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ABSTRACT 
 

Analysis and calculation in underground caverns excavation is absolutely a complex three-dimensional 
(3D) problem, but a two-dimensional (2D) model is usually applied to substitute for the 3D model because 
of the limit of computer speed and the complexity of the FEM 3D grids. This paper discusses the difference 
of this two models on the basis of Drucker-Prager yield criteria and the reason why the plastic region from 
3D finite element model is smaller than that from 2D model is analyzed in theory. At last, comparative 
analysis based on the classical FEM software ABAQUS is constructed. The conclusion intuitively shows 
that the plastic region of 2D model is bigger than that of 3D model, so it is suggested that the 3D finite 
element model should be built as far as possible in order to describe the plastic region accurately. 
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1. INTRODUCTION  
 

There has been great and rapid progress in 
underground geotechnical engineering and it has 
expanded the living space of human. With the 
geotechnical knowledge people can be able to make 
better use of the resources. Although it has 
developed for rather a long time, the analysis and 
design is extremely difficult because of the 
complexity and uncertainty of the underground 
geotechnical engineering[1,2]. Usually, there is 
much difference between the theory and practice, so 
it is important to study the underground 
geotechnical engineering for both theory and 
practice. In future, there will be a long time to go in 
the underground geotechnical engineering. 

   The key problem of the underground 
geotechnical engineering is the stability of the 
surrounding rock[3,4]. The distribution, size and 
depth of the plastic region are the most important 
evidence of the stability of the surrounding rock, 
which decide the design of the excavation sequence 
and supporting scheme. The analysis and 
calculation on the underground caverns excavation 
is absolutely a complex three-dimensional problem, 
but a two-dimensional model is usually applied 
because of the limit of computer complexity and the 
complexity of 3D grids[5]. In this way the plastic 
region obtained from 3D model is extremely 

different from the region obtained from the 2D 
model. Project[6,7] shows that the plastic region 
obtained from 2D model simplified  as plane strain 
problem is bigger than the real 3D model.  

In fact, the underground caverns excavation 
problem is not strictly satisfy the plane strain 
assumption[8], so it is not appropriate to simplify 
the 3D model as the 2D model. In this paper, the 
difference of the two models on the basis of 
Drucker-Prager yield criteria is discussed with the 
material nonlinearity and the reason why the plastic 
region from 3D finite element model is smaller than 
the plastic region from 2D model is analyzed in 
theory. 

  

2. YIELD FUNCTION 
 

When analyzing the plastic region of the 
underground caverns excavation under the action of 
ground stress, consider the initial ground stress as 
the three-directional pressure based on the Drucker-
Prager yield criteria in the 3D model[9,10]. 
Drucker-Prager yield criteria is based on the Mohr-
Coulomb criteria, and fit to rock and soil materials. 
At present, the study and application of Drucker-
Prager yield criteria are classical Drucker-Prager 
yield criteria[11]. The yield function on the 
meridional plane is written as follows: 

kJIf −+= 21α                               (1) 
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Where f  is the yield function, 1I  is the first 

stress invariant and 2J  is the second deviatoric 

stress invariant. Parameters α  and k  denote the 
positive material constants[12]. 

   In real 3D model, the parameters α and k are 
calculated as follows: 
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In 2D model simplified as plane strain problem, 
when the Drucker-Prager yield criteria is consistent 
with the Mohr-Coulomb criteria, the parameters α  
and k  are calculated as follows: 
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(3)           
Where C  is the soil cohesion and φ  is the 

internal friction angle both in Eq.(2) and Eq.(3). 
   When analyzing the elastic and plastic region 

with the incremental method, the state of the 
element may be the following three kinds of cases: 

(1)Elastic element: the element is elastic at the 
1i −  incremental step and will be elastic at the i  

incremental step, so the relations 
{ } { } [ ]{ }ieii D εσσ ∆+= −1

 and { } 0)( <if σ  are established. 
(2)Plastic element: the element has come to 

plastic at the 1i −  incremental step which means 
{ }( ) 0

i
f σ =  and the element will also be plastic at 

the i  incremental step which can also be written 
as { }( ) 0=if σ . 

(3)Elastic-plastic transition element: the element 
is elastic at the end of the 1i −  incremental step 
which means { } 0)( <if σ  and it will come to plastic 
at the i  incremental step, written as { }( ) 0=if σ .  

For different states, such as elastic element and 
the elastic-plastic transition element, the 3D and 2D 
model will use different formulas: 

For 2D model simplified as plane strain problem: 
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For 3D model: 
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For the plastic element in the 2D plane strain 
model: 
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For the plastic element in 3D model, the formulas 
are the same as Eq.(6) and Eq.(7). 

The yield functions describing the Drucker-
Prager yield criteria are shown as follows: 

Elastic element (2D):  
( ) ( )2 2 1 2 22 2

( ) ( ) ( )D elastic D DD D
f I J kα= + −        (10) 

Elastic element (3D):  
( ) ( )3 3 1 3 33 3

( ) ( ) ( )D elastic D DD D
f I J kα= + −        (11) 

Plastic element (2D):  

( ) ( )2 2 1 2 22 2
( ) ( ) ( )plastic plastic

D plastic D DD D
f I J kα= + −    (12) 

Plastic element (3D):                  

( ) ( )3 3 1 2 33 3
( ) ( ) ( )plastic plastic

D plastic D DD D
f I J kα= + −      (13) 

In conclusion, for 3D model the yield functions 
are the same, written as 3 3( ) ( )D plastic D elasticf f= , on 
the contrary, for 2D model the yield functions are 
different, written as 2 2( ) ( )D plastic D plasticf f≠ , so the 
property of the element whether it is elastic or 
plastic should be considered if the 2D plane strain 
model is used. 
 

3. COMPARATIVE ANALYSIS 

 
For further analysis, separate the yield function 

into two parts. Part one is 21 JI +α  and part two 

is k . If kJI <+ 21α , that is 0<f , the element 

is elastic, on the contrary, if kJI =+ 21α , that 
is 0=f , the element is plastic. 

First compare the k  part with 2D and 3D model. 
The following formula can be obtained from Eq.(2) 
and Eq.(3): 
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If oo 900 << φ , formula 
2
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established, so )()( 23 DD kk > . 

Then compare the 21 JI +α  part with 2D and 

3D model. Let 2 2 2 2( ) ( ) ( )plastic plastic
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parameters A  and B  respectively as follows: 
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Considering the three-directional pressure of the 
underground caverns excavation in real project, the 
order of magnitude of the two normal stress in 
horizontal direction is equivalent, but the normal 
stress in vertical direction is not equivalent as there 
exists a scale factor β . For 2D plane strain model, 
let 01 σσ −= and 02 βσσ −= . The stress status of 

the corresponding 3D model is 1 2 0σ σ σ= = −  and 

03 βσσ −= . Take the parameters into Eq.(15) and 
Eq.(16): 
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(1) When 1>β , let ( ) 0T A B σ= − , then  
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(21) 
If o900 << φ , the relation 0T β∂ ∂ < is derived 

with the software Matlab as shown in Fig.1. If 
oo 9020 << φ and 51 << β , the relation 0T φ∂ ∂ >  

is derived as shown in Fig.2. 

 
         Figure 1   The Curve Of T β∂ ∂  

       
               Figure 2   The Curve Of T φ∂ ∂  

 
From the curves above (Fig.1 and Fig.2) it can be 

derived that for 0)30,3( === oT φβ , then 
0)90~30,3~1( >== ooT φβ . 

(2) When 1<β , let ( ) 0S A B σ= − , then  

( )2

2

3 1 (1 ) 1 (1 )
2 3 4

1 2(2 )sin(1 )
3 3(3 sin )

S tg tg
tg

β φ φ β
φ
β φβ

φ

= − + − + −
+

+
− − +

−

       (22) 

http://www.jatit.org/


Journal of Theoretical and Applied Information Technology 
 20th January 2013. Vol. 47 No.2 

© 2005 - 2013 JATIT & LLS. All rights reserved.  
 

ISSN: 1992-8645                                                       www.jatit.org                                                          E-ISSN: 1817-3195 

 
690 

 

2

2

3 1 (
2 3 4

3 sin1 )
3(3 sin )

S tg
tg

tg

φ
β φ

φφ
φ

∂
= − +

∂ +

+
+ +

−

                      (23) 

2

22 3

2

(1 )13
2 3(1 ) 1(3 4 )

3 cos (4 2 )
(3 sin )

tgtgS
tgtg

β φφ
φ β φφ

φ β
φ

− + +∂
= −   ∂ + ++  

+
+

−

       (24) 

 
Figure 3   The Curve Of S β∂ ∂  

 

 
Figure 4   The Curve Of S φ∂ ∂  

If o900 << φ , the relation 0S β∂ ∂ > is derived  
as shown in Fig.3. If oo 9020 << φ and 51 << β , 
the relation 0S φ∂ ∂ >  is derived as shown in Fig.4. 

 
From the curves above (Fig.3 and Fig.4) it can be 

derived that for 0577.0)13,1.0( ≈== oS φβ , then 
00577.0)90~13,1~1.0( >>== ooS φβ . 

From all above, if 31.0 << β  and 
oo 9030 <<φ , then 0>T  and 0>S , in other 

words , if 31.0 << β  and oo 9030 <<φ , then 
BA > . In summary of Eq.(14) to Eq.(16), the 

result shows that the plastic region from 2D finite 
element model is bigger than the plastic region 
from 3D model in theory. 

 

4. NUMERICAL VERIFICATION 

 
A simulated underground caverns excavation 

progress based on 2D plane strain model and 3D 
model are considered to demonstrate the expansion 
procedure of the plastic region based on the 
software ABAQUS as shown in Fig.5 and Fig.6. 

The results indicate that the plastic region from 
2D model is obviously bigger than the region from 
3D model. The plane strain problem simplified as 
2D model will magnify the plastic region, this may 
induce unnecessary waste and may not be safe. 

 

 
Figure 5  The Plastic Region From 2D Model 

   
Figure 6  The Plastic Region From 3D Model 
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5. CONCLUSIONS 
 
In this paper, the reason why the plastic region 

from the 2D plane strain model is bigger than the 
3D model is proved in theory based on the classical 
Drucker-Prager yield criteria, and then a simulated 
underground caverns excavation progress is derived 
to verify the conclusion intuitively. It is suggested 
that the best way to describe the plastic region is to 
build the 3D model as far as possible, that will be 
safe and economical. 
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