
PDGM, |Al0.8586/0.005000.54960.0026{0.2143(0.0015
e=0.001 [B|0.7717/0.00500.3957/0.0026{0.0822{0.0015|
MN,g=max/A|0.8638]0.7236/0.3386/0.3386/0.01540.0154
{1,1/p} |B|0.760300.7236/0.39020.3902)0.0588)0.0588
MN,g=maxA)0.7887]0.211300.16550.0911/0.00990.0080
{p.1+1/p} |B|0.6511/0.34890.1987|0.1841/0.03860.0386
MN,q= |Al0.1111)0.0025/0.02440.0044)0.0015/0.0005]
3(p+1/p) [B|0.0588/0.0187]0.0304/0.0266/0.0062/0.0061]
*MN,g=1 |A0.00200.00100.0008/0.0010/0.0002[0.0010]
e=0.001 B|0.0010/0.00100.0010/0.0010/0.0010/0.0010]
**MN, p=2/e p=0.8/e p=0.25/e
g=1  |Al1.0000/0.99901.0000[0.02350.99820.0018
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[ e=0.001 |B[0.9998]0.9990/0.9984)0.02350.9816/0.0018] o1 (2) 10.238100.2396/0.2472(0.2466(0.246500.2465

HLf,_v(U 0.1848/0.24530.2612(0.2712/0.27130.2713
probabilities of Fiire in room A and B, by different 267 (U 0.18480.25410.26920.27440.27450.2745
parameters. The higher » means the rooms are less -7 (2) [0.07610.13210.13660.14020.14020.1402
fireproof, while the lower p means better. Note that :::i‘_f’” E; 8égg?giggggiggggiggégiggégiggé
p Can be less than 1 if the fireproof material is m:::fl) 0.16670.16670.18810.18810.18830.1853
rather good. In MN modeling, setting g tobe 1 or p (7" 5\ 75 538110 23810.243000.24300.24300.2430
are two normal ways to set it. But q should never be i (1] 0.1667/0.22090.22440.22560.2256/0.2256|
less than 1/p to make a fair comparison. In *MN 1= —11(2) 0.2381)0.24630.245500.245700.245700.2457
and **MN modeling, each unobserved node is set a e {,(1) 0 [0.09230.122900.1231/0.12330.1233
singlet potential as a prior, e = prior(Fire). By inio—a(2)| 0 [0.04680.07410.07390.07400.0740
general knowledge, when ~Z is on fire, the nio—a(1)| 0 ]0.15340.18690.18890.1890/0.1890
probability of A on fire should be no less than 3 on min—a(2) | 0 10.09330.11750.11770.11770.1177
fire. Better fireproof rooms should have lower imio—11(1] 0 0.18990.18990.19170.18170.1017
probability than worse fireproof rooms. When Zis ~ [ro-11(2) 0 [0.10410.10410.10450.10450.1045
NoFire, there is no reason to estimate high mu-7(1)| 0 [0.10060.10060.10140.10140.1014
probability on Fire for any room. Table 2 clearly mn-7(2)| 0 [0.05850.05850.05860.05860.0588
shows that in any presented condition, only PDGM mi-10(1) 0 [0.14320.14450.14510.14510.1451
have reasonable modeling. MN modeling, either GAE “'EZ) g g'iéigg'ig;gg'iggg'iggg'igg
with or without prior, and no matier what g is set, :::1 1:( ; 0 10.13360.13380.13420.13420.1342

cannot reasonably explain the situation. Note that
**MN's strategy is setting p a large number
associated with 1 /¢. It can be a good approximation
when there is only one observation, either in active
or passive state, in a tree structure. But when there
are more than 1 observations, or if the structure has
loops, it fails to explain it. Only when p and 4 are
both very large, which means the relation between
every pair of nodes is very close to a deterministic
relation (one room on fire, nearly every other rooms
are also on fire), then the MN modeling can be
close to PDGM.

The following example shows how BEU
works, with structure in figure 7(b) and parameters
of trinary nodes in figure 7(a). pri(1,2,0) of every
node is set to be (0,0,1). Here, Node 3, 5 are
observed in state 2 and 1 respectively, and node 8 is
observed in state 0, as figure 7(b) shows. Figure 7(c)
is the effect edges under the observation.

1 2 3 R

ab s 7 g0

9 10 11 12 971011 12
(b) (c)

Figure 7: BEU test: parameters and structure

Table 3: The BEU iterations.

1 2 3 4 5 6
0.16670.2057|0.21890.22250.2248/0.2249

na—1(1)

The iteration results are shown in table 3,
where each n;_; (k) is the belief message on state
k(1 or 2) that sent on effect edge F;_,. Note that
there is no effect edge sent from or to node 8. Node
12 has no effect edge to 11, because it has no
incoming edges other than E;_,.. With prior of 0
on active states, it has no effect on node 11. The
belief messages sent on 3 — 2, 3 —4, 3 > 7,
5—1,5—6and 5 — 9 are never change. Edge
1 — 2is only affected by 5 — 1. Edge 2 — 6 is
only affected by 1 — 2and 3 — 2. Thus the belief
messages they send are fixed in 1 and 2 steps of
updating respectively. The rest of the edges are
shown in table 3. They converge after 6 iterations.
The marginal distributions of the unobserved nodes
are in table 4. The nodes having more incoming
effect edges tend to have low probability on their
passive states, since they have more ways to be
activated.

Table 4: Marginal distributions of unobserved nodes.

nodel 1 2 0 |nodeg 1 2 0

1 [0.5354/0.2577/0.2069 2 [0.47920.4466/0.0742
4 10.1667|0.50000.3333 6 [0.6200/0.3333/0.0467
7 10.4011/0.4937/0.1052 9 |0.57370.1812/0.2451
10 [0.62600.25480.1192| 11 |0.4561/0.3346/0.2093
12 |0.2978|0.2137/0.4885|

8. CONCLUSION
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The contribution of this paper can be
viewed as threefold. First, it reminds the existence
of passive states, and gives a definition in
probabilistic models. In real world, it is common
that in an interactive relationship, an object has a
passive state, in which it cannot change other
objects' states. Therefore, modeling dependencies
among these objects is different with normal
undirected modeling. Corollaries are deduced to
describe the feature of passive variables.

Second, this paper presents the Partial
Dependent Graphical Models, a framework that can
precisely capture the probabilistic relationships
among objects that have passive states. It is made
up of two correlated parts. The undirected structure
with partial potentials reveals the static relations
among different variable nodes. The assistant effect
edge system manifests different interactions among
variable nodes under certain observations. Aside
from representing partial dependence, PDGM is
consistent to standard graphical models.

Third, an inference method based on
message passing is provided for reasoning in the
model, since directly computing joint distribution is
inefficient. It vyields exact results when the
unobserved nodes in a model form tree structure. If
there are loops among unobserved nodes, the Belief
and Effect Updating process is provided for
obtaining approximate results. Experiments and
examples show the effectiveness of the model.

A series of issues are left for future
research. One is developing efficient method for
computing joint distribution. Joint probability
distribution of certain set of nodes may be required
in some applications. Computing by exhaustive
possibility searching is extremely time consuming.
Efficient approximate algorithms are required to be
developed. Learning parameters in PDGM is
another issue. Since a partial potential has both
normal and partial entries as its parameters, and
computing joint distribution is not easy, developing
learning algorithms can be a challenge. Other issues
may include exploring it in chain graph like
structures, and extending it to dynamic modeling.
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