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ABSTRACT 
 

In view of the switching property and the existence of disturbance in DC-DC converters, a robust control 
algorithm by adjusting input voltage is studied based on the switched linear model of DC-DC converters. 
Considering the output disturbance and weighted functions chosen for perturbation input and controlled 
output, the augmented switched linear model of DC-DC converters is established, in which the input 
voltage is as control variable. According to linear matrix inequality (LMI) and H

∞ control theories, the 
sufficient condition of controller existence and the design method of H

∞ controller for the proposed 
switched system are derived in the form of LMI. The obtained controller is such that the closed loop system 
is asymptotically stable under arbitrary switch conditions and has an H

∞
 disturbance attenuation bound. The 

simulation results for buck and boost converters are presented to show that the good robust stability can be 
obtained with respect to the output disturbance. By adjusting the input voltage, the output voltage can be 
stabilized on the expected value with the parameters perturbation under arbitrary constant duty cycle, which 
demonstrates the effectiveness of the proposed algorithm. 

Keywords: H
∞
 Control, Switched System, Linear Matrix Inequality(LMI), DC-DC Converter 

 
1. INTRODUCTION  
 

DC-DC switch converters are the core of power 
supply and have been used extensively in many 
fields. The classical control technique for such 
converters is PID control, which is derived based on 
small-signal models of converters. However, DC-
DC converters are nonlinear systems in essence, 
whose small-signal models obtained by 
linearization and averaging procedure can not 
describe their nonlinear behavior entirely. Hence, it 
is primary to find more exact models for controller 
design of the converters. Some models of DC-DC 
converters have been proposed. The sampled-data 
model[1] of PWM systems was proposed, which 
accurately describes the robustness constraint. Base 
on the linear approximation of the model that 
captures the primary switching behavior of the 
system, some discrete time control methods were 
derived such as LQ optimal control[2] and H

∞
 

control[3]. The switched linear system model is also 
proposed to describe dynamical performance of 
hybrid dynamic systems. This model includes 
several linear subsystems, and can achieve a certain 
performance requirements by appropriately 

switching between these linear subsystems. 
However, DC-DC switch converters are typically 
switched linear system due to their operating 
characteristics as follows: a converter operates on 
different states when switches are on or off; each 
operating state will correspond to a continuous 
linear time-invariant system; the converter switches 
between these different linear systems. In recent 
years, a considerable number of study results were 
reported for the stability of switched systems[4~6]. 
In [6], the periodic switched linear system models 
were built for the buck and boost converter. 
Furthermore, the controllability and reachability of 
DC-DC converters were proved based on the 
switched linear system models. However, the 
interference problem is not considered in the 
modeling for the above systems. 

H
∞
 control strategy has been introduced to 

control switch converters due to its linear 
characteristics partially. The derived controller can 
also be used in large signal applications. Moreover, 
H
∞
 control strategy is superior to the conventional 

control approach in robustness and interference 
rejection. Naim et al. applied H

∞
 control to a boost 

converter, which show the good agreement between 
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simulation and experimental results[7]. Vidal et al. 
designed an H

∞
 controller for boost and buck-boost 

converters that maximizes the bandwidth control 
loop with good tracking and high rejection 
capability of disturbances introduced by changes of 
load and input voltage[8]. An H

∞
 loop-shaping 

controller is proposed that not only retains the 
advantages of the existing H

∞
 control strategy but 

also affords an additional tuning parameter which 
reflects a trade-off between stability robustness and 
the performance in time domain[9]. Nevertheless, 
the above mentioned H

∞
 controllers were designed 

based on linear and averaged models of converters. 
The H

∞
 controllers were obtained by solving two 

algebraic Riccati equations, which requires 
controlled systems satisfy several assumptions. 
Thus the modeling for the system will become more 
difficult. As the H

∞
 control problem can be 

described in terms of LMIs, the robust control 
strategies based on LMI approach[10~13] have 
come out with more and more methods were 
presented to solve the convex optimization 
problem. The controller design based on LMI only 
requires the controlled objects are stabilizable and 
detectable, so that the modeling for the system and 
computing for the controller get easier and more 
reasonable.  

In this report, choosing input voltage as control 
variable, a switched linear error model with 
perturbations is built for DC-DC switch converters. 
Based on the proposed model, an H

∞
 output 

feedback controller is developed, achieving output 
voltage tracking by regulating input voltage. The 
sufficient condition of the existence of the 
aforementioned controller and the controller 
algorithm are presented by LMI approach. H

∞
 

output feedback controllers for buck and boost 
converters operating in continuous conduction 
mode are derived. Finally, simulations are 
performed to demonstrate the dynamic performance 
and robustness of the H

∞
 controllers derived. 

2. SWITCHED LINEAR MODEL’S   
DERIVATION 

 
In DC-DC switch converters, there are two kinds 

of storage elements, namely capacitors and 
inductors. The inductor current and capacitor 
voltage are chosen as state variables as usually 
during modeling system. Here, input voltage is 
chosen as control input signal, the load voltage as 
measurement output and output disturbance as one 
input. According to on or off state of power 
switches, a converter presents different circuit 
topologies meaning different states during a 

switching period. Each state will lead to a set of 
linear equations that describe one linear subsystem. 
Suppose that a converter switches between its linear 
subsystem on a switch sequence denoted by {tk, ik}, 
k=1, 2, … , where t1< t2<…< tk<…, ∞=

∞→ k
k

tlim , 

ik∈M={1, 2, …, N}. The converter comes into 
subsystem ik at time tk. Further, suppose state 
variables of a converter are continuous, 

given )()( +− = kk txtx . Then the switched linear 

model for DC-DC switch converter is defined as: 
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where x(t)∈Rn is the state vector of the converter, 
w(t)∈Rq perturbation input, u(t)∈Rm control input, 
y(t)∈Rp measurement output, and z(t)∈Rr 
controlled output. Ai, Bi1, Bi2, Ci1, Ci2, Di1, Di2, Ei1, 
Ei2 are real constant matrixes with appropriate 
dimension, i∈M={1,  2, …, N}. 

Define error variables as follows: xe=x-xd, ye=y-
yd, ue=u-ud, we=w-wd, where xd, yd, ud and wd are 
desirable operating point. System (1) can be 
described by error variables as: 
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To obtain high rejection capability of 
disturbances and good tracking performance, 
weighted functions are appropriately chosen for 
perturbation input and controlled output. 

Define )(~)()( sss ewe wWw = , )()()(~ sss eze zWz = . 

Then the aim of H
∞
 control can be transformed into 

design an output feedback controller of the 

augmented error system P(s): [ ew~ ue]
T
→[ ez~  ye]

T, 

satisfying the prescribed H
∞
 norm bound of the 

closed-loop system transfer function from the input 

ew~  to the output ez~  denoted by Tzw. P(s) can be 

obtained as: 
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I

W

I

W

0

0
)(
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0
)( wz sGsP  

where G(s) is the transfer function form of (2). The 
above system can be written easily as state-space 
representation: 
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Equation (3) is the augmented error switched linear 
model for DC-DC converters, which is also the 
controlled object. 

3. H
∞
 OUTPUT FEEDBACK CONTROLLER 

BASED ON LMI 
 
Assuming that the controlled object described as 

(3) satisfies the following condition: ( iA
~

, 2
~

iB , 

2
~

iC ) is stabilizable and detectable. The output 

feedback H
∞
 control aims to design a controller 

with state-space expression as: 
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where knt R∈)(x̂ is state vector of controller, k
iA , 

k
iB , k

iC , k
iD (i=1, 2, …, N) are parameter matrixes 

to be solved. The controller (4) should assure that 
the closed-loop system made of (3) and (4) is 
asymptotically stable and satisfies the prescribed 
H
∞
 norm bound of Tzw. 

3.1. Sufficient Condition of Controller Existence  

Applying (4) to (3), the closed-loop system is 
obtained as:  
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where  [ ]Tx̂xx e=  
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Theorem: The system (5) is robust stable under 
arbitrary switch conditions and the infinite norm of 
Tzw is smaller than γ (γ >0) if there exists a series 

of symmetric positive definite matrixes Pi  (i=1, 2, 
…, N) such that: 

0<
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Proof: Define a performance function denoted 

by T],,,[ 21 Nξξξ L=ξ . So that γξ =i  when 

switched system is on the subsystem ik represented 

by matrix coefficient iA
~

, while other subsystem 

0=iξ . Note that },,{ 212121 III iii
−= ξξξdiagΛ , 

there is 
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where iii PP ξ= . Then there exists a series of 

symmetric positive definite matrixes Pi such that 
(6) holds if there exists a series of symmetric 

positive definite matrixes iP  such that: 

02 <
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According to (7), the following inequality holds: 

0<+ iiii APPA T . Moreover, iP >0. So it is 

proved that the system (5) is asymptotically stable 
under arbitrary switch conditions. 

As (7) holds strictly, a suitable constant ε (0 <ε 
<1) always can be chosen so that 
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Using properties of Schur complement of matrix, 
the above inequality can be equivalent to the 
following inequality: 
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For any T>0, considering the performance 

function: ttttJ
T

e

T

e dd ∫∫ −−=
0

22

0

2
)(~)1()(~ wz γε , 

under the condition of zero initial state, J can be 
calculated 

))(())]((

)(~)(~)1()(~)(~[ 2

0

TVttV

ttttJ e
T
e

T

e
T
e

xx

wwzz

−

+−−= ∫
d&

γε
 

+−−= ∫ )(~)(~)1()(~)(~[ 2

0
tttt e

T
e

T

e
T
e wwzz γε

))(())](~)(()(2 TVtttt eikikik xwBxAPx −+ dT

[ ]






+












= ∫ i

i

iT
T
e tt DC

D

C
wx iT

T
T ])(~)([

0

))((
)(~

)(

)1(2
TVt

t

t

ekk

kkkkkk x
w

x

I    PB    

BPAPPA

i
T
i

iiiii
T
i −




























−−

+
d

εγ
. According to (8), it can be seen that the integral 
item of J is less than zero. Further using zero initial 
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For )(~ tew ∈L2[0 ∞) and asymptotic stability of the 

system (5), if making T→∞ on both sides of the 
above inequality, the formula can be obtained as 

follows:
22222

)(~)(~)1()(~ ttt eee wwz γγε <−≤ , 

which implies that the system (5) has the H
∞
 robust 

performance γ . The proof is complete. 

3.2  Controller Algorithm 

In the existence condition (6) of the controller, 
the matrix variables Pi and the controller parameter 
matrixes emerge in a nonlinear way. So the 

controller is hard to be computed from (6). Here 
variable substitution method is applied. By 
introducing new variables, (6) can be transformed 
into a new form which is a LMI expressed by new 
variables. 

Lemma[14] A necessary and sufficient condition 
is 

0>
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for existing a symmetric positive definite matrixes 
P such that the following equations: 
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is any possible matrix. 

Two new matrix variables Xi and Yi are 
introduced to deduce the below formula according 

the above lemma: 











=












TT
i

i

i

i
i

N

YI

M

IX
P

00
, 

IPP =−1
ii . The Mi and Ni can be calculated by 

decomposing the matrix I-XiYi through singular 
value decomposition. Here denote: 
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Define the following variable substitution 
formula: 
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The left of (6) multiplies diag{ T
iF , I, I} on the left 

and diag{ Fi , I, I} on the right respectively. Then 
an equivalent inequality of (6) is obtained as (11)  

11 12 13 14

22 23 24
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where TT )ˆ~
(ˆ~~~

2211 iiiiiiii CBCBAXXAΘ +++=  
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The symbol * in (11) represents symmetric terms in 
the LMI. From (11), it can be seen that it is a LMI 

about matrix variables iÂ , iB̂ , iĈ , iD̂ , iX  and 

iY , which can be solved using the LMI tools of 

Matlab. 

Designing output feedback H
∞
 controller 

concludes following steps. 

Step 1: Set γ . 

Step 2: Choose weighted functions.  
Step 3: Solve the LMI (11), if no solution, go to 

step 2. 
Step 4: Deriving Mi and Ni by solving singular 

value decomposition of I-XiYi 
Step 5: Deriving the controller parameter 

matrixes by (10). 

4. DESIGNED EXAMPLE 
 

4.1 Buck Converter  
The topology of the buck converter is shown in 

Figure 1, where Vin is DC source voltage, Rs, R1, Rd, 

Vin
12V

R
22

C 47uF

Rc 0.1

L

20mH

Rd 0.1

R1

0.7

Rs

0.1

D Iout

0A

 
Figure 1.  Topology of Buck Converter 

Rc the internal resistances of the switch transistor, 
inductor L, diode D, and capacitor C. The symbol R 
represents the load resistance. The output current 
source is inserted in the circuit to introduce load 
perturbation. In this paper, the buck converter 
operating continuous conduction mode is only 
considered, where the circuit can be identified two 
switched subsystems. The error signals ye, ue of 
measurement output and control input are chosen as 
controlled output. The coefficient matrix 
expressions for the two switched subsystems can be 
put in the form shown below: 
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where )( cRRRa += .  

Setting weighted functions for perturbations 
input and controlled output respectively as follows: 
Ww=0.1, Wu=0.31, Wy=(0.01s+1500)/(s2+104s+180), 
and γ =1. The desirable operating point is set as 

xd=[0.14A 3V]T, yd=3V, ud=yd /d, d is duty cycle, 
wd=0.5A. The parameter matrixes of output 
feedback H

∞
 controller for buck converter are 

calculated by the LMI tools of Matlab as follows: 
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The buck converter under the above-mentioned 
controller is simulated by switching its two 
subsystems on a pulse signal with 100kHz 
frequency and 0.5 duty cycle. The error waveform 
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of output voltage and reference output voltage is 
shown in Figure 2. In the case of reference input 
voltage Vin step changes from 12V to 18V as start 
up performance at 0.3s and from 18V to 6V at 0.6s, 
the behaviors of output voltage and control signal 
are shown in Figure 3 and Figure 4. It can be seen 
in Figure 3 that the closed-loop system has good 
damping response to the wide change in the input 
voltage, and the output voltage is stabilized at the 
desirable voltage of 3V. Figure 4 depicts that the 
designed controller have a good adjustment ability 
following the input voltage variation. 
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Figure 2.  The Error Waveform of Output Voltage for the 

Buck Converter 
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Figure 3.  Output Voltage Response of Buck Converter 

for Input Voltage Variations 
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Figure 4.  Control Input Response of Buck Converter 

for Input Voltage Variations 

 

 

 

4.2 Boost Converter  
The boost converter is depicted in Figure 5. The 
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Figure 5.  Topology of Boost Converter 

circuit is also considered working in the continuous 
conduction mode. The coefficient matrix 
expressions of its two switched subsystems are 
given as follows: 
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Setting weighted functions and the desired 
operating point respectively as follows: 
Ww=0.01/(400πs+200π),Wy=(0.3s+1200π)/(s+100π)
, Wu=0.4. xd=[1.14A 50V]T, yd=50V, ud=d·yd, 
wd=0.5A, γ =1, the parameter matrixes of output 

feedback H
∞
 controller for boost converter are 

calculated as follows: 
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The boost converter under the above-mentioned 
controller is simulated by switching its two 
subsystems on a pulse signal with 100kHz 
frequency and 0.2 duty cycle. The input voltage 
variation for boost converter are chosen as same as 
in section 4.1. The error waveform of output 
voltage and reference output, output voltage and 
control input responses of  the controlled boost 
circuit are shown respectively in Figure 6~Figure 8, 
which depict the closed-loop system has good 
stability and good tracking performance. 

0 0.1 0.2 0.3
-3

-2

-1

0

1

Time  t / s

T
h

e 
er

ro
r 

 y e / 
V

 

Figure 6.  The Error Waveform of Output Voltage for the 
Boost Converter 
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Figure 7.  Output Voltage Response of Boost Converter 
for Input Voltage Variations 
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Figure 8.  Control Input Response of Boost Converter 
for Input Voltage Variations 

In the above two application examples, observing 
the derived controllers, it can be found that the 
controller for the second subsystem of buck 
converter is zero, and the controller for the first 
subsystem of boost converter is too small to be 
ignored its function. It means that only one of 
controllers of switched subsystems will control the 
closed-loop switched system. Therefore, in the 
design of the control for actual circuits, it is not 
need to switch between multiple controllers to 
control the converter. It will not increase the 
complexity of the control circuit.  

5. CONCLUSION 
 
Based on LMI and H

∞
 control theory, a control 

strategy of adjusting input voltage to stabilize 
output is study in this paper by building switched 
linear model under perturbations for DC-DC 
converters. The designed controller guarantees the 
closed-loop system asymptotically stability and 
shows good robust performance to perturbations. 
The method in this paper has the following 
advantages:  

(1) The derivation of a switched linear model 
does not require any approximation. Comparing to 
the linear average model, the switched linear model 
more accurately represents nonlinear characteristics 
of DC-DC converter.  

(2) The number of controllers for closed-loop 
system can be less than the number of switched 
subsystems, which can reduce the size and 
complexity of control circuit.  

(3) It is different from usually pulse-width-
modulation switching concepts, where the switch 
position acts as the control input and the duty cycle 
is solved to adjust the output voltage. The output 
feedback H

∞
 control method here use input voltage 

as control input and can use an arbitrary constant 
duty cycle to control converter tracking to the 
expected value of the output voltage by adjusting 
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the control input. It is no need to modulate PWM 
signal. 
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