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ABSTRACT

In order to guarantee real time, a simple control method is presented to stabilize the fast-moving system-
inverted pendulum. The method was obtained by mathematical derivation based on the dynamical model of
the inverted pendulum system, but the control strategy is independent of the model. It is applicable for
controlling other multi input single output plants besides inverted pendulum. A controller was designed to
stabilize an inverted pendulum based on that method. The structure of the controller is simplified, and the
parameters which need to be adjusted are reduced. The simulation result shows that the simple control

method is valid to stabilize the inverted pendulum.
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1. INTRODUCTION

The inverted pendulum system is a typical
nonlinear, unstable, non-minimum phase, fasting-
moving and under-actuated systems. It is a very
important problem to stabilize inverted pendulum
for research of control theory. As a typical
controlled plant, inverted pendulum is not only a
challenge for design of controller, but also a very
good experiment platform for research and
application of many advanced control methods.
Moreover, the inverted pendulum has very
important practical values for the control of robot,
aircraft, aerospace craft and etc. Thus, the control
method of inverted pendulum not only has theory
value but also has universal use in war industry,
spaceflight, robot and general industry areas. The
control problem of inverted pendulum has been
studied widely by many scholars [1-4] from the first
success of development of single inverted
pendulum system.

According to the published literature, there are
many theories and successful examples to stabilize
the inverted pendulum. At present, common
methods to stabilize inverted pendulum include
linear control [5-7], fuzzy control [8] [9], Neural
Network control [10] [11], nonlinear control [12],
inversion system control [13] [14] and the
combination of two or more different methods [15].
But those control methods mentioned above are
becoming more and more complex, and the design
of corresponding controllers is more and more
difficult especially for intelligent control methods,

and so is the parameter tuning of controller.
Therefore the particle swarm optimization [16] and
Genetic Algorithm [17] are adapted to simply the
design and parameter tuning of controller. Then the
control methods are further complicated. Thus,
much more time is taken to calculate the output of
controller. Those more and more complicated
control methods are not suitable for inverted
pendulum with hard real-time requirement, not to
mention their controlling effect.

In order to guarantee real time, a very simple but
valid method is presented to stabilize inverted
pendulum. The design of controller is simplified
and the parameters need to be adjusted is reduced.
Simulation results show that the controlling effect
is satisfied. It is more suitable for real-time control
of inverted pendulum.

Section 2 presents the model of inverted
pendulum. In section 3, the control law is designed.
In section 4, the simulation results are given.
Section 5 gives a conclusion to the whole paper
expecting the next work.

2. MODEL OF INVERTED PENDULUM

A typical inverted pendulum is mainly
composed of pendulum and a moving platform
driven by one motor. The controlled variables
include the deviating angle from plumb line of
the pendulum and placement of moving
platform. Neglecting friction and air resistance,
the typical inverted pendulum system can be
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abstracted as Figure 1. For inverted pendulum,
the physical parameters include the length and
mass of pendulum represented by | and m
respectively, and the mass of moving platform
represented by M. The placement of platform
referenced to the starting point is represented by
X, and the deviating angle from plumb line of
pendulum by a.

Then model of inverted pendulum will be
built according to the energy characteristics of
mechanical systems based on Lagrange
Equations. First, assume that the pendulum is
uniform rigid body. Let ds represent an
arbitrarily short part of pendulum, which
position referenced to the starting point can be
specified by

) = {x+ssma} 1)
SCOsa
Thus, the kinetic energy of ds will be
or =L anl i
2

= Epds(xz +2sc0saadx +s’a”)

Here dn=ds-» , and p represents the ratio

between the mass and length of pendulum
similar to the density of objects.

!
Y

] i

— . — X

Figure 1. Sketch Map of Typical Inverted Pendulum

Likewise the potential energy of ds is
dV=p-ds-g-cosa .
Then the kinetic energy and potential energy of
the whole pendulum are respectively

7= lM;;Z +j’df :lmz +1mzd;'fcos(x +lm12d2
2 0 2 2 6

1 1
V= IO dV = Emg]cosa

So there is

Llg q)=T-V )
=E(M+m)5zz+lm]djzcosa+lm12d2flmg]cosa @)
2 2 6 2
Here L is the Lagrangian and q is the
generalized coordinate of system. Let
g =(x,a) and substitute it in Lagrange Equations
d oL oL _
i, o, "
Here y,is the external force in generalized

coordinate. Then there are

i=1,..,m,

i6—/,‘=(M+m))'('+lm](¢')2c050z—okzsinoc)
dt dx 2
2Ly
ox
ia—L,:lm](;‘r’cowz—)‘(o'csinoc)+lm]20'2
dt da 2 3
OL _ L gk + Lagrsing
o 2 2
Thus, the Kkinetic equation of inverted

pendulum is derived as

(M+177)Xcosa+§m]acosa—m]az sina=r (3)

II]/'Y'COSaJr%I[L/Z(:Z.*%IHg]Sina =0 (4)
Here 7 represents the force of motor.

Considering the frictional force, the model of
inverted pendulum can be modified as

. 1. .
(I + m)icosa +—mlicosa ——mla*sina +c, % =7 (5)
2 2 s

%m;cosa+é/ﬂ]20'é+cmd—émglsina =0 (6)

Here cy is sliding friction coefficient of the
moving platform in proportion to its speed; c, is the
friction coefficient of pendulum proportionate to its
angle acceleration.

In order to make the expression much terser,

let
1 =112
My=M+m
4 ~
jozgmjz

And substitute them in equations (5) and (6),
then (7) and (8) are obtained as follow:

Mk +mlacosa—mlasina+c,x=1 (7)
ml¥cosa+J,d+c,a—mglisina=0 (8)

Assume that the pendulum is stabilized
nearby the balance position in the course of
actual control, and the angle of pendulum
equals zero. Considering the essence of inverted
pendulum system, equations as follow are
tenable: cosa =1, sina=« and ¢ =0 . Substitute
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them in (7) and (8), the linearized model of
inverted pendulum system is obtained as (9) and
(10).

Moj('+m‘]-d+c‘u)'(=r 9)

ml ¥+ JyGi+e,a—mgla=0 (10)

3. DESIGN OF CONTROL LAW

In normal conditions, the pendulum and the
moving platform are coupled with ball bearing.
Therefore the rolling friction coefficient is
relatively small when the pendulum is rotating.
Then ¢, can be neglected. Equation (10) can be

expressed as (11).
ml i+ J,0—mgla=0 (11)

Here X is the acceleration of the moving
platform.

Via  appropriately  transforming, the
acceleration can be transformed into force from
motor to moving platform. Thus, above equation

can be expressed as (12) considering X as the
input variable of inverted pendulum system.
=—]0d+~mg]a (12)

ml

Then the system can be considered as a simple
linear system. If let o, , ¢, and ¢, are angle,

angular velocity, angular acceleration of the
pendulum respectively, the feedback control law
can be designed according to (12). The expression
of control law is (13).

= Jody +k1(a—ad)+k2(d—dd)+mgl~a

ml
(13)
Where k; and k, are the feedback gains of angle
and angular velocity respectively.

Substituted above expression in (12), (14) can be
obtained.

“J@—-ag)+k(a—ay)+k,(a—ay)=0 (14

Let the error between the reference angle and the
actual angle is e=atagy and substitute it in (14),
which can be expressed as foIIow

d de
dt “dt

Then its characteristic equation is A%+ kgA+
kp=0. Known from the control theory, that system
is asymptotically stable. When the time is long
enough, a, the angle of pendulum converges oq. In
the real time control, the control target is to

—+kpe:0.

stabilize the pendulum on the vertical position, so
that let the given angle is zero. Then (14) is
changed as (15).

X=ad+ka+k,a (15)

Here , :7]/012-

According to the control target of inverted
pendulum, the influence from displacement of
moving platform is secondary. But generally
speaking, the movable scope of moving platform is
limited, and then let its linear displacement equal
zero. Transform (15) to (16), the control law is
obtained.

X=aa+ka+ka+kyx+k,x (16)
Here ki, k,, ks and k, are feedback gains of
corresponding variables respectively.

Obviously, equation (16) is intricate and
unachievable. Because there are certain relation
between the acceleration of the platform and the
output force of the motor, let the output force of the
motor as the input of the inverted pendulum.
Substitute (10) in (16), (17) is obtained.

(Mgdy —m?l )
ml
According to the derivative process of (16), the

control law of the inverted pendulum shown as (18)
is obtained.

+eyX (17)

T:Mogd_

U, =kja+kya+kyx+k, x—kea (18)
here u, =7/a, ; ao is the relation coefficient

between the voltage and the output force of the
servo motor; kq, kj, ks, k4 and k are feedback gains

of corresponding variables respectively.
M, 1 V4

And klzw, k =c, , k=%
a,m! 4

Here ki, and k, can be computed from the
parameters of the inverted pendulum.

Known from (18), the control law of an inverted
pendulum is similar to the PD control law. That
control law is easy to be understood and realized. If
adopting this method, the structure of controller is
very simple. Some of the gains can be calculated
from physical parameters of the inverted pendulum
system. Then there are few parameters need to be
adjusted.

The control method is easy to expand to control
a double or triple inverted pendulum. As an
example, (19) can be used to stabilize a double
inverted pendulum system.
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u, =ka, +k,o +ka, +k,c, +k,x+kgx —ka (19
)

If neglect the effect of the acceleration of the angle
to the control performance in (14), namely, let k=0,
that control law is just as same as the human-
imitating control law [18]. That article gives only a
control law without theoretical basis.

4. SIMULATION

The controller was designed according to the
control law shown in (18) for inverted pendulum.
The structure of the control system for inverted
pendulum is shown in Figure 2. Two sensors were
used to measure the placement of the moving
platform and deviating angle of pendulum. The
physical parameters of the inverted pendulum
system are shown in Tablel.

I.Lkl
dt [k,

1
-

Inverted
Pendulum

19]01U0D

—

Sensor 1

Figure2. Structure of Control System for Inverted
Pendulum

Table 1. Physical parameters of inverted pendulum

Parameter Value Unit
| 0.31 m
m 0.192 Kg
ag 13.16 N/V
Cm 43.94 N/ms™?
M 0.968 Kg
Cm 3.49 10°N/ms™
I 1.64 10°Kgm?

In order to verify the validity of the presented
method in this article, the simulation experiment is
made based on the simple control law with
MATLAB. In the simulation experiment,
parameters of the controller are shown as Table 2.
Then, when sampling time interval is adjusted to 20
millisecond seconds, the simulation results are
shown in Figure 3 and 4. Figure 3 is the
displacement of the moving platform and Figure 4
is the deviating angle from plumb line of
pendulum.

Table 2. Feedback gains of controller

Parameter Value
Ky 50
Ky 5
ks 20
K, 1
k 5.6

660

The results of simulation show that the simple
control method is feasible and valid to stabilize the
inverted pendulum. It is illustrated that the simple
control method has a good performance. With this
control method, the inverted pendulum system has
not only good dynamic feature but also good
steady-state performance.
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Figure 3. Displacement of the moving platform

0.06

0.05

0.04F

0.03f
=}
8
-~ 0.02F
L
j=2]
g o.o1f

0 A\

0.01f

0.02F

OJUJO 0.1 02 03 0.4 0.5 0.6 0.7 08 0.9 1

Time/second
Figure 4. Deviating angle from plumb line of pendulum

5. CONCLUSION

As the control methods of inverted pendulum are
coming more and more complex, a simple control
strategy is presented to stabilize the inverted
pendulum system. Compared with the other control
methods, it is much simpler. The design of
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controller and the modifying of parameters are thus
greatly simplified. The simulation result shows that
the control method is feasible and valid. Utilizing
the method, the control performance is satisfied.
And the real time of control is guaranteed greatly.

The control law in this article is not dependent
on the model even though it is derived from the
dynamical model of an inverted pendulum system.
It is easy to transform the control law to stabilize a
double or triple inverted pendulum system. And the
method can be adopted to control other multi input
single output systems.

The disadvantage of the control method
presented in this article is that the dynamic
performance is barely satisfactory. So the next work
is to improve the response speed of control system.
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