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ABSTRACT

This paper deals with closed form solutions for theerse and forward position analyses of a 3-SPR
parallel mechanism, which can be used to form tharhody of a 5-DOF hybrid robot manipulator. le th
inverse position analysis, a fourth order polyndmaiguation has been formulated, leading to fourodet
solutions of limb lengths for a given position bétreference point on the platform. In the formaodition
analysis, a sixteenth order polynomial equationbdeen derived, leading to four sets of mirror pagesn

a set of limb lengths. Consequently, the complets sf solutions for the inverse and forward poaiti
analyses of the mechanism have been achieved. &mpg is given to illustrate the effectivenesshis t
approach.

Keywords.: 3-SPR Parallel Mechanism, Forward and Inverse Position Analyses

problem being complicated. The 3-SPR parallel
mechanism having one translational and two

. rotational movement capabilities would be a typical
Inverse and forward position analyses ar

. . xample.
fundamentally Important in the development 9§ Thep above mentioned problem has been notified
pgrallel_ mechanlsm_s for - workspace analy5|sny only a few researchers. By reversing the base
dimensional synthesis and control purposes, etg

; nd moving platforms, Lu et al [18] dealt with the
Approaches for solving these problems can b‘?‘nverse position analysis problem of a 3-SPR
classified into two categories, i.e., analytica| —-

method and numerical algorithm. The analytica.?ara”el mechanism, which involves 15 unknowns

. . in terms of 9 direction cosines of the orientation
approach is focused on finding the complete set

solutions using the procedure that can usually b atrix and 6 translational coordinates of two
. g P ) Y B%ference points on the base and moving platforms,
implemented by two steps: (1) formulate th

. . . ; : eading to a nonlinear equation containing a single
kinematic constraints into a set of nonlinear : L

. . -unknown derived by the elimination method.
equations, and (2) generate a polynomial equatign

) : .Unfortunately, the mathematic model for the
having a single unknown by means of certai

elimination methods. As a result, all configuraton orward position analysis was failed to give ale th
' ; ' g ._solutions of the problem. Lukanin [19] dealt with
can be found by solving the end polynomia

equation [1-12]. The complexity of the polynomial he closed-form solution for the inverse position
aq roach de e'nds UDoN tphe Zometr %f %/he Ob.é':}:nalysis problem of the same mechanism. Although
PP pends up _geometry > ODIGGhht real solutions were obtained from a fourth
and proper choice of elimination techniques

Numerical aoproach can be used to find onOrder polynomial equation, four of them did not

) app . . R gatisfy the constraint equations. In addition, the
solutlc_)n using iterative algorithms or optimization <., algorithm was merely presented for the
techniques [13-15] forward kinematics.

It is well recognized that for most parallel . - :
. . I ot This paper revisits the inverse and forward
mechanisms, inverse position analysis is much

easier than the forward one. For the lower mobilitpOSItIOn analyses of a 3-SPR parallel mechanism

parallel mechanisms having coupled degrees g\flth a goal to find the complete set of closed-form

freedom (DOF) in terms of both translations an&olutlons by using elimination method.

rotations, if the dependent coordinates can

explicitly be expressed in terms of the independer@ SYSTEM DESCRIPTIOT

ones, the inverse position analysis is still simple

PRS and 3-RPS parallel mechanisms for instanceAs shown in Fig.1, the 3-SPR parallel
[16,17]. However, it would be not the case if thenechanism under consideration consists of a base
dependent coordinates can not be explicithand a moving platform connected by three identical
expressed in terms of the independent ones, leadiB&R limbs. Here, S and R represent the spherical
to both inverse and forward position analysi@nd revolute joints, and the underlined P denotes

R
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the actuated prismatic joint. Place the referenageneration of an end polynomial equation in terms
frame B-xyz attached to the base and the movingf procession angle/ as the single unknown by
frame A-uvw attached to the moving platform with gjimination method.

B andA being the origins located at the centers of | the B-xyz, the position vector=(x y 2)" of A

equilateral triangleh\AA/A, andAB,B,B, with the can be expressed as
x andu axes being normal 1,B, andA;A,, and the r=b+qgw -a,i=123 (2)
zandw axes being normal taB B,B,andAA A A, .

Here, A, (i=1,2,3) are the centers of the spherical whereq; andw; are the length and unit vector of

. . T
joints andB; (i=1,2,3) are the intersection of thelmb i _ 310:?(005:3. sing () and
axes of the revolute joints and actuated prismati =b(cosg, sing Q are the position vectors
joints, respectively. of Ay andB; measured irA-uvw andB-xyz with a

andb being the radii of the platform and the base,
and S = 2ri /3 the position angles to the R joints.
Note that the constraint imposed by tRgoint
restricts bothw, and a; to be normal to the unit
vector ¢; of the R joint axis. Thus, taking the dot
product withc; on both sides of Eq.(2), leads to

(r-b)'¢=0,i=123 (3)

wherec =Rc,,c, =(-sing cosB Q.
Substituting Eqg.(1) into (3) and implementing
subtraction and addition, yields

. _b
u r—z(vy—ux) 4)

Figure.1 Diagram Of A 3-SPR Parallel Mechanism vir = —(3u -V, ) (5)

The orientation matrix of th&-uvw with respect T
to theB-xyz can be formulated by three Euler angles vir =by, (6)

Y , 8and gsatisfyingz-x-z conventions: Equating Eqs.(4) and (6) gives tg =v, . This

Cycp-spctsy -~y -y oo H6& | s top= - asf<n . Then, Egs.(4) and (5) can
R=|sycprpy @9 -9 g+ ¢ €@ ~ @& | ouritten as
L SHS[/? g @ ¢ T 1
fu, v, w, u r:—Ebcosza(l— cof) @
= uy Vy Wy :[U \' W] T 1 .
u v Vir=gheind(i-cos) @

1) . o
whereu, v andw are the unit vectors of the frame At this stage, multiplying Eq.(7) osy and (8)

A-uvw with respect to the framB-xyz, andy, & by sing , and implementing addition; while

and ¢ are three Euler angles of precession, nutatiafultiplying Eq.(7) bysing and (8) bycosy , and

and body rotation, respectively; “s” and “c” herejmplementing subtraction, yields

denote sin and cos functions. 1
xcosy +ysiny =-=bcosg( = cd) (9)

3. INVERSE POSITION ANALYSIS 2

—-Xsing cod+y cog cad+z st

Inverse position analysis of the 3-SPR parallel 1,

mechanism involves the determination of the limb —Ebsm&l/(l— cos)

lengths given the pose of the platform. The problem

can be solved by two kernel steps: 1) formulatibn o Thus, substituting, = tan@ / 2)into Eqgs.(9) and

the constraints that relate three Euler angles wiif10), gives

the coordinates of the reference poitand 2)

(10)
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at’+a,=0 (11) 2) If y=0, thenh,=h;=0, Eq.(15) degenerates to

hJ; +ht, +h,=0, meaning thatt, has at
2 —
bty +byt, +b,; =0 (12) most two solutions.

h = + i +b
where 8, =xcosyy+ysiny +b cos@ 4. FORWARD POSITION ANALYSIS

a, = Xcosy +ysiny
b =-xsing +ycosy +b sing The forward position analysis of the mechanism
b, = -2z, b, = xsing - ycosy . is concerned with the determination of the moving

o , platform pose given the limb lengthg, (i=1,2,3).
Multiplying t, on both sides of Egs.(11) and (12)yhe skills to solve this problem can be divideaint

results in two complementary equations whichiwo kernel steps: 1) expressionoandy in terms
together with Egs. (10) and (11), can be writtea in ofy , Gandz as = -y ; and 2) generation of an

matrix form end polynomial equation in terms of procession

Kt=0 (13) angley as the single unknown by the elimination
0 a 0a t2 method.
a 0 a O t2 Firstly, taking Euclidean norm on both sides of
where K = = . Eq.(2), and implementing necessary addition and
0 b b, b t, subtraction, yields
b b, b, O 1

X = 6_1b(q12 +0; - 293 - 6ab(1- coP) cos@) (17)
The necessary condition for Eqg.(13) to have

nontrivial solutions yields the following triangula 1 )
equation y :E(Gab(l— co®) sing -+ $qf _qzz)) (18)
g,cos Y +g, sif +g, cos@ sin2+ (19)
I = 2 2 2 _ 1 2 2 2 2
0,COSY+g, SinP+g,= 0 ey ez =3(@+ai+a)-a’- g
whereg, = 4bxz” + (2xy + by )’ b +ab(1+ cosd )
g, = (X -y’ ~bx)* Note that
g, =4byz’ - 2(x* - y> —bx)(2xy + by) whr = xsingsind-ycogy sif+z col® (20)
04 =22°(X* - y*+bx), g, = 22°(2xy —by) In comparison with Eq.(10), Eq.(20) can also be
g, = 222 (% + y? —bx). rewritten as

Substituting t, =tan¢/) into Eq.(14) finally w'r =i(z—}bsin3//(1— co§) sirgj (21)
. : L cosd 2
results in a fourth order polynomial equation in

terms oft, as the single unknown. Substituting Egs.(7),(8) and (21) into the
4 following identity
;htw =0 (15) r=(uTr)u+(vTr)v+(wTr)w (22)
whereh, =g,-9,+09,, h, = 2(—g3 + 95) leads to another two expressionsxoéindy in
h,=2(-g,+9,+g,), h =2(g,*+9;) terms ofy, fand z
h,=0,+9,+0. x=zsin(//tan€+}b(1— co#) O] 23)
Solving Eq.(15) fory , @can then be determined (—cosz// cos@ - sig sing s&)

by Egs.(9) and (10). This allows the orientation
matrix R to be generated such that

_ _1
q =|r +b -Ray|, =12 (16) y =zcosy tard Eb( t co8)O

(=sing cos@ + cog sinB s&
Note that:

1) If x=y=0, then h,=h,=h,=h,=h,=0 , Secondly, equating Eq.(24) with (18) on the one
leading to ¢ =0=0 In  this case hand, and substituting Eq.(17) and (18) into (1®) o
) ' the other, gives

Oﬂ:q2:q32V22+(b—a)2 : ¢z+c, =0 (25)
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Z+d =0 (26) Wheresl—l—oﬂz-l-qg_zq; _\/§(q12—q22)
Then, substituting Eq.(25) into (26), yields 3v(2a-b) 3b(2a-b)
¢ +30,=0 27) o =g G ta -2
3(2a-b)

wherec, =cosy sid,c, = f,cos 6+ f, cog+ f,

Lastly, substituting the adequate equation in
d, = f,cos 6+ f, cod+ f, Y, substtuting qu quation |

Eq.(30) into (28) and letting, =tan¢ ) finally

f,=(Y4b-a)sin2y- 12 sing cosp results in a sixteenth polynomial equation with
f,=asin2y+bsin2y cosQ—\/_(g o Q/ 6 t, being the unknown
== i - i =a? & [ -
f,=-14bsinZy- 1D sing cos2, f,=a ;) pt, =0 (31)
f, =a((q? +a? - 292) /D) cos v + | _
alv3(a? -a2) /) sin 2w —ab- 22 where, p; (i=0,1,--- 16) are functions of the
([(O'l qz)/ ) ¥ dimensions of the mechanism and the the limb
f =p?-2ab+((@? +0a2-2q2) /&) + lengths.
° ((Cll o qB)/ ) . Given a set of limb lengths, sixteen solutions of
(\/é(ql2 —qf)/ﬁb) ‘(Qf+Q§+Q§)/3‘ fs ¢ can be determined. For each real solutiog of
Expansion of Eq.(27) leads to we can solve fof by using Eq.(30). Thus, the
4 Ca orientation matrixR can be generated because
;}K cosd=0 (28)  ofp=-y , leading to the solution of y andz by

) ) ) using Egs.(17), (18) and (26).
Thirdly, equating Egs.(23)-(24) with Egs.(17)-
(18), respectively to eliminate, leads to 5 EXAMPLE
(o + a7 -205) comp —V {7 -af) siw =
3b(2a-b)(1- cod) cos@ In this section, the procedure for the inverse and
forward position analyses of a 3-SPR parallel

Here, we assum&azb , EQ.(29) can be mechanism is presented to illustrate effectiveinéss

rewritten as the proposed methods. The dimensional parameters

1) In case of;=q, and coordinates of the reference poinin the B-
4(%2_q2) xyz frame are assigned in Table 1 for the inverse
cosd = 1- 3 (30a) position analysis. Then, one set of limb lengths is
3b(2a-b)(3cos - % chosen as the joint variables for the forward

position analysis.
2) In case ofj=q3 In the inverse position analysis, a fourth order
~ 2(q§ —qf) polynomial equation (see Eq.(15)) is formulated
cosd = 1‘mm using the data given in Table 1.
(ZSin Y- a/3 cos@ + {)3 (30b) Table 1: The Dimensional Parameters And

Position Vector Of A

(3sin2y cos@ - 5sing)

a(mm) b(mm) (xy.2)" (mm)

3) In case ofp=03

o -2 300 400 (200, 100, 900)

cos@ = 1—M
3(2a-b) (30c)  t!-7.0928% - 15.938F + 7.0928+ 10.1856
(23in2//+ 2/3cos@ - d_)s v v ' ' ' (32)
(3sin ) cosy - SSinl,B) With the aid of root search routine in the Matlab,
four real solutions oftw can be determined as

4) In case of; #0703 follows:
cosg = 2C0S Y+ COS@+s, sin@+s, (30d) t, ={8.7978 - 18759 0.8757- 0.7¢4

2co U+ cos@g- 1 Consequently,y , @ and q;(i =1,2,3) can be

obtained as shown in Table 2. Fig.2 depicts the
configurations associated with these solutionss It

R
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easy to see from Fig.2 that given the coordinates o Consequently, the nutation angi and the
Athere is only one set of limb lengths (see Fig)2(bcoordinates of the reference poifstorresponding
that makes the mechanism to be free of mechaniaal the four real solutions @f can be determined as

interference. shown in Table 3. It can be seen from Table 3 and

Table 2: SolutionsOf ¢ And @ For The Inverse Fig. 3 that for a give , 8 has a pair of solutions,

Position Analysis one is positive and the other is negative, leadling
a pair of mirror image configurations with respect
No. ¢ (rad)  @(rad) (g2 9s) (mm) to the base. Note that the mirror images merely

make sense in mathematics and they thereby should

(985.6939,969.2243, be regarded as the extraneous solutions.

(@) 14576  -2.5509

1165.3375)
) ) (936.5959,1012.9202, Table 3: Solutions Ofyy And & For The Forward
(b) 1.0810 0.2430 846.9695) Position Analysis
(1244.3039, 939.2895, No. ¢ (rad) 8 (rad) (xy 2" (mm)
(c) 07192 2.8358 939.5435)
( 20309 (602.4655, -40.2937,
i 1127.61912,1010.642, : 570.6485)
(d 06139 -2.9325 1014.5123) (@)  -1.3969
(602.4655, -40.2937,
- o -2.0309 -570.6485)
In the forward position analysis, given the set of
limb lengths associated with Fig.2(b), i.e. 0.2427 (200.1141, 100.0270,
' -900.0057)
0;=936.5959 mm, ,=1012.9202 mm, and ()  -1.0811 :
0s=846.9695 mm, a sixteenth order polynomial ' 0.2497 (200.1141, 100.0270,
equation can be formulated : 900.0057)
16 15 4
t, +7.683Q," + 14.871t§ + 26.80t}ﬁ+ ) 8016 (-367.8511, -43.2719,
12 ‘ -702.4174)
418795 +30.4438 + 40.108 + © 01307
7.5298; + 4.041¢ - 7.1520)- 33 ) (-367.8511, -43.2719,
y g 20 (33) 2.8018 702.4174)
11771585 — 2.902() - 2.4277+
v 2 7 29117 (-396.5313, 128.5471,
0.5882, + 12876 + 1.1327- 0.0028 : 672.9851)
(d)  0.0179
Solving Eq.(33) using Matlab function “roots” 29117 (3965313, 128.5471, -

. - . - 672.9851)
results in four real and six pairs of conjugate

complex solutions as follows
{-5.6934, 0.0179,-0.5724 i,-0.097 i, O7=& i}
w

-18761,-0.1314, 0.0231 i, -0.0281 i, O/
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(d)
Figure 2 The Results Of Inverse Position Analysis Given:
X =200 mm,y =100 mmz =900 m
(a) ¢ =1.4576,0 = - 2.550, (b) ¢ =-1.0810,0 =- 0.243

1000

500

z(mm)
o

-500

-1000
50

-1000
5

Figure 3 The Results Of Forward Position Analysis Given:
op =963.5959 mmg, = 1012.9202 map =  846.9695 . (a)y =-13969,+ 8 =2.030,

(b)y =-1.0811,0 = 0.242, (c)y =-0.1307,8 =t 2.801i (d)y =0.0179,8 =t 2.911'
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6. CONCLUSIONS [71 C. Innocenti, V. P.Castelli, “Closed form

This paper deals with the closed-form solutions

for the inverse and the forward position analydes o
a 3-SPR parallel mechanism. The conclusions are

drawn as follows.
1) For the inverse position analysis, there exist

(8]

at most four sets of limb lengths given the
coordinates of the reference point on the platform,
and only one of them makes the mechanism to bgg)
free of mechanical interference xtfy=0, then

Q. =0, =q,=2*+(b-a)” ; and ify=0, there are
at most two sets of limb lengths.

2)

at most four sets of mirror image poses given a se
of limb lengths. If a/b=1/2, ¢ can directly be

obtained, andf can then be determined by a

second/third/fourth order polynomial equatio[ll]

according to the specific arrangementgpfg, and

0Os.
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