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ABSTRACT

In this paper we present a new method of cameras self-calibration having the varying intrinsic parameters,
by an unknown planar scene, and we demonstrate that the estimation of these parameters can be made from
three matches between two images, which shows the importance of our approach at minimizing constraints
on the self-calibration system (on the one hand, the cameras are characterized by varying intrinsic
parameters, and on the other hand the use of only two images to estimate these parameters). The main idea
of this method is based on the formulation of a non-linear cost function from the relationship between three
matches which are the projection of three points representing vertices of parallelogram, and the relationship
between the images of the absolute conic of the two images to estimate the intrinsic parameters of the
different cameras. The performance of our approach in terms of accuracy and convergence is shown by the
experimental results and the simulations realized.

Keywords: Control Points, Matching, Homography, Self-Calibration, Varying Intrinsic Parameters, Non-
Linear Optimization.

1. INTRODUCTION In addition, the studies based on self-calibration of
cameras with constant intrinsic parameters remain
The cameras self-calibration is widely used in  restricted and limited in the domain of self-
image processing and in several areas of computer  calibration of cameras characterized by varying
vision, especially the 3D reconstruction, robotics, intrinsic parameters.
cinema, medical imaging. The self-calibration
methods ([1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17]) can
automatically calibrate the cameras used, but
without any a prior knowledge on the scene. The
general idea of most of these methods is to look for
equations according to the invariants in the image
and the intrinsic parameters of cameras, these
equations are generally non-linear, and need two
phases to solve them: initialization and optimization
of a cost function.

In this work, an unknown planar scene is used to
estimate the wvarying intrinsic parameters of
cameras; the method is based on using three
matches (between the couples of images) which are
the projection of three points representing vertices
of parallelogram. The homography matrix between
each pair of images is determined from four
matches by RANSAC algorithm [18], this matrix is
used with the three matches to calculate the
projection matrices of three points in different
images by solving a system of linear equations. The

In general, the problem of self-calibration different matrices calculated are used to show the
methods is the proposal of several constraints on  relationship between the three matches and the
the self-calibration system (scenes, images, relationship between images of absolute conic, and
cameras), these constraints limit several studies in  finally the formulation of a non-linear cost function.
literature, for example the use of multiple images  The resolution of this function by the Levenberg-
provides a large number of equations which require  Marquardt algorithm [19] allows estimating the
on the one hand powerful algorithms to solve them, varying intrinsic parameters of the different
and on the other hand require a long execution cameras used. This new method calibrates the
period of time to converge to the optimal solution.  cameras from two images only; in addition, the
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cameras are characterized by varying intrinsic
parameters. Therefore, this method minimizes the
constraints on the self-calibration system, and
finally it solves some self-calibration problems
mentioned in the previous paragraph.

The remainder of this article is organized as
follows: The second part presents the related work.
The third part explains the model of camera used.
The cameras self-calibration is presented in the
fourth part. The experimentations are presented in
the fifth part and the conclusion is in the sixth part.

2. RELATED WORK

The self-calibration of cameras consists on
determining the parameters of the transformation
between the 3D scene coordinates and the image
coordinates, and vice versa by an unknown scene.
Several studies have been made in this axis: The
paper [1], is based on self-calibration of cameras
with constant intrinsic parameters by a planar
scene, the idea of this method is the estimation of
these parameters by the projection of two circular
points in each image, and the determination of the
homographies between the different images (five
images at least). A practical method of self-
calibration of cameras with varying intrinsic
parameters is proposed in [2], this method can
retrieve the metric reconstruction from a sequence
of images, and the authors showed that the absence
of skew alone is sufficient to calibrate the cameras
used. In [3], the camera parameters are obtained by
using the Kruppa equations. The singular value
decomposition of the fundamental matrix gives a
simple form of the Kruppa equations [4], which
solves the problem of self-calibration of cameras
with varying intrinsic parameters. A new method in
[5], based on the movement of the camera which is
characterized by constant intrinsic parameters
except the focal length that varies freely between
the different views. The problem addressed in [6] is
the self-calibration of camera with varying focal
length from the views of a planar scene whose
Euclidean structure is unknown, the main idea of
this method is to calculate both the intrinsic
parameters of the camera and those related to the
Euclidean structure of the observed scene, the
formulation of the cost function is non-linear,
which causes the problems with the initialization of
the focal length, to solve these problems the authors
proposed a new formulation that is independent of
the focal length. The use of geometric constraints is
the major idea discussed in [7], this method
calculates the initial solution of the intrinsic and
extrinsic parameters of the camera using geometric
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constraints on the first image, and the use of the
second image permits to optimize the initial
solution. In [8], a study realized on the different
methods of self-calibration of cameras for 10 years
until 2003, this study includes methods based on
constant intrinsic parameters and those based on
varying parameters. A new simple method [9]
based on the fundamental matrix to estimate the
focal lengths of two cameras, the authors assumed
that the pixels are squared and the principal point is
known (the centre of the image). The problem
addressed in [10] is that of self-calibration of
cameras with varying intrinsic parameters from
image sequences of an object, this method is based
on a constant movement between images of the
rotating object around a single axis, the relationship
between the projection matrices and those of the
fundamental matrices provides camera parameters
by solving a system of non-linear equations. In
[11], the vanishing line is used in self-calibration of
cameras characterized by constant intrinsic
parameters, the resolution of three linear equations
obtained from the circles and their respective center
determine the vanishing line. The theory of these
lines and circular points allow estimating the
camera parameters. A new method of camera self-
calibration is presented in [12], it is based on an
unknown 3D scene to calibrate the camera with
constant intrinsic parameters, A non-linear cost
function is formulated from a motion of the camera
“translation and small rotation” to estimate the
homographies matrices of the plane at infinity
between the pair of images; and the resolution of a
linear cost function allows estimating the camera
parameters. The problem addressed in [13] is self-
calibration of cameras with varying intrinsic
parameters, this method is based on the
transformation of the image of the absolute dual
quadric; this transformation is performed on all
elements of the image of the absolute dual quadric
to obtain the same magnitude for all these elements,
which can make the solutions more stable. In [14],
an approach of self-calibration of cameras with
constant intrinsic parameters using vanishing line,
the main idea of this method is to compute the
vanishing line by solving three linear equations
based on circles and their respective centres, and
the theory of these lines and the circular points are
used to calculate the intrinsic parameters of the
camera. A new method of camera self-calibration
treated in [15], this method is based on the relative
distance of the scene and on the homography
matrix that converts the projective reconstruction to
the metric one, and whose elements depend on the
camera intrinsic parameters. These parameters and
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3D structure are obtained by minimizing an error
function that is related to the relative distance. In
[16], a method of self-calibration of cameras with
varying intrinsic parameters, based on the quasi-
affine reconstruction, after this reconstruction, the
homography of the plane at infinity can be
determined, and used with constraints on the image
of the absolute conic to estimate the intrinsic
parameters of cameras used. A self-calibration
method of cameras with a positive tri-prism is
presented in [17], it is based on circular points
which are obtained from properties of tri-prism, the
camera intrinsic parameters can be determined
linearly after computing the vanishing points of
each edges of tri-prism and the coordinates of
circular points.

3. CAMERA MODEL

The pinhole model of camera  (Figure 1) is
geometrically  representing  the  perspective
projection; this model is used to project the scene in
the image plane. It is characterized by a 3x4 matrix,

for the camera i this matrix is defined
byG,(R; t;):

With:

e (R t;) represents the matrix of extrinsic

parameters, such as: R, is the rotation matrix and

t; is the translation vector of camera in space.
e G; represents the matrix of intrinsic
parameters, expressed as follows:
d; S, Xoi
Gi=| 0 s4d; Yy
0 0 1

With : d, is the focal length, z4 is the scale

factor, S; is the image skew and (X;, Y,;) are

the image coordinates of the principal point.
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Camera

Xc

Figure 1. Pinhole model of camera.
4. CAMERAS SELF-CALIBRATION
4.1. control points

Several methods [20, 21, 22, 23] permit to detect
the control points in the images, in this work we
based on Susan's approach [20]. The latter uses
circular masks of pixels which are centred at a point

(nucleus), the gray level of nucleus (1(qp)) is

compared with each point ((1(Q)) contained in the
mask(kd define a local area (USAN) of the same
gray level as the nucleus, in addition, Susan is
based on the response J, which is defined by:

N yirrN
J=42 2

0 otherwise

With: N is the total number of pixels included in
the mask, J' is the size of the USAN area, which is
defined by:

J'= > K(q)

gew

And:

2)

€)
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_P(q)_.(qo)r
K(q)=¢

W is the mask on which a corner will be sought,
g is a threshold that corresponds to the minimum

contrast of edges. From the response J, if the

USAN area is low, the detection of a corner in this
area is certain.

4.2. Control points matching @)

The matching of stereoscopic images [24, 25] is
a necessary phase to estimate the parameters of the
cameras. The method used in this article is
expressed in [24], it is a correlation measure
NCC (Normalised Cross Correlation), the main idea
of this method is to measure the pixels similarity
between pair of images by calculating the
correlation score between two windows, the first is
fixed to one of the two images, and the second
moves in the other image (centred on control
point). For a (2U+1)(2Vv+1) window, the

measurement value NCC is expressed by the
following formula:

NCC(q.,0,) = .

With:

M =1y (% + Ky, yi + ko), M'= IZ(Xj1+k1rYj1+k2)l

(qil, qjl) = ((Xil, yil): (lev yjl)) the
coordinates of control points in the left and right
image, 1;(q;) and 1,(q;;) are respectively the gray
Qjin  both
images, (X +ky, Y +K) and  (Xj;+Kky, ¥ +Ky)

are the coordinates of neighbours’ pixels of control
point in the left and right image respectively.

are

level of pixels  @;and

4.3. Estimation of projection matrices

We consider three matches
(Ghns qjl)’ (0, qu) and (0, qj3) between
the pair of images (Figure 2), which are the
projection of three points Q;, Q, and Qj of the
planar scene. The projection matrices (P and P,)
of these three points are determined from the
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homography matrices and the three matches
considered. Therefore, to calculate them: we note

by @92,Q,Q, (it exists an unique Q, point) the
parallelogram (Figure 2) with centre Oand
a, =QQ,, a, =QQ,. We note by 7 the plane

of the planar scene, and we consider a Euclidean
reference M(O XY Z) fixed on the planar scene

and associated to the parallelogram such as:
Z 1 .

The homogeneous coordinates of three points
Q, Q, and Qg in the reference (O X Y)are
given as follows:

Q1 = (_|21_|3!1)Tx Qz = (_Iu |3,1)T, Q3 = (|21I3’1)T
With:

I, =h,—h,cosg, I, =h +h,cosg,
I,=h,sing, h =a,/2, h,=a,/2
And ¢ is the angle between the lines (Q,Q,) and

(QQy)-

Figure 2. Projection of the parallelogram in the planes of
the images iand j .

The projection of the parallelogram in the images
i and j bythe matrices H; and H; gives:

Oim ) HiQnm

Q)
jm - HiQm ™
With: m=1,2,3 and q,, 0, represent

respectively the points in the images i and j
which are the projections of the vertices Q, Q,

"”J\h&f

Eﬁ
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and Q, of the parallelogram, and H,, represents
the homography matrix defined by:

1 O
H ~GR |0 1 RTt =i
e AL LR B!
0 O

With: G, represents the matrix of intrinsic
parameters, R_ is the rotation matrix and t, is the
translation vector of the camera n.

The relations (6) and (7) can be written as:

Aim U Hi LQ'm

(€))
Qjm [ H;LQ (10)
With:
h hycosg 0) -1
L=|0 hsing 0] Q=1
0 0 1 1
-1 1
Q'zz 1 jand Q'3= 1
1 1
We put:

POHL n=i,j

With P and PJ. represent the projections
matrices of three points Q, Q, and Q,in the
images 1 and j.

From the equation (11) we can write:

P, [0 H;P,

(12)
With:
H; O Hij (13)
The equations (9), (10) and (11) give:
qim U PIQ m (14)
- 15
a1 PQ' (15)
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Furthermore, from the equations (12) and (15) we
can write:

Ajm HijPi (16)

Qn
The expressions: (14) and (16) are given
according to eight unknowns of P, each of these

expressions  gives equations with eight
unknowns.

Six

So, we can estimate the P, parameters from
these twelve equations with eight unknowns.

The PJ. matrix is estimated from the expression
(12).

4.4. Self-calibration equations

In this section, we will address the essential
phase of our approach, the main idea is to show the
relationship between images of the absolute conic (

w; and a)j) , and the relationship between three

matches (0, 0;p,), M=12,3 of each pair of

images, these relations give a non-linear cost
function, the resolution of this function gives the
varying intrinsic parameters of the cameras used.

The expressions (8) and (11) give:

10
T .
Pn~Gan 01 Rn tn Lon=1] (17)
00
Thtefore, from the previous expression
(if: n=1), we can write:
1 O
G'RUR|O0 1 Rt (L (18
O O

If we develop this equation, we obtain:

j (19)

LT

BT b~ LT Rt
P @i h T .

4,
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h, h,cos¢
s . T\
With:L'=| 0 h,sing |, and @ =(G,G")
0 0

is the image of the absolute conic.

The same for P

T L-T L' L-T R'Jl'tJ
P w; P, ~
O RL (20)

From the expressions (14) and (16), we can write:

q N Hqulm
Therefore:
;l1jmqjm - Hijqim (22)
With:
le XJ”‘I
23 v Oim =1 Yim ’qjmz yjm
1 1
And: l”m =H X, T Ha Vi + Has

Therefore, from the relation (22), we can write:

ﬂ’ljmqjm =H ij im

With:
H12 H13
Xim A A
ijm ijm
. sz H23 and
qjm = Y;
m " ﬂ"ljm ﬂ’ljm
1 H32 H33
;l1jm ;l1jm
Xn 0 0
¥im =| Ym 10
1 01

The relation (23) gives:

Hy O a G 24)

The relations (12) and (20) give:

LT ot RJth
(Hu |) a) (Hu |)
T ' T
t] R;L t]t;

Using the last two equations, we can write:

o - LT LT R]th

According to the last expression, we can deduce

that the matrices
(@195 " P o; @9 R) and
@315, P @) (@j,a5, " R) e
identical.
Cuj Cpj G
We note by:C-= Coj Cnj Cy the matrix
Cij Cuj  C;
corresponding to

@05 P @ @paytR).  and
€1 Cnj Gy

E=|€y €y ey the matrix corresponding to
€aj €y Cyj
. L1 T . .-
@295 P @5 @05 R

Ther(e’f%)re, we deduce that:

C111 ell] Cle elZJ C13] e131 CZZ] e22] CZSj:eZSj
C12j e12j ClBj e13] CZZ] eZZj

C23j e23j C33j e33]

The previous expression gives:

~

Ci11j€12j —©€11jCizj =0
Ci;j€3j —©2;Ciz; =0
3 Ci3i€0j —€3jCoj = 0 28)
C.5i€03; —€52jCo3; = O
\CZ3j633j — €,3Cs3j =0

According to the expression (26), we can deduce
that the matrices

@pan P e @pay P and
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@'ja 95" pi)T ®j (@3 a3 R) are According to the expressions _(19) and (26) (if
L m=2), we can deduce that the first two rows and
identical. . T
columns of matrices P'w P and
1
bllj b12j b13j _ (ququizflpi)Ta’j (q-qu-izfl H) are
We note by: g = by, by, by, the matrix antical.

b, by by Therefore, we deduce that:

corresponding to

@393 " P @) (@395 R

Therefore, we deduce that:

bll] ClZJ_bIZJ Cl3j_b13] C221_ 2j C23]_b23]

blZJ 13] bl3] 2j 22]

The previous expression gives:

Cyj b23j Cas; b33j

(Clljblzj _b11jC12j =0
Cleb13j _b12jC13j =0
<Cl3j 22 j b131 22j =0
CZZijSj _b22jC23j =0
\023jb33j _b23jc33j =0

According to the expressions (19) and (26) (if
m =1), we can deduce that the first two rows and

columns  of  matrices F’iTa)i P and
@pa P @) @payn 'R are
identical.
We note by: A= [a“i Qi j the matrix
&oi Aoy

corresponding to the first two rows and columns of
F’iT w, P.

Therefore, we deduce that:

Cuj &y G — Qi
- ’ 31
C12j a,,; C22j a,; (D)
The previous expression gives:
Ci1jQoi —814iCp5 = 0
_ (32)
C12ja22i - a12iC22j =0

63

a:l.ll

Cj _

ety ’ (33)
€, j Py €5 j A,
The previous expression gives:

€112 — A14i€0 = 0

€120 — A€ = 0 (34)

According to the expressions (19) and (26) (if
m = 3), we can deduce that the first two rows and
colu(rgrg)s of matrices P.Ta)i P. and

(@305 P) @ @393 P)
identical.

are

Therefore, we deduce that:

by, ; _ B ’ by, ; — Suyi (35)
b12j ;i b22j a,,;
The previous expression gives:
bllja:LZi - a:l.lib12j =
36
b12ja22i _a12ib22j =0 (36)

From the expressions (28), (30), (32), (34), and
(36) we obtain the following system of equations:
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C11;€5; —€,;Cin; =0 is in the centre of the image, therefore:

C12je13j _e12jC13j -
Ci3j€225 —€13jCo2; =
Cos €035 —€55;Coz; =
C23jes3j _ez3j033j =0

Ci1jPio; —bB11;Ci; =O
Cioibz; — B Ci3; =0
Ci3jbss; —bBi3;Con; =0

—byyCo5;, =0 (37)

Cos a3
Coz3jb33; —by3;C3; = O
Cii1jzi — A1iCioj =0
CiojQssi — 45iChnj; = O
€1 Uoi — 41i€2; =0

€5 jAur — 42i€32; = O

blljalzi _alliblzj =0
b12ja22i - a12ib22j =0

-

The previous expression is non-linear and
contains sixteen equations with tine unknowns: five

for ; and five for ;, therefore, to solve it we

minimize by the Levenberg-Marquardt algorithm
[19] the following non-linear cost function:

2,22 ,.2 .92 2.2 p2 "2
oo fa] +ﬂj +75 +/1J- 1§ +Q; +,BJ- vy
min )

@i = /1;2+77}2+ i +rijg+(//”2+;(§+é}jz+(p§ (38)

With:

@ =Gy _eujclzjlﬁj =035 ~ €01 7 = Cusj0j —C13iCopjs

A = Co s~ Cosj 1 = Coai _eZSjCSSjY(Z} =0y ~Byy;Ca)s
ﬂ, =c12jb13j _blzjclsp}/lj =C13jb22j _hl3j022j’j’jt =c22jb23j _bZZjC23j'
'7Ij :C23jb33j _b23jc33j'¢|j =y — AyyiCypj T = CpgjBpi — i

Vi = 8180 ~ )1 X = B8 — Bsion O :blljaizi _amibm'

;= blzjaZZi _aizib22j
And: N isthe number of images.

The optimization algorithm used is non-linear;
so, it requires an initialization step. Therefore, we
propose the following constraints on the self-
calibration system to determine the initial solution:
The pixels are squared,

therefore: u ;= u j=1, 5, =SJ-:O, the principal point

e
64

X 0i=Y oi= X oj= Y oj= 256 (because the size of
images used is 512x512). And the focal lengths
(d;, d;)are estimated by replacing the
parameters  (Xy. Yo i, i Xoj Yo 4. S;) in
the expression (37) above.

4.5. Self-calibration algorithm

This section describes the general algorithm to
estimate the varying intrinsic parameters of cameras
used; this algorithm contains seven main steps,
which are:

Step 1: Reading images.

Step 2: Detecting control points by Susan’s
approach.

Step 3: Matching control points by the correlation
measure

NCC.

Step 4: Estimating the homography matrix by four
matches using RANSAC algorithm.

Step 5: Estimating the projection matrices of three
points which these projections in the
different images represent three matches

between pairs of images.

Step 6: Formulating the non-linear cost function
(defined according to image elements of
the absolute conic of the cameras used).

Step 7: Minimizing the non-linear cost function by
Levenberg-Marquardt algorithm to obtain
the intrinsic parameters of these cameras.

a. Initialization: the principal point is in the
centre of the image, the pixels are

squared, and the focal length is
determined by solving a linear equations
system.

b. Optimization of the non-linear cost

function.
5. EXPERIMENTATIONS

5.1. Simulations

A sequence of 512 x 512 images of an unknown
planar scene is simulated to test the performance of
the new method presented in this paper. The planar
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scene is projected in the different images with Figure 4. Relative error on d according to noise.
Gaussian noise of varying deviation o which is

added to each image point. The homography According to figure 3, we can conclude that:

matrices between pairs of images are determined The relative error on the focal length decrease
from four matches by the RANSAC algorithm [18];  aimost linearly if the number of images is between
they are used with the projection of the three points 5 .4 5 images, but we see that the relative error

of the scene on the images planes to estimate the decreases slowly if the number of images used is

projection _matrices of these three points. The between 5 and 8, and becomes almost stable if the
control points are detected by Susan’s approach images number exceeds 8.

[20] and matched in each pair of images by the To show the performance of our method to

corrglatlonf Mmeasure NC(J [2.4 31 htheh pro;ectrl]on noise, we added to the pixels of images a Gaussian
matrices of cameras are used with the three matches i o 1oh as o <=3 pixels. According to Figure

:250T8trir:rlljla$ ;isn(}r&}:gfﬁ SOStth;unfé'\?enﬁbetrh? 4, we see that the relative error of the focal length
y 9" increase almost linearly with the increment of

Marquardt _algorithm [19] . provu_jes the image noises (o <=1,5 ), but we note that the relative error
elements of the absolute conic of different cameras )
used and finally its intrinsic parameters. decreases slowly ifo <=2,5 , and becomes almost

. . stable if o >2,5.
The figure 3 and 4 show the relative error on the

focal length according to number of images and trﬁnd to tesL the robustness dOf our mﬁthoqtmﬁh
noises respectively. other approaches, we compared our results wi e

results obtained by two approaches which are
Triggs [1] and Zhang [26]. From the simulations

ba performed, we can say that: while adding noise, our
07 - approach gives good results compared to Triggs,
5 06 and it gives similar results compared to those
- obtained by Zhang.
S 05
E o 5.2. Real data
@
207 The experiments were performed on 512x512
302 images of unknown planar scene (shown in Figure
01 5) taken by CCD cameras characterized by varying

intrinsic parameters.

=

2 3 4 5 b 7 g 9 10
Number of images

Figure 3. Relative error on d according to number of
images. ‘

Relative error on d(%)

0 0,5 1 H5 2 2,5 3

Gaussien noises

Figure 5. Two images of unknown planar scene.
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The experiments results, of initial and optimal
solutions of intrinsic parameters of cameras used,
obtained by our method are shown in Table 1
below:

Table 1. Initialization and optimization of cameras
parameters in the case of real scenes.

d H S X, Y,
Initial
solution | 1120 | 1 0 | 256 | 256
Camera 1 )
optimal 1 1170 | 0,95 | 0,02 | 260 | 259
solution
Initial
solution | 111° 1 0 256 256
Camera 2 ootimal
ptima
solution 1130 | 0,92 | 0,03 | 249 261

From the results of the approach presented in
this paper and those obtained by two methods
(Triggs [1] and Zhang [26]) which are well-
established, we can say that our results are a little
different to those obtained by Triggs, and similar to
those obtained by Zhang, this shows the
performance of our method in terms of accuracy,
and demonstrates that our method gives a very
good results.

According to the performed experiments, we
can say that using only two images gives a strong
point to our article in terms of execution time on
the one hand, and the speed of convergence to the
optimal solution on the other.

The different algorithms used in this article are
implemented by the object-oriented programming
language that is Java, the main classes that we have
programmed in this work are:

- Aclass to create the menu bar.

- Aclass to create the toolbar.

- Two classes to read each pair of images.

- Aclass to load images in the working interface.
- Aclass for the detection of control points.

- A class for the matching of control points.

- Aclass for the correction of false matches.

- Aclass to estimate the homography matrices.

- Aclass to estimate the projection matrices.

- Aclass for solving a non-linear cost function.
Other classes for managing the working
interface, events and for mathematical calculations.

In addition, we used several predefined classes in
APIs: swing, awt, util, io, jama, etc.

6. CONCLUSION

We treated in this paper a theoretical and
practical study of a new method of cameras self-
calibration. The importance of this approach is the
use of cameras characterized by varying intrinsic
parameters. Furthermore, we have shown that two
images of a planar scene are sufficient to estimate
the different parameters; therefore, we have
minimized the constraints on the self-calibration
system. The method is based on the demonstration
of the relationships between three matches and the
relationships between images of absolute conic for
each pair of images. From these relationships, we
have formulated a non-linear cost functions, its

resolution permit to estimate the intrinsic
parameters of different cameras used. The
simulations performed and the results of

experiments show the performance of our method
in terms of accuracy and convergence.
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