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ABSTRACT

The certain and uncertain neutral systems with distributed delays are investigated in this paper. The
uncertainties under consideration are time-varying, but norm bounded. By the delay-dividing approach,
firstly new asymptotic stability conditions for the certain neutral systems with distributed delays are given
by Lyapunov method. Then the asymptotic stability conditions for the uncertain case are obtained
subsequently. Numerical examples illustrate that the proposed criteria are effective and lead to less

conservative results than existing ones.
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1. INTRODUCTION

The problem of stability of time-delay systems
of neutral type has received considerable attention
in the last two decades. To start with, the delay-
dependent stability criteria can be seen in [4, 8] by
the model transformation method. Next, matrix
decomposition method is applied to neutral systems
in [1, 11]. This method divides the delayed terms
into two groups (the stabilizing ones and
destabilizing ones) and enables one to consider the
stabilizing effect of part of the delayed terms,
which caused less conservative results than before.
Besides, discrete delay bi-decomposition approach
is introduced in [13] on the basis of the results in
[12].

However, for some systems, delay phenomena
may not be simply considered as delays in the
velocity terms or discrete delays in the states.
Therefore, it is desirable to extend the system
model to include distributed delays and stability
analysis for them is of both practical and theoretical
importance. In the recent papers by Chen & Zheng
[14] and Han [11], a descriptor system approach
(see Fridman [2] and [3]) has been used to
investigate the stability of neutral systems with
discrete and distributed delays. Han [11] rewrites
the discrete-delay term and employs a decom-
position technique [1]. Different from Han [11],
Chen and Zheng [14] rewrite both the discrete-
delay and the distributed-delay terms and apply
Moon’s inequality [16]. In addition, since a new
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form of Lyapunov functional including some triple-
integral terms, discrete, neutral, and distributed-
delay dependent criteria have been proposed, the
augmented vector and triple-integral terms play key
roles in the reduction of conservativeness [6].

In this paper, asymptotic stability of uncertain
neutral systems with discrete and distributed delays
are considered. The delay decomposition approach
is used and a novel Lyapunov functional is
proposed. Not only discrete delay interval but also
neutral delay interval are divided, at the same time
a triple-integral term is employed for distributed
delays. By linear matrix inequality approach, new
stability criteria for neutral systems with distributed
delays are derived. The resultant stability criteria
are less conservative. Numerical examples are
given to show the reduced conservativeness.

The remainder of this paper is organized as
follows: Section 2 contains the problem statement
and preliminaries; Section 3 presents the main
results; Section 4 provides two numerical examples
to verify the effectiveness of the results; Section 5
draws a brief conclusion.

1.1 Notations
Throughout this paper, * denotes the elements
below the main diagonal of a symmetric block

matrix, [] " denotes the n dimensional Euclidean
space and [1 ™" is for the set of all Mx N matrices.

A" and A denote the transpose and the inverse
of a matrix A. The notation X >Y (orX >Y) means
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that X and Y are symmetric matrices, and that
X =Y is positive semidefinite (or positive definite).
In this paper ||*|||s the Euclidean normin 0. If A

is a matrix, || is its spectral norm. i.e.

[ All=supgAx]: X[ =1 = A (A" A)

where 2 (A) (or 4, (A)) means the largest (or

min
smallest) eigenvalue of the matrix A. Sometimes,
the arguments of a function or a matrix will be
omitted in the analysis when no confusion can arise.

2. PROBLEM STATEMENT AND
PRELIMINARIES

Consider a class of neutral systems with discrete
and distributed delays which are described by the
following:

X(t) — D(O)X(t—7) = AQ)x(t) + B(t)x(t )

. D
+C(t) L _ X(s)ds

X(t) = (1), te[-p,0] )

where x(t) is the state, 7 >0, h>0andr>0 (r = z,h)
are constant neutral, discrete and distributed delays.

p=max{r,h,r}and the initial condition ¢(t)is a
continuously differentiable vector-valued function.
The continuous norm of ((t)is defined as

lell. = max,i_, o ®)]

A(t)eD ™, B(t) el ™, C(t) el ™", D(t) e ™" are
uncertain matrices. We assume that uncertainties
are norm-bounded and can be described as:
A(t) = A+AA(t)
B(t) = B+ AB(t) 3
C(t)=C+AC(t)
D(t) = D+ AD(t)
where A B,C,D are known constant matrices; The

admissible uncertainties are assumed to satisfy the
following condition:

[AA(t) AB(t) AC(t) AD(t)] = HF ()[E, E, E. E,]  (4)

where H, E, ,E,, E., E, are known constant matrices
with appropriate dimensions and F(t) is an
unknown and time-varying matrix satisfying:
FTOF@) <1, Vvt ®)
Throughout this paper, we assume that the matrix
D(t)is Schur stable. Considering F(t)=0, we get

the nominal neutral system with distributed delays
as follows:

e
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X(t) - DX(t—7) = Ax() + Bx(t—h)+C[_ x(s)ds  (6)

In this paper, we will firstly consider the
asymptotic stability for the nominal system (6) and
obtain the promising results for it. Then we will
extend to analyze the system of (1) and deduce the
homologous conclusions. In order to analyze the
asymptotic and robust stability of the neutral
system with distributed delay, the following
inequalities and integral inequalities are required.
They are stated in the lemmas given below.

Lemma 2.1: [5] Given a symmetric block matrix
described by the following :

S — |:Sll S12 :|
Ssz S22
where S, S,ands,, are proper dimensions. Then
the following three conditions are equivalent:
(i)S<0
(ii)su <0, Szz - SszSﬂlslz <0
(iii)S,, <0, S;; —S,,5,S,, <0

Lemma 2.2: [5] Let Ue™and V €0 ™", then
we have

X'UVx<|UV X" x< UV [x"x, wxeO"

Lemma 2.3: [9] For any constant matrixH 0™,
H > 0and scalary > 0, vector function

w:[0,y]>0"
such that the integrations IVQ,T (s)H ew(s)ds and
0
joy“’T (s)ds are well defined, then the following
inequality holds:
7 177 7
[ o ()Ha(s)s < —;[ [[or (s)ds} H [ [/ w(s)ds}
Lemma 2.4: [7] For any constant matrix
Hel™ H=H">0
scalar » >0 vector function ,:[0,,] - "such that
the integrations in the following are well defined,
then the inequality holds:
[ o OHo)dst0 < -%[ [ (s)dsde} H [ [ J‘;H(u(s)dsdﬁ}
Lemma 2.5: [10] For given matrices Q =Q",
M and N with appropriate dimensions, then
Q+MFHN+N'FT(t)MT <0
for all F(t)satisfying F™(t)F(t)<1, if and only if
there exists a scalar s > 0, such that
Q+5 ™M™ +5N'N <0
The objective of this paper is to further reduce
the conservatism of the stability conditions for

uncertain neutral systems with distributed delays to
ensure a larger maximum upper bound on the delay.
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3. MAIN RESULTS

In this section, we study the asymptotic stability
for the system (1) and (6) based on time domain
approach. A new Lyapunov-Krasovskii functional
is utilized and the proposed stability criterion is
discrete-, distributed- and neutral-delay-dependent.

3.1 Results on The Nominal Neutral System

For the asymptotic stability for system (6), we
have the following result.

Theorem 3.1: For given scalars 7, handr, the
neutral system with discrete and distributed delays
described by (6) is asymptotically stable, if there
exist matrices

P= [Pij]5x5 >0,Q= [Qij]2><2 >0
V=]V, ], >0R=[R/] >0W=[W] >0
X,>0,X,>0Y,>0Y,>0,7Z,>0,2,>0,Z,>0
with appropriate dimensions such that
O+APA, +AJPA, +L'ML<0  (7)

where

_®11 6, 0, 0, 0y 6, 0 0 0 ®110_
* 0, 0, 0 0 0 0 0 0 ©
* * Oy 0 0 65 0 0 0 O
* * * 09, 04 0 0 0 0 ©
6 * * * * . 0 ©, 0 0 0
* * * * * Of 0 0 0 0
* * * * * * 0, 0 0 0
% * * ¥ Qg 0 0
0 0 0 0 0 0 0 0 0 O
* * * * * * * * @1010

I 00 0O0OOOTO OO

001 00O0OOOTODPO

A={0 00O 01 00O0OOTO

000O0O0OOOOTIDO

000OOOOOO 0!I

A 0O 0O 0B DU OUOOC

00 0 O0OT1T O0OO0OO0OTGO

A,={0 0 O OO O1I 0 00O

I 0-1 00 0O OTI O

I 0 000 O0O0S- 0O

0y, =Q,;, +QpA+ ATQ21 +R; +R,A+ AT Ry
V= X, = X, HW, Y, =Y, +Z,+r°Z, -1z,

0O, =V, + X,

0, =X,

0y, =W, +Y,

05 =Y, +Q,B+R;,B

0, =0Q,D+R,D
0, =rZ;+Q,C+R,C
0y, =V, -V, - X,

0By =-V,

0Oy =-Q —V — X,
05 =-Q,

0, =Wy, —W,, Y,
0,5 =-W,

Ogs = —R;, —W,, Y,
05 =-R,

Og =—Qy

0, =Ry

O =—2,

Oy =—Z,—Z,

L=[A000BD000C]
7 h? rt
M =QZZ+R22+T2X1+ZXZ+h2Y1+ZY2+ZZS

Proof: Define a legitimate Lyapunov functional
candidate as

V (X(1) =V, (X(1)) +V, (1)) +V, (X (1) +V, (x(1)) (8)
where

Vi (x(@©) =" (©)Pr(t) 9)

Vo) = [ [¥ (94 (9)]Q [igﬂds

. . x(s) (10)
+L€[x (s) x (s—E)}v x(s—%) ds

+ J‘—Dr J‘tt+g X' (5)(TX1)X(S)dsd¢9

+ f,og Ltg X' (S)(% X,)Xx(s)dsd &

Vo) = [ 6 X ()R Kgﬂds
¢ h X(s) (11)
Lorerep) L@—%st
+[° [ % (s)(hY,)x(s)dsde

* fﬁ I;e X' (S)(%YZ)X(S)dsdB
Vi (x()) = f,r X" ($)Z,x(s)ds
+ IO Lig X" (S)(rZ,)x(s)dsd@

o[ L5 @G ziesde

(12)

where P Q,R,V,W, XY Z; (i=1,2 and j=1,2,3)
are defined as in Theorem 3.1.
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77T (t) — |:XT (t) XT (t 71_) XT (t _ h) J‘t XT (S)dS J‘t XT (S)dsj| VA(X(t)) = XT (t)le(t) - XT (t - I’)le(t - r) + XT (t)(rZZZ)X(t)

T L4 . _[ T
The time derivative of V(x(t)) along the +X(t)(4z3jx(t) [ X ©0Z:)x()ds

trajectory of system (8) is given by

- j” [« (s)[r; zsj %(s)dsd6
V(X(t)) =V, (X(1)) +V, (X(£) +V; (x(0) +V, (x(t))  (13)

. . . . By Lemma 2.3 and Lemma 2.4
In fact, Vi, (x(t)) .V, (x(1)) :V, (x(t)) andV, (x(t)) can be

computed and estimated as follows: Va(x() <X (O] 2,+1°Z, -1 Z, x(O) - X (t-1)Zix(t-)
V,(x(0) =" ©P7(t) + 7" (OPsi(t) (14) w1 (1) {2 zgjxamxT O12,)| ]|, x(s)ds |

=ET(O)(A]PA, + AJPAE(D) . .
) —D‘H X' (s)ds](z2 + Z3)UH x(s)ds}
where A, and A, have been defined before,

17)

Ty [T T_ET_T_DT_»T_
FO=[XO XD X DN (E-0) Substituting (14), (15), (16) and (17) into (13) and
K (t—h) X" (t—r) L‘ X" (3)ds L‘ xT(s)ds} the time-derivative of V(x(t)) has new upper

bound as follows:

Then we consider the time derivative of\v, (x(t)), V() < £ ATPA, + ALPA)E®) + £ (QOZ() + X' (MK()

we have
Further consideration on x" (t)Mx(t), We have
, et X0 x(t-7)
V,(x(0) =[ X" (1) X (t)]QLm}[X {t-7)x (t—r)]QL(t_T)} .
0 V(X®) <& (O] @+ATPA, + AJPA, + LML (1)
X T
Tt T T Tyt X(t-7)
J{X Ox (t_Z)}v{x(tz)}{x (= (t")}v{x(tfj Therefore, if there exist matrices
+X (t)(72X1+T—2X2)>'((t)—'[; X (s)(r X, )X(s)ds P=[Rls>00Q=[QL.>0
_J“ i« (S)(EX J(s)ds V= |:Vij :.2x2 >0,R= |:Rij:|2><2 >0W = I:Wii:lzxz >0
g 2 X,>0,X,>0,Y,>0,Y,>0,Z,>0,Z,>0,Z,>0
Using Lemma 2.3 yields with appropriate dimensions such that (7), then we

v‘(x(t))<[xT(t)xT(t)]Q[x(t)HxT(t-r)xT(t—r)]Q{X(H)} nave v (x(t)) <0 which guarantees system (8) s
s X(t) X(t-7) asymptotically stable. This completes the proof.m

X _z Remark 3.1: By dividing the neutral dela
{XT(t)xT(t—;)MX }[XT(t—;)xT(t—r)}v{x(t ’} y g y

2 - - .
t-3) ) interval_ o) into[ <] and[ ¢ o], then different

functional were chosen on each subinterval. We
have performed a similar trick with discrete delay
X (DX )+ 20 OXx(t-2) + 247 (Xt ) interval [, ojand we can see that the division

+X (O)(*X, +T7: X)X = X" @)X, + X,)x(®) =X (t=7) X, x(t—7)

(15) provides extra freedo_m for neutral delay terms and

reduces the conservation.
Similarly we obtain Furthermore, asymptotic stability conditions for
, ' X(t) ' X(t—h) r=0and r=h in the system (6) are obtained on
V,(x() <[ X (0 XT(t)]R[XJ—[xT(t—h) XT(t—h)}R{X(t_h)} the basis of Theorem 3.1. In this paper we will

®
x()

A ) LY show them in the following Corollary 3.1 and
{XT(t) xT(th)}W x(t—h)}{XT(tZ) xT(tfh)}W 2} Corollary 3.2.
. 2 X(t=h) Corollary 3.1: For given scalars 7,h and r =0,
FX MY, + V)0 =X O + VX0 =X (E-h)Yx(=h) the neutral system with distributed delays described
=D -y 20 vty + 2x @Y - ) by (_6) is asymptotically stable, if there exist
2 2 2 matrices

(16) P= [Pij]5><5 >0,Q= [Qij Lo >0
V= [Vij :.2x2 >0,R= [Rii]2x2 >0W = [Wii] >0

Subsequently, we considerV, (x(t)) in the following: 22
X, >0,X,>0,Y,>0,Y,>0

e
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with appropriate dimensions such that matrices
@-F/_\IP/_\Z—F/_\; P/_\1+DME<O (18) P:[Pij]sxs>01Q:[Qij]2x2>oxvz Vij:|2X2>O
where X,>0,X,>0,Y,>0,Y,>0,2,>0,Z,>0,Z,>0
I 00000O0O0O ) o )
_loo1 00000 with appropriate dimensions such that
A= -~ -~ ~ A~ A PN
0 0001000 ©+AIPA, +ATPA, +L'ML <0 (19)
0 0O0O0OO0O0° I
where
A 0O 0O 0B DU OO
7\_00 0 00 I 0O L:[AOBDOOC]
oo 000010 , .
0 -1 00000 M:sz+r2xl+%x2+%z3
L=[A000B D 00] L 000000
_ oo T2 , 2 i (0010000
M=Q,+Ry,+7 Xl+7x2+hYl+TY2 loooo0o01 0
o _ _ _ _ _ 000 O0O0O 01
®1l ®12 ®13 ®14 ®15 ®16 O 0
£+ 0, ®&, 0 0 0 0 0 A 0O B D 0 O0C
x * @, 0 0 O, 0 0 /A\ZOOOIOOO
@***@44@5000 /1 0-1 0 0 00
_****@550@570 I 0 0 0 -1 0O
* * * * * @ 0 0 - A - ~ A A
% % % % % % @77 O ®11 (:)12 ?13 ®14 O 0 ®17
lo 0 0 0 0 0 0 0 * 0z 6, 0 0 0 0
_ * * 0@, 0 0 0 O
®11:Q11+Q12A+ATQ21+R11+R12A+ATR21 0= * * * (:)44 0 0 O
~ +V, = X, = X, +W, =Y, Y, . w w w @55 0 0
O, =V, + X, 00 0 0 0 0 0
®13:X1 * * * * * * é77
Ou e Ye Oy, = Qu + QuA+ATQ, +V,, — X, — X
@15=Y1+Q128+R128 11—Q11 Q12 Q21 21_ 12_ 2
— W,-Y, =Y, +Z,+r°Z,—rZ
@16:Q12D+R12D R + 11 1 2+ 1+ 2 3
C:)22 :V22 _Vu - Xz ?12 =Vt X,
@23:_\/12 0, =X, +Q,B
@33=—Q11—V22—X1 C:)M:QQD
@3e:_Q12 0O, =Qp +rZ,
@44 =W,, -W,, =Y, 0y, =Vy =V, = X,
(:)45 =-W, Oy =-Vy,
@55:_R11_W22_Y1 Oy =—Q; —V, — X,
(:)57 =-Ry Oy =—Qp
@ee =-Q, 0O, =-Qyp
QT)77 =-R,, Og =—2Z,
O, =-2,-2,

Corollary 3.2: For given scalars z=h and T, 3.2 Results on The Uncertain Neutral System

the neutral system with distributed delays described For the asymptotic stability for system (6), we
by (6) is asymptotically stable, if there exist have the following result.

e
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Theorem 3.2: For given scalars - hand I, the there exist matrices
neutral system described by (1) with uncertainty P=[Flss>0.Q=[Q;l,, >0
described by (3), (4), (5) is asymptotically stable, if V=[V;]  >0R=[R/] >0wW=[W] >0
U J2x2 U _12x2 U 12x2

there exist matrices
P= [Pij]5x5 >0,Q= [Qij]2><2 >0
V= [vij ]M >0,R= [Rij]ZX2 >0,W = [Wij]ZX2 >0
X,>0,X,>0Y,>0Y,>0,7Z,>0,2,>0,Z,>0

X, >0,X,>0,Y,>0,Y,>0
with appropriate dimensions such that

B+ AIPR, +AIPA 4+ 7T HH'Z, +67'7, TM+17/HH™M
& &

<0
with appropriate dimensions such that ,\,|[+1,\,".".p;?Z M
@+AIPA2+A;PA1+1}{;HHT}[2+8)[1T}[1 '™ +1;(;HHTM ‘ (22)
L ) ’ <0 where
ML+ MHH 7, M 7%=[E. 000E, E, 00]
(20) Z,=[Q.+R, 0000000]
and other notations have been defined in Corollary
where 31

%=[E, 000E; E; 000 E] Corollary 3.4: For given scalars z=h and I,

%2=[Qn+R,, 000000000] the n(?utral system describ_ed by (1) vv_ith uncertaint_y
described by (3), (4), (5) is asymptotically stable, if
and other notations have been defined in Theorem there exist matrices
3.1 P:[Pij]SXS >0’Q:[Qij]2x2 >0V :[Vij]zxz >0
Proof: We replace @,A,,L With e(t), A, (t), L(t) ON - %>0,X,>0Y,>0Y,>02,>0,2,>0,2,>0
the basis of result of Theorem 3.1, thus we have the with appropriate clilmensmns such thatl
inequality by Lemma 2.1. O+AIPA, +AIPA, +=7THHT 7,467 7, UM +=7THH™M
& & <0
O(t) +A;PA, (1) + Ay (PA, L'()M <0 (21 MC+ LMHHT 7, -M
ML(t) -M ¢

(23)
Considering the uncertainty described by (3), (4), Where
(5), we obtain the following matrix inequality 7=[EAOE; E; 00 E.]

7,=[Qx+R,, 000000]

and other notations have been defined in Corollary

{@m} PA, +A}JPA, LTM}
3.2,

ML -M

M T
A FTOHT {ZZ ) }{}“ O}le(t);(1 <0

0 M 0 4. NUMERICAL EXAMPLES

By Lemma 2.5, we have In this section, two numerical examples are given
O+ ATPA. + ATPA. L'M to illustrate the effectiveness and the improvement
{ e } of the proposed method over some previous ones.

ML -M Examplel: Consider the uncertain system
T T
+£[ﬂcz O}HHT{J@ M}‘{Ja % 0}0 A [09 02] [-11 -02
(M 0 0 0 0 0 01 -09 -01 -11
Therefore, we obtain the linear matrix inequality c_|012 012y J 102 0
(20) which guarantees the uncertain neutral system -0.12 0.12 02 -01
with distributed delay is asymptotically stable. This H=1, E,=E,=E. =E, =0.1l, r=0.1

completes the proof.m
We also obtain the corollaries when r =0 and
7 =h in the system (1) on the basis of Theorem 3.2.

Whenh =0.1, by Corollary 3.4, the upper bound of
I that guarantees the asymptotic stability of system
(1) calculated by the method in this paper is 6.7.

Corollary 3.3: For given scalars 7,h and r =0, Applying the criteria in Chen & Zheng [14], Han
the neutral system described by (1) with uncertainty [11] ar_ld Li & Zhu [15], we show the results in the
described by (3), (4), (5) is asymptotically stable, if following table 1.

e
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r=0.1, h=01
Chen and Zheng. 6.2
Han. 6.4
Li and Zhu. 6.6
Corollary 3.4 in this paper 6.7

Table 1: The Allowed Upper Bound Of r

Example2: Consider the uncertain system
-34 02 -1.1 01
A: B:
01 -09 01 -12
0.1 -0.2 d 0
C = D =
0.1 0.3 0 d
H=1, E,=E, =E. =E, =0.2l, 7=0.2
Whenr =1.0,d =0.25, applying the criteria in Li &
Zhu [15], Sun et.al. [6] and Theorem 3.2 in this

paper we can obtain the allowed upper bound of h.
We show the results in the following table 2:

=02, r=1.0
Li and Zhu. 0.70
Sun et.al. 0.72
Theorem 3.2 in this paper 0.79

Table 2: The Allowed Upper Bound Of h

Through these examples, it can be seen that our
method is less conservative than the previous ones.
5. CONCLUSIONS
This paper is concerned with the stability of
linear certain and uncertain neutral systems with
distributed delays. Applying the delay-dividing
approach, new discrete-, distributed- and neutral-
delay-dependent stability criteria are presented
based on the Lyapunov theory. Two numerical
examples are given to respectively show that our
method is less conservative than the previous ones.
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