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ABSTRACT

In view of multi-attribute decision-making problemsith interval numbers in social economy and
engineering system, this paper defines and analylzesbasic operational rule, normalized method,
sequence comparison strategy, and the calculadimguia for the distance of interval numbers andrivdl
number sequence. It presents weighted TOPSIS deaisaking model based on interval numbers
operational rule, solves the key problems to dateuthe standard matrix solution with the interval
numbers decision-making system to select the ipediieal solution and negative ideal solution, &mel
distance calculation between DMUs with interval imems and ideal solution. This model, which is sinpl
and feasible, can solve optimal fire station lamatind improve the effectiveness, practicality amebting
surface. The problem of weighted TOPSIS suitabledal original property matrix is solved. In sunga
the weighted TOPSIS decision-making model baseimtenval number operation rule offers scientificdan
practical ways and means for multi-attribute decisinaking problems with interval numbers.

Keywords. Mathematical Model, Multi-Attribute Decision-Making, TOPS'S, Interval Numbers, Optimal
Location.

1. INTRODUCTION such as the literature [5] is applied to TOPSIS, et
In addition, while in dealing with the decision-
There are lots of multiobjective decision-makingnaking problem of real number type data and
problems in social economy and engineering systeimterval numbers type data, the real number isnofte
[1]. Because of the limitations of complexity,transformed directly into both upper and lower
people's knowledge and cognitive ability orbounds of the interval with the corresponding real
objective things, we will often meet uncertain andperations. Thus the decision-making problem with
fuzzy decision information while solving theinterval numbers is almost solved by using this
practical problems. It is difficult to determineeth idea, but on the other hand, the interval numbezs a
index with accurate or concrete primitive attributalissevered artificially(and even a real number is
value when we make decision to the system, butdissevered too), which leads to lower goodness of
evaluation or prediction interval can be ofterfit between decision result and practice. For this
provided [2], sometimes part of the index attrébu reason, based on definition of operational and
value are proposed, while the other part is used fcomparative rule, interval number is considered as
interval number type data as attribute value. whole, this paper adopts the algorithm thought of
TOPSIS, constructs the improvement TOPSIS
%ased on interval numbers, and at last carry on

' L sitive research and analysis through optimal
icnoréségii riigl.?ngﬁir;gd rtr:]aen;egs;rlrgse’n?ngnzir\:\gg(railr?gjugﬁngiaﬂpn i|j some urbap firgl station to (ealigg and
other fields [3-4]’ In the exis,ting literatures explain t.hls _mogiel app_Ilqab|I|ty a_nd practicability

- Lo . 'the multi-objective decision-making problems.
decision matrix with interval numbers is mostly to
be differentiated into upper decision matrix and
lower decision matrix, and then employes a certain
decision model to make system of decision on the
two pieces of decision attribute matrix separately,

Currently, the study on interval numbers data f
decision-making system has been made in
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2. TECHNIQUE FOR ORDER PREFERENC-
E BY SIMILARITY TO IDEAL . _
SOLUTION respectively, which the values fzrj andzj are

+ -

Z+:{Zl+!z;"”*zn} . Z :{21_’22_’...’2”} ,

The Technique for Order Preference by Zj+=max{mi'j}, zj-zmin{mi'j} (1)

Similarity to ldeal Solution nodel (TOPSIS) is a Step3: The distance between DMUs and the

more effective multlpl_e _attrlbute d_eC|5|on-r_nak|n ositive and negative ideal solution is calculating
method based on statistical analysis technique [1],

and has been widely used in a lot of researches 9ye define the weighted distanc@i+ and Dy
social and economic fields in recent years. The M, (i=22,m) »
basic idea of TOPSIS is to compare each systehgtween DMUs ™ , and the positive
object with the positive and negative ideal sokgio and negative ideal solutlo.n by using the Euclidean
constructed by the decision-making system. [ROrM to calculate the Euclidean distance.

some sense, close to the ideal solution or away fro ; ;
the negative ideal solution is used as a basis f& = /Z[a)j(zj*—m'j)]z,D( = [ 2lw(z -m)P’ ()
decision-making, then DMUs is sorted in the = =

system and decisions are proposed. TOPSIS SySte"Where Wi s the preference weight of the jth

In _the apphca’gon of decision-making W'I.I decision-making attribute of the decision-making
inevitably be subject to the preferences of denisio stem M. The weights can be determined by

makers or experts, and the influence degree to t@ébjective weighting method, such as AHP, Delphi

system in decision making by each attribute iﬁnalysis method or objective weighting method,
cluding entropy weight coefficient method,

different, therefore, the weighted TOPSIS witr]n
decision-makers’ preference is given below. variation coefficient method and etc..[6]

(Model 1) Step4: Relative closeness of every DMUs is
Stepl: The attribute system of decision-makingonfirmed, and sequence and decision are carried
system is constructed and its primitive attribut@ut hereby. By calculating we know the relative

matrix is provided. closeness of the ith decision-making unit Mi is
Assume there are m decision-making units in D~ .
some decision-making system M, denoted by C =———,i=12--m 3)

M,(i=12--,m) , and n decision attributes, b +D

d d b _ . decisi The DMU of a larger relative closeness,
enoted DyX; (j=12:--,n), sometimes decision jicating that the program (decision- making unit)

attributes can be subdivided into s input attributes close to the virtual optimal solution(the possti
X;(j=212---,5) and N—¢< output attributes ideal solution) and is far from the virtual worst
solution(the negative ideal solution), therefore th
program has relatively dominant position in
attribute matrixm = (m, r‘of decision system M, alternative.

ij / mx

X;(j=s+1-n) - Then we can get a primitive

in which ™ express the primitive attribute of the " Summary, we can see that, for decision-
making system, including interval numbers, the

ith decision-making unitM corresponding to the main problems are basic operation rule,

jth  decision attribute X P The necessary standardization of interval numbers, comparative
normalization was completed according toeduence of interval numbers and the definition of

requirement and finally we get the standardizefliStance between interval numbers and so on by
attribute  matrix ' = (v ) (Without loss of using weighted TOPSIS decision-making model.
ij ) mxn

generality, let the attribute is maximal after3: OPERATION AND ORDER COMPARA-
normalization). TION OF INTERVAL NUMBERS

Step2: The positive ideal solution and negative
ideal solution of decision-making system under - N
TOPSIS are given. Let the positive ideal solutiointerval number. 18 ={0< x|a<x<a}, thenais
and negative ideal solution corresponding to thgalled positive interval number, interval number fo
original attribute vectors of the virtual DMUs areshort; If a=a, thend degenerate for a real number

(Definition 1) Let 4 =[a,a] ={x|a< x<a}is a
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[7], otherwisea is called non-degenerate mtervalm —[m,J,m”.] . rT']ij =[m;,m;] , respectively,
number. —
. . . _ hence

To define the basic operations of interval _
numbers, we give the concept of two equal intervals Ym,

: ——— X.0OS
at first. mo i

_ ~ - = 2 wm)
(Definition 2) Let a=[a,a], b =[b, ] e two m; =1 = (8)
R m;
positive interval numbers, ii=b and a=b, - : X, aT
then we sayd =b . 2 m,
i=1

(Definition 3) Let a=[aa], b =[b,b] be two
positive interval numbersg OR , then define
addition, productguotient, exponential operations

We can also know from definition 3 that the
standardized attribute values Eﬁfz:[m'j,m'j] for

of interval numbers by formulagl) ~(6) [8] interval number-type eIemenm —[m,J,mij] , in
ad =[aa,aa] ,Axb =[axb,axb] (4) which, while X;0S , the minimal index,
%:[%,%] ,b #[00] (5) ]/ m, . m :n]/——J_ ; on the other
2 N Z@w > Wm)

a® =[a®,a%],a" =[a",a ],a>0 (6) =

When the elements of decision-making matri and, X, 0T ,the maximal indexn, = M
are real number, we transform cost index(minima L
type) into benefit index(maximal type) through z(ml

reciprocal. And then carry out standardized —

processing by mean method, difference methhoT

standard difference method, efficacy coefficient

method, etc. Usually, we can choose mean method, ;(ﬂ

which is simple and convenient if it does not afffec

the results of decision-making. Hence, the Currently, there are many studies on order

standardized attribute matrixM ' _(m”)mxn of comparison of interval numbers at home and abrogd.

primitive attribute matrixM = (m,) (modl 1) However, they concentrate on chang|_ng uncertain
j /mn * numbers into defining-numbers. In the literaturk [9

can be given by the following formula: Let|t summarized 11 kinds of representative

S={X;}(j=12--,9)indicate minimal index and comparison methods of interval numbers.

T={X;}(j=s+1---,n) indicate maximal indeX, This paper plans to adopt the order relation
thus method based on credibility that Zhang Xing-Fang
proposed [10], and carries on appropriate

]/mu N adjustment to definition and explanation of this
m j method.
2 @m) Definition  4) Gi t d t
m == @ (Definition  4) iven two non-degenerate
: ij X OT positive interval numbers =[a,a] andb =[b,b] ,
J -~
Zmu let a#b , if one of the following conditions is
= satisfied, then sa@ more thanb (or b less than

According to the above mentioned, we card), denoted byd > b .
extend the standardized method of decision-making _
attribute matrix to the case whose element is @ a>b » also calleda strong more than

interval number, that is, replace real numbmys b (b strong less tha@ ), denoted bya >>b .
m, in formula (7) with interval numbers
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@ (§+5)/2>(l_3+5)/2 , also calleda weak Lp(;&, I§) in formula (10) is nameg-th distance
more thanB(Bweak less thara ), denoted by between interval number sequem}:eand B.

a»-b; ) 1
_ _ _ B) = b)Y +(a —b)P) P
®a>b. and (a+3)/2=(b+b)/2 also called  »ME) (;((i B)"+(&-b)")" - (10)
& optimistic more tharb (b optimistic less than Specifically,

) or called b pessimistic more than

a
a (3 pessimistic less thah ),denoted bya == b , L,(A B) =\/Zn: (& -b)>+(a -b)?) (when
specific judgments determined according to the i

mentality of decision makers. p=2) is named Euclidean distance.Af and B

Thus, we can use the comparative method whicre attribute vectors with index corresponding to
is given in definition 3 to solve the positive andwo DMUs, we can get the weighted Euclidean

negative ideal solutions. distance between DMUSA and B after weight

The distance between each DMU and the positi¥ector of index systemw=(d, @, -+, @,) is
ideal solution and negative ideal solution is tkey k given:
to solving problems when we carry out system
decision through TOPSIS, so we can define the ;% 5., _ N CRN\2 . (o 2
distance between interval numbers from rea 2(A B’w)_\/;w'((i B) ta-h)7) Ay
numbers corresponding.

4. IMPROVED TOPSIS DECISION-MAKIN-

(Definition 5) Give two positive interval G MODEL BASED ON INTERVAL
numbersa =[a,a] and b =[b,b], thenlp(a,b) in NUM BE-RS OPERATION
formula (9) is namedporder distance betweem ) )
4B In summary, we can give the algorithm of
anap improved TOPSIS decision-making model based on
e (a-b)" +(5—5)" % . interval numbers as follows.
p(a! )=( > ) 9) (Model 2)

o~ 1 I Stepl: We construct decision-making program
If p=1, Il(a,b)=§[|g—l_)|+|a—b|] is named gets M and decision-making attribute sexXs of
decision-making system and give its original

Hamming-distance; And if p=2 . . ; .
ing-dl . P attribute matrix. According to the attribute values
~~_ 1 N2 L E 212 . that indexes correspond are real number or interval
l,(a,b) _ﬁ[(z—i D" +(a-b"] 1S named numbers, we can standardize the original attribute
. . ~ ~ . values by formula (7) and formula (11),
Euclidean distance. Whem and b degenerate into respectively, and get the standardized decision-
real number  a z;md b »making matrix of decision-making system.
1 =
Iz(a,b)=T[(a—b)2+(a—b)2]2 Step2: According to the attribute values that
2 indexes correspond are real number or interval
=la-bl|=d(ab). numbers, we can standardize the original attribute

Obviously, the distance between intervaValues . by formula (1) anq_ formula (4).'
kr]espectlvely, and select the positive and negative

ngmbers can be seen the generahza‘uon from t|(?eal solutions of decision-making system with
distance of real numbers. Moreover, it can b?OPSIS

extended to the form of order, perhaps we can
define the weighted distance. Step3: Determining weight coefficient vector of
o ~ - decision-making system by some method. First, we
(Definition  6) Let A=(a;,a,,--,a,) and converts index with real attribute to interval

B= (61,62,...,[)'”) are interval number sequencelumbers with upper and lower bounds are the real

who have the same dimensiondimensional), number, aftgr that, uses formulg.(ll) mgthod to
— solve the distance between decision-making units

a=[a,a] » b =[b,b], i=12--,n, then gnq the positive and negative ideal solution.
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Stepd: we determine the relative approach degree In order to not only give an objective weight
for all decision-making units by using formula (3),index, but also take full account of the preference
and then sort and make decision accordingly. of decision makers, this paper adopts the weighted
average method according to fuzzy AHP and

In thls paper, the optlmal Iocqﬂon of fire gtason entropy weight coefficient method [12], and gets
a pratical problem which one city plans to increasé

the fire stations in order to improving the fire Weight veptor w=. (032’0'12‘03_’502]) ' .then
defence Capab”ity, is solved by using improve@onverts II_’ldeX with real attribute to interval
TOPSIS decision-making model based on intervalumbers with the real upper and lower bounds, after
numbers. Literature [11] gives a simple integratefhat, uses formula (11) method to solve the distanc
decision_making index system for the C|ty firebetween DMUs and the pOSitive and negative ideal
station, and then selects number of s¥jfand fire Solution, and sorts accordingly. The results are
funds(X,) as input index, the standard-reaching ratghown in Table 3.

of 15 minutes fire time(s) and the number of fires

(X4) as output index, Sample data shown in table 1. Tab3.  Distance, Approach Degree And Order Of

Each One Dmu

Tabl.  Original Attribute Values Of 10 Alternative DMU D* D C ORDER
Fire Sation 1 [0.1010] 0.0533 0.3454 8
DMU | X; [ X, X3 X, 2 0.0779| 0.0466 0.374p 6
1 70| 8.55| [0.76,0.83] [513,567] 3 0.0882| 0.038§ 0.3058 9
2 34| 5.16] [0.70,0.79] [238,286] 4 0.0434| 0.1021 0.7014 1
3 54| 6.14] [0.80,0.89] [395,436] 5 0.0897| 0.0501 0.3584 7
4 23| 2.55| [0.75,0.84] [289,324] 6 0.0567| 0.080§ 0.5873 3
5 50| 7.38] [0.60,0.68] [501,547] 7 0.0875| 0.0368 0.296P 10
6 26| 3.34| [0.80,0.88] [230,281] 8 0.0660| 0.0554 0.456[ 5
7 52| 6.25| [0.74,0.84] [398,437] 9 0.0465| 0.0947 0.670P 2
8 35| 4.50| [0.88,0.93] [309,363] 10 0.0598| 0.0658 0.524D 4
9 23| 3.01| [0.70,0.81] [287,326]
10 | 32| 3.46| [0.87,0.92] [269,319] From above, we can see that relative approach

degree of DMV is maximum, which shows the
Then we can get the standardized attribute valugtan has the best approach degree to virtual optima
corresponding indicator system of DMU accordingolution, and the maximum degree away from the

to formula (7) and (8), such as table 2. virtual worst solution. Therefore, if we only cheos
_ _ one new fire station, DMY is the preferred
Tab2.  Standardized Attribute Values Of 10 program because of its comparative advantage
Alternative Fire Sation position in all alternative programs. In addition,
DMU [ X Xa Xa Xa | DMUg has the better approach degree too and the
; 8-%22 8-8222 {8-822‘2‘%182 ;} {8-32?;»832 33} smaller gap with DMU}, so this plan can be used as
3 0.0646] 0.0707 [0:095110:117 i [0:1018:0:12 2] second choice in alternative program. At last, the
4 | 0.4517] 0.4702 [0.0892,0.110%] [0.0754,0.0945] approach degree of DMUand DMU, are more
5 0.0698| 0.0588 [0.0713,0.089%] [0.1291,0.1581] than 50%, so they should belong to the third choice
6 [ 01342 0.1299 [0.0951,0115] [0.0593,0.0819] i glternate program
7 | 0.0671] 0.0694 [0.0880,0.110%] [0.1026,0.1274] '
8 0.0997| 0.0964 [0.1046,0.1224] [0.0796,0.10%9] 5 CONCLUSION
9 | 0.1517| 0.1442 [0.0832,0.1066] [0.0740,0.0951]
10 | 0.1090| 0.1254 [0.1034,0.121}] [0.0693,0.0980]

In social economy and engineering systems, there
are a large number of research demands of multi-
and negative ideal solution of decision-makin ttribute deci;ion-making with finite alternatives.
systerm under TOPSIS based on formula (1) andiS Paper first analyzed the current research
definition (4). situation qf deC|§|on—mak'|ng analysis W|th !nterval

numbers, in particular pointed out the deficienty o
Z* ={0.15170.1702[0.10460.1224,[0.13320.1654}  the mostly adopted method of dividing decision-

making matrix into upper decision-making matrix

and lower decision-making matrix. Then this paper
Z~ ={0.04980.0508[0.07130.0895],[00593,00819} defined and analyzed the basic operation rules of
interval numbers, standardized methods, order
comparison strategy, interval numbers distance and

Similarly, we construct positive ideal solution
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calculation formula of the distance of intervall4] Zhu Jian-jun, Liu Si-feng, etc.. Aggregation
numbers sequence, presented the weighted TOPSIS approach of two kinds of three-point interval
decision-making model, and analyzed the key number comparison matrix in group decision
problems of decision-making system with interval — making[J]. Acta Automatica Sinica,
numbers solved by TOPSIS decision-making 2007,33(3):297-301.(in Chinese)

model. Using the above definitions and somes] Liang Liang, Cheng Gang. Interval Evaluation

operations of interval numbers analyzed, this paper Model Based on The Ideal Point[J]. FOREC
proposed the weighted TOPSIS decision-making AST | NG, 1996,5:60-61.

model based on interval numbers operation, ar[g
solved some key problems, such as the standardizegi of Comprehensive Evaluation Model[J]. Journal
method of decision-making matrix with interval of Eastern Liaoning University (Social
numbers, selecting the positive and negative ideal Science), 2007,9(2):92-97.

solutions of TOPSIS with interval numbers, an
calculating the distance between decision-maki

LI Yin-guo, LI Xin-chun. Weight Determination

7] Senguta A, Pal T K. On comparing interval

units with interval numbers and the positive and numbers[J]. European Journal of Operation
negative ideal solutions, etc. Furthermore, this Research, 2000, 127: 2813.

paper improved the existing TOPSIS apply only t68] ~ Wei Lan-yong, WEI Zhen-zhong. The
decision-making system of real number type of Operation of Interval Numbers in the Interval
original attribute matrix greatly, expanded its Number Judgement Matrix[J]. Mathematics in
adaptation and practicability, while the realizatio ~ Practice and Theory, 2003.33(9):75-79.

of the algorithm has not increased its difficulty a[9] WU Jiang, HUANG Deng-shi. An Review on
the same time and the algorithm is simple and easy Ranking Methods of Interval Numbers[J].
to do. Finally, in order to solve the practical Systems Engineering, 2004,22(8):1-4.

problem of increase the fire stations for improving10] ZHANG Xingfang, ZHENG Xingwei. The
the fire defence capability, an application example Ranking of Interval Numbers and Its
for optimal location of emergency system was  Application to Decision of Systems[J]. Systems

given, and solved well by simulation, which further  Engineering—Theory & Practice, 1999,7:112-
showed the weighted TOPSIS decision-making 115,

model based on interval numbers operations giveml] FANG Lei. Resource allocation of emergency
in this paper was a science, practical method and system based on the DEA model with
ways for solving the multi-attribute decision-

; S preference information[J]. Systems
making problem with interval numbers. Engineering—Theory & Practice ,2008,5:98-
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