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ABSTRACT

In the paper, by using the way of weight functions and the theory of operators, a Hilbert-type integral
operator with the homogeneous kernel of — A -degree and its norm are considered. As for applications, two
equivalent inequalities with the best constant factors and some particular norms are obtained.
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1. INTRODUCTION

If p>1,1/p+1/9=1, f(=0)eL"(0,0),
g(=0) e L(0,),

IE1,={], P 00d3? >0andllgll>0,

then we have the following famous Hardy-Hilbert’s
integral inequality and its equivalent form [1]

f(x)g(y) n
o1 xiy CY<giam!

(1.1)
1Up 7
p
} <[Sin(ﬂ/ p)] £,

fllgll,

0 ) f (X) p
{IO [J.O X+de] dy
) (1.2)

where the constant factor 7z /sin(z/ p) is the
best possible. Inequalities (1.1) and (1.2) are

important in analysis and its applications (cf. [2]
).

In 1934, Hardy et al. [1] gave a basic theorem
with the general kernel as follows (see [1], Theorem
319):

Theorem 1.1 Suppose that p>1, +++=1,

k(X,Y) is a homogeneous function of -1-degree,

and k = Ik(u,l)u‘”"du is a positive number.

If k@u)u™" and k(Lu)u™® are strictly
decreasing functions foru >0, f(x), g(x)=>0,

0<| f ||p={j0°° fP(X)dX}* < oo ,
0<lg ||q={j0°°g‘*(x)dx}% <o, then we have

the following equivalent inequalities:

[ koo F0gy)dxdy <k f g 1], (1.3)

[1] kO y) 00X dy <KP [ FIP - (1.4)

where the constant factors k and kP are the
best possible.

Note. In particular, we find some classical
Hilbert-type inequalities as:

@) for k(X y) =+, since

k=rx/sin(z/p), (1.3) reduces (1.1);

(2) Fork(x,y) = (1.3) reduces to

1
max{x, y}'

(see [3], Theorem 341)
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f(x
[ 10990 0y pg 111 o) <TI0 f Il gl
o max{x, y}

(1.5)

In 2006-2008, some authors also considered the
operator expressing of (1.3)- (1.4).

Suppose that K(X,y)>0 is a symmetric
function with K(X, y) =k(y, X), and

ko(P) = [K(x, Y)E) dy, (T =P.q;x>0)
0

is a positive number independent of X . Define an
operator T : L' (0,00) — L' (0,00) (F'=P,q)as:

For f € L?(0,0),

(T)(y) :=]Ck(x, y) f(x)dx, ye(0,«)
i (1.6)
Org e L*(0,),

(T ::]Ok(x, y)g(y)dy, xe(0,)

(1.7)

Then we may define the formal inner product of
Tf and 9 as

(Tf,9) = [ "] k(x, ¥) T (g (y)dxdy (18)
In 2006, Yang [3] proved that if for &£ >0 small
k(x, y)(&)™ s

enough, strictly  decreasing

fory > 0 the integral Ik(X, Y)(ﬁ)li dy =k,(p)
0
is also a positive number independent of X >0,
K, (p) =k (p)+0(1) (¢ — 07). and
[k @ dy =k, (p)+0Q) (9)
then [| T [[,=K,(P) , in this case, if f(X),
g(x)=0, f €L?(0,0), g e L*(0,),

I f1l, . I191l,>0 , then we have two
equivalent inequalities as:

e
791

T AL <IT I 1, (1.10)

where the constant || T ||, is the best possible. In

particular,for k(x,y) being-1-degree

homogeneous, inequalities (1.10) reduce to (1.3)-
(1.4).

In this paper, use the way of weight function
and the theory of operators. A new Hilbert-type
integral operator is considered which an extension
of the result is in [3]. As for applications, an
extended Hilbert-type integral inequality and the
equivalent form are given, and some particular
norms are obtained.

2. MAIN RESULT
If K, (X, Y) is a measurable function, satisfying

for A, U, X,y>0,k,(ux,uy)=u"k,(x,y),

then we call K, (X, Y) the homogeneous function of
— A -degree.

Lemma2.l.1f r>1,++1=1,1>0,

k(X,Y) >0 is a homogeneous function of — \ -
degree, and K, (r) = J.k(l, u)u’%du a positive
0

number, define the weight functions @(r,X) and

@(S,Y) as

o0 = [l @idy 1)

;
then we have
(l)]gk(l,u)u‘idu =k, (r):
;

(I a(r,xX)=aw(s,y)=k,(r).
Proof: (I) SettingV = % by the assumption, we

obtain [ K(L,u)u*du = [k(v, v *dv =k, (r)
0 0

(ii) Setting U =Y /X in the integrals @(r, X),
in view of (i), we still find thato(r,x) =Kk, (r).
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Similarly we have @(S, y) =K, (r), The lemma is
proved.

Let p>1, %+%:1 , we set ¢(X)=X$_1
w(X)= Xt Wl’p(x) —x 1, xe(0,0) .

Define the real space as

E-ISSN: 1817-3195
@1k, (6. X)=k(&)(l,=p.q,l,=r,5
x>0 ) is independent of X and
k.()=k. +0o() ( &£—0" )  then
IT =k (I=p,a).
Proof (1)

LE0.ee)i={ 1l £ 1, =], 9001 10O 0 q'%(}x ) f (x)dx)? =

, and then we may also define the spaces L, (0, =)

and lelfp(O,OO) , k(x,y) is continuous in
(0,00)x (0,0) ,satisfying
k(x,y)=k(y,x)>0 , for Xx,ye(0,) .
Define the integral operator

T:L5(0,00) > LSH (0,00) as:

For f eL}(0,)
(T)(y) = Tk(X, y)f(x)dx, ye(0,) (22
org e L, (0,),

T = [k NI, xe0,) @3

For £(>0) small enough and x>0,
k,(¢,%) as

setting

1z (lp/ly)

o (20 = [k(x, y)@ "y

(h=pq.lL,=rs),
We have the following theorem:
Theorem 2.2

Wk, (0,x)= j k(x,y) G] dy =k,
0

(L=rs; x>0), and K, is a constant
independent of X then
TeB ( L(0®)—>L,(0,°) ) and
ITlh<k (I=p,a):

792

{j k(% y)[y f(x)][y Jx}?

< Tk(x, y)(i)% Xt P (x)dx

9

[j k(x, y)(—) y )P

—k iy [l 2 (o
0 y

-=(

k([ [k y)(g)ix“f * (x)dxdy)?

i
|
|

ITe, k(x, y) f (x)dx)"dy)”

O'—u8

_Q\H

1 1
kq p

r

([

o—3

K(X, y)(%)idy]xf‘lf ? (x)dx)

= o

ki ([ @(r, x)x* £ P (x)dx)°

=K ], <00

It follows that and

ITIl,<K, (cf. [7]). By the same way, one has
Tf € Ljll—q (0,00) and”T ”qS

Tf e P, (0,%0)

(1) It is obvious that condition (2) covers
condition (1). By condition (2), it follows that

1+2(r/p)

Tk(y, x)Gj " dx=k (¢)+6()

(a—>0")

(2.4)
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Foranya,e >0, set f (X)=0, xe(0,a);

_I4e(r/p)
f(0=(ea’)""x

, Xe[a, o), then

| f. ||p:1, and by (2.4),
IT 1 2A7E 1, =4 ] ktx ) f, () dy}’

> (sa” >“P{j (j kO, Y)X™ " dx)°dy}

= (gag)lfp{J' ye (Ik(y, X)(% i

dyy’
= (za")""{[ y™* (k. (&) + O(0) "y}’

a
=k (&) +6(1)
In virtue of condition (2), it follows that
ITl,>k, (fora, & >0). Hence, combining with

ITl,<k. in (@), one has||T [, =k,

same way, one has || T [|,=K, .The theorem is

, by the

proved.

Theorem 2.3: Let p>1, ++¢=1,r>1,

1+i=1k (X)) (L=p,q.l,=r1,s;

X > 0) satisfy condition (1) of Theorem 2.2. If
f,9>0, and felj(0,), gel;(0,),
then one has the following two equivalent

inequalities:

[[rexo f00g(y)xcy

<k N f llp ol 91l

(2.5)

{y ([ k(xy) F (x)dx)° dyy
<k [ F 1l

(2.6)

where the constant factor

1

T X
el

dy is independent of X.

Proof By Holder’s inequality with weight and
condition (1), one has

k(x,y) f(x)g(y)dxdy

£
0
)

< Tk(x, y)(;)ix“f () dxly

Oy 8
o t—,8 O 8

X

ko y e oy e

0

=4[ 0 ayde
ke oy g (vayy
00 X

kX 0adH] v g (v

and (2.5) is valid.
st 9(Y)=y [ k(x y) (e}
0

(y € (0,90)) and use (2.5) to obtain

0< j y* g (y)dy

y [k y)  (x)dx]Pdy

(2.8)

M
ﬁk(x’ y) F(x)g(y)dxdy

<k |1 f L, 4]y 0% (v)ay¥
0
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0y o' ey

2.9)

[ (k0 F 00 ayp

<k I fll,

Hence (2.6) is valid, and one shows that (2.5)
implies (2.6).

If (2.6) is valid, by Holder’s inequality, one has

k(x, y) f(x)g(y)dxdy

|
|

(k) F () g(y)dy

<{[ () T ¥ 1 g,

(2.10)

Then by (2.6), one has (2.5). It follows that (2.5)
is equivalent to (2.6). The theorem is proved.

Note 1 Since || T ||,<k, , by the same way, one
still can show that

XK NaW e <k, l1gll,

0 0
(2.11)

and (2.11) is equivalent to (2.5). It follows that
(2.5), (2.6) and (2.11) are equivalent.

Theorem 24 Let p>1 , *+1i=1
r>1 ) %‘*’%:1 ) ElJz(g;X)
(l,=p,q.,l,=r,5;x>0) satisfy condition (2)
of Theorem 22. If f , g>0 |, and
fel}(0,0), gel(0,0), and || fll,,,
lgll,, >0, T is defined by (2.2) (or (2.3)), and
the formal inner product of Tf and J is defined by

(Tf.9) =, [ k(x ) f ()g(y)dxdy

then one has the following two equivalent
inequalities:

E-ISSN: 1817-3195
M) AT Tl M glly,  (12)
ITEAL<IT NI 1l (2.13)

where the constant factor

||T||p:jk(x,y)[i] dy in the above
y
0

inequalities is the best possible.

Proof If (2.7) takes the form of equality, then
there exist real numbers A and B such that they
are not all zero, and (see [8])

A =BEY Y 9'D) ae
in (0,0)x(0,).

It follows that Axx*f *(x) = Byy* "g°(y)
ae. in (0,00)x(0,0) .
constant C such that Axx'f°(x)=C ae.

Then there exists a

in (0,), Byy%’lgq(y) =C ae. in(0,0).

Assume that A=%0 and then one has

nglfp(x):£ ae. in  (0,0) which
AX

contradicts the fact that f e Lj(0,0) . Hence
(2.7) takes the form of strict inequality and in view
of | T |[,=k, in the result of (2) in Theorem 2.2,
one has (2.12).

since|| fI[,,>0, by (2.8) and (2.9), one has

gel, (0,) and|lg|l,,>0. Hence by using
(2.12), (2.8) takes the form of strict inequality
andK, =|| T, so does (2.9), and then (2.13) is
valid.

By the same way of Theorem 2.3, (2.12) and
(2.13) are obviously equivalent. In view of the fact
that the constant factor || T || in (2.13) is the best
possible, one can conclude that the constant factor
I T |, in (2.12) is the best possible. Otherwise, by

(2.8) and (2.9), one can get a contradiction that the
constant factor in (2.13) is not the best possible.
The theorem is proved.
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Note 2 By the same way and in view of
IT =T, . one has

ITg l,<lIT ll 11 g lly,

Where the constant factor ||T ||, is the best

possible, and (2.14), (2.12) and (2.13) are
equivalent

(2.14)

For giving some particular cases of Theorems
2.4, one needs the formula of the Beta function

B(u, V) as (see [9)):

B(u,v) = j(l—t)”lt“dt =B(v,u)

(u,v>0)
(2.15)

3.Some particular cases

x—y [t
Kooy) ==y

Setti
fsetting (mingx, v}’
0<A<min{s, ¢
0<e<min{p(:-41),q(+—1)} one obtains

from (2.15) that

1+ (Ip/h)

fLx-yr [1} gy
}(mingx, y1 Uy
1+s(Ip/h)
e

:T(X—y)‘* x) "

(6,x) =

I1 I,

dy
1+e(lp/h)

)

12 (lp/h)
1 (1—%—/1)—1(j

= j(l—u)l u

Lellaly) gy g

1
+I @-u) e du
0

- B(l,%—/l)+ B(/I,%—/I) =k,
(e>0%,1,=r,9)
Hence by Theorem 2.2

ITI,=k =[B(4,+-
by Theorem 2.4, one has

A)+B(4, 1= A)] and

E-ISSN: 1817-3195
Corollary3.1. if p>1, 4+5=1,
r>1,7++=1,f, 920, felLj(0,), and

gEL:j/(O OO) |f||p¢ ’ ||g||q1//>0 then
0<A<min{%, %}, one has the following two
equivalent mequalltles.
H(mm{x Ty T 09 ()dxdy a1
<[B(A,t—A)+B(1,+—)] :
[ | PSP e
s f_Ix=y[™ 0
vy F(x)dx)" dy}’
j I > (min{x, y})* (32)
<[B(A4,:-A)+BA =D T,
where the constant factor
[B(A,+—1)+B(4,2—A)] is the best possible.

| x—y["™*

b)Settingk(X, y) = —— 21
(b)Setting K(X, Y) (Mmax{x. 13)’

A>0,

0<e<min{t

s’r

142 (Ip/h)

D

| x=y['~
G, (6:X) = I(max{xy})

146 (Ip/h)
Xox— v x)
- J' =y i') [—j dy
o X y
Y (y ~ X)/l—l N 1+£(|I22/I1)
x Y y
j_(l )l Lo 1+r(|2/|1)) 1
u
0

1+a(|2/l1)

+jo_ u)*tu du

—> B(l,?) + B(l,g) = kr
(e>0%,1,=r,9)
Hence by Theorem 2.2

ITIl,=k =B(4,7)+B(4,5) and by Theorem
2.4, one has
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Corollary 3.2 if p>1, ++¢=1,

r>1,t+1=1,1f,92>0, feLZ(O,oo),and
g EL(T/(OIOO) ’ ” f ||p,¢ ’ ||g||q,1//>0 ) then
A>0, one has the following two equivalent
inequalities:
| x=y[""
f(x)g(y)dxdy
I J > (max{x, y})* (33

<[B(/1,7)+ B F I llglly,
)

2 |x—y | T
{j (e [ e, g7 | 89"}

<[B(A,H)+BAIN fl,,
(3.4)
The constant factor [B(A, 1)+ B(4,%)] is the

best possible.

| A-1

_ yﬂ.—l |
(max{x, y})*
A=l ,1 \ ,2 - —) for any0 < & < min{%
one obtains that
1) if
0<A<1,A#L2(1-1) (I, =r,3), then

(c)Setting k (X, y) = A>0,

12 (lpfh)

3G

|Al

i, (&)= I o (max{x, y})
gt (R
]

L+e(lp/h)

X _y/i—l X I
g y* (VJ Y

12 (Ip/h)

1
= J-(uH ~Du " du
0

+j.(

Lo(lg) 4

'“Du : du

S'I’ !

1
— J.(u“ ~)(u " +u* )du
0

_(Ars=2)Q-A)rs
Co(Ar=d(as-1 "
(e—>0%,1,=r,5)

(2 IfA>1,then
yﬂ 1| X W
e[ ly)
_ (Ars=2)QA-A)rs
(Ar-D(As-1)

(e>0%,1,=r,9)

|il

= kr
Hence by Theorem 2.2
_|(ars=2)@-Ars|

”T”p:kr | (ﬂ,r—l)(ls_l) | by
Theorem 2.4, one has
Corollary 3.3..
[Tl a0y
|(Ars—2)(1- /1)rs| o
<| (ﬂ 1)(1 _1) ||| ”p,¢||g||q,|//
)
{I &y J(max{ })' F(x)dx)" dy}’
|(/1rs 2)(1- ﬂ)rs|” ” £
|(lr ~)(as-1 |1 ™

|(/1rs -2)(1- /1)rs|
where the constant factor
| (Ar-1)(4s-1) |

is the best possible.
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