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ABSTRACT 
 

 Analyzing the inverse kinematics theory and its solution method for 5R series manipulator, introducing the 
establishment of link coordinate system and D_H parameters for 5R series manipulator, studying the 
algorithm of inverse kinematics solutions based on FPGA controller for 5R manipulator, the system 
constructs the SOPC system architecture that is based on the Nios II CPU, uses the C program to compile 
the inverse kinematics solving module and adopts the Robotics Toolbox to simulate the inverse kinematics 
theory. The results show that the algorithm is effective to realize the inverse solutions of kinematics for 5R 
serial manipulator with FPGA. 
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1. INTRODUCTION  
 

The kinematics theory analysis of series 
manipulator is the study of motion relationships of 
the coordinates on the mechanical arm, which is the 
most basic content. The content of manipulator 
kinematics is included in forward kinematics and 
inverse kinematics, but to solve the problem of 
inverse kinematics theory is one of the most 
important contents of manipulator technologies [1], 
it directly affects the algorithms of the inverse 
solution’s optimization module and trajectory 
planning module that system follows. The inverse 
kinematics solutions of series manipulator is a 
process that makes the position and posture of end-
effector in manipulator’s  Cartesian space converted 
into each joint variable of the joint space[2]. 

There are a lot of inverse kinematics’ methods of 
solving for series manipulator, including the 
analytic method or method of algebra, geometry, 
spinor method, iterative method, neural network 
method, dual matrix method and dual four element 
method and so on[3]-[4]. Each method has different 
characteristics, some methods of solving have a 
small amount of calculation, whose real-time 
performance is very good, but can only get local 
solution; and other methods with a large amount of 
calculation is not suitable for real-time applications. 
In the 5R series manipulator system, we use the 
closed analytic method to solve inverse kinematics 
equations and the method has the advantages of fast 

computation, high efficiency and convenience for 
real-time control. 

The paper makes theoretical analysis and 
implementation based on four parts of the content, 
which are the establishment of pole coordinate 
system, the theoretical analysis and inverse 
kinematics solutions, the realization of inverse 
kinematics solutions of FPGA and the inverse 
kinematics simulations based on Robotics Toolbox 
. 

2. ESTABLISHMENT OF LINK 
COORDINATE SYSTEM AND 
DEFINITION OF D_H PARAMETERS 

 
To solve the problem of inverse kinematics based 

on the analytic method of 5R series manipulator, we 
should first create the link coordinates, which is the 
foundation of the kinematics analysis and solving. 
5R series manipulator system makes five joints 
connected and establishes a coordinate system on 
each link’s joint. In 1955, Denavit and Hartenberg 
proposed a matrix method of setting up coordinate 
system for each link on manipulator, which is called 
D-H method. In the establishment of link 
coordinate system, we should first determine the 
origin of the coordinate system O, and then select 
the shaft Zi and the shaft Xi, finally judge the shaft 
Yi according to the right hand rule , the rules of the 
establishment of link coordinate system are as 
follows[5]: 
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1) Zi coordinates axis along the axis direction of 
i+1 joint; 

2) Xi coordinates axis along a common vertical 
line of the Zi and Zi-1, and points the direction 
away from the axis Zi-1; 

3) The direction of Yi coordinate axis should 
meet the requirement: the shaft Yi, the shaft Xi and 
the shaft Zi can make the right-handed Cartesian 
coordinate. 

The coordinate system of 5R manipulator 
established by the system and its structure diagram 
as shown in Figure1, the fixed coordinate 
system { }

0
O is set up in robot base(base), 

0 0O X stands manipulator’s front, 0 0O Y stands 

manipulator’s transverse direction, 0 0O Z  stands the 

longitudinal direction of manipulator (body), 1 1O X  

is in a horizontal plane, 2 2O X  is along the axial 

direction of big arm, 3 3O X  is vertical to the small 

arm axis, 3 3 4 4O X O X⊥ , the origins of coordinates 

O3 and O4 do not coincide, 5 5 5 5O X Y Z  is the 
terminal coordinates (hand).  

 

 

 

 

 

 

 

 

 

 

 

Determine D-H parameters in each joint of the 
manipulator on the basis of establishing a proper 
link coordinate system as follows in Table1, the 
table includes 4 parameters: connecting angle iθ , 

connecting rod offset id , length of connecting rod 

ia  and link twist angle iα , the two parameters 

ia and iα  describe the characteristics of size of the 

link, and the two parameters id  and iθ  describe 

the relative positional relationship between the 
connecting rod. In addition to the variables that the 
joint corresponds to, the other parameters are 
decided by the mechanical attributes of a 
connecting rod ,and is relevant to link coordinate 
system, but do not change with the joint motion. 

Table1. D-H Parameters Of Joint Manipulator 

3. THEORETICAL ANALYSIS AND 
SOLUTION OF INVERSE KINEMATICS 

 

The inverse solution problem of manipulator’s 
kinematics refers that in the case of knowing the 
target pose that the robot end-effector (hand) should 
reach, through the coordinate inversion to calculate 
the various joint variable’s translational and 
rotational value, to drive the joint’s servo or stepper 
motor to rotate, so that the hand pose is satisfied, 
this is the manipulator’s inverse kinematics 
problem[6]. The mapping from the manipulator’s 
joint space to the end of the Cartesian space is a 
single shot, that is a mapping relationship of one to 
one or more to one; however the mapping from 
end-effector Cartesian space of the industrial robot 
to the joint space is a kind of complex mapping 
relations, namely a one-to-many mapping relation. 

The forward kinematics of series manipulator 
describes the mapping relationship and coordinate 
transform from the joint space to the end of the 
Cartesian space; the inverse kinematics of series 
manipulator describes the mapping relationship and 
coordinate transform from the end of the Cartesian 
space to the joint space. In control of series 
manipulator, the inverse kinematics is used to 
control the position of robot manipulators in 
Cartesian space, and the characteristics of inverse 
kinematics’ solutions include: the solution may not 
exist, the uniqueness of the solution and the 
diversity of the method for solving and so on [7]-
[8]. Industrial manipulators have a certain scope of 

Figure1.Coordinate System Of 5R Manipulator 
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work; different manipulators have different scope 
of work, which is decided by the hardware 
structure. When the object is placed out of the 
working range of the end operator, we cannot 
calculate the inverse solution 
of[ ]1 2 3 4 5θ θ θ θ θ ; the inverse kinematics of 
industrial manipulator may have multiple solutions, 
because in solving inverse trigonometric function 
equation, sometimes positive and negative cases 
may appear at the same time. In general, one of the 
solutions is not accord with the real manipulator’s 
movement status, which will be removed. Finally, 
we will make optimum selection according to the 
actual constraint conditions , including the shortest 
path, shortest, fastest and most stable trajectory and 
so on; there are lots of methods of solving of 
inverse kinematics of industrial manipulator, 
typically using analytic method and projection 
method, analytic method is the algebraic method 
and  projection method is geometric method, we 
should strive to be obtained closed-form solution, 
because the closed solution has the advantages of 
fast computation, high efficiency and convenience 
for real-time control. 

The inverse kinematics equations of manipulator 
in system with 5 degrees of freedom are solved by 
using the closed analytic method, because the 
calculation process is very complicated, this thesis 
ellipsis them and directly gives calculation results. 
The kinematics posture matrix of Cartesian space is 
known as formula (1): 

 50

n o a p
n o a p

=
n o a p
0 0 0 1

x x x x

y y y y

z z z z

T

 
 
 
 
 
 

(1) 

And 50 1 2 3 4 5=T TT T T T ， 1T ， 2T ， 3T ， 4T and 

5T  is unknown matrix, the value of the 5 matrix are 
about 4 parameters: length of connecting rod ai, 
link twist angle αi, connecting rod offset di and 
connecting angle θi, ai,αi and di can be known from 
D-H parameters. Therefore, the posture matrix of 

1T ， 2T ， 3T ， 4T and 5T   can be calculated, its 
unknown elements are about the trigonometric 
function of θ, namely they are obtained through 
solving inverse solutions. The posture matrixes of 

1T ， 2T ， 3T ， 4T and 5T   are respectively formula 
(2), formula (3), formula (4), formula (5) and 
formula (6) as follows： 

1 1

1 1

1

cos 0 - sin 0

sin 0 cos 0
=

0 -1 0 0

0 0 0 1

T

θ θ

θ θ
 
 
 
 
 
 

       (2) 

2 2 2 2

2 2 2 2

2

cos - sin 0 a cos

sin cos 0 a sin
=

0 0 1 0

0 0 0 1

T

θ θ θ

θ θ θ

 
 
 
 
 
 

          (3) 

3 3 3 3

3 3 3 3

3

cos - sin 0 a cos

sin cos 0 a sin
=

0 0 1 0

0 0 0 1

T

θ θ θ

θ θ θ

 
 
 
 
 
 

        (4) 

4 4 4 4

4 4 4 4

4

cos 0 - sin a cos

sin 0 cos a sin
=

0 -1 0 0

0 0 0 1

T

θ θ θ

θ θ θ

 
 
 
 
 
 

           (5) 

5 5

5 5

5

5

cos - sin 0 0

sin cos 0 0
=

0 0 1 d

0 0 0 1

T

θ θ

θ θ
 
 
 
 
 
 

        (6) 

The solving process of inverse kinematics 
equations as follows: 

1)To calculate θ1. -1

1 50 2 3 4 5=T T T T T T  will be 

obtained through multiplying -1

1T  at both sides of 

50 1 2 3 4 5=T TT T T T  at the  same time, spread out both 
sides of the equation respectively, elements  in third 
rows and fourth columns of the two matrix are 
equal, formula (7) can be got: 

1 1s c =0x yp pθ θ− +         (7) 

Setting: x

y

p = cos

p = sin

ρ ϕ

ρ ϕ





                                      (8) 

In the 

formula 2 2
x y= p +pρ , ( )=ractan2 ,y xp pϕ ,ϕ  
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stands the arctangent value of y

x

p

p
, substitute in 

formula (8), get the formula (9): 

( )
1

sin 0ϕ θ− =                 (9) 

The 1θ can be got by the formula (10):  

 ( )1 = =arctan2 , =arctan y
y x

x

p
p p

p
θ ϕ

 
 
 

    (10) 

2) To calculate 5θ . Through formula: 
-1

1 50 2 3 4 5=T T T T T T , the formula (11) can be got: 

( )

( )
5 1 1          

5 1 1           

11.1

11.2

s = n s +n c

= o s +o c
x y

x yc

θ θ θ

θ θ θ

− −

− −





     (11) 

Then 5θ  can be obtained through the formula 

of 
( )
( )
11.1

11.2
: 

n s n c
1 1

=arctan
5 o s o c

1 1

x y

x y

θ θ
θ

θ θ

−

−

 
 
 
 

        (12) 

3) To calculate 2θ . -1 -1
2 1 50 3 4 5=T T T T T T  can be 

obtained through  multiplying -1
2T  at both sides of 

-1
1 50 2 3 4 5=T T T T T T , finally the result of 2θ   is the 

formula (13): 

2 2 2 2

m k=arctan +arctan
n m n k

θ
 
 
± + − 

(13) 

4) To calculate 3θ . Finally the result of 3θ  is the 
formula (14): 

( )
( ) ( )

2 2 4 1 1 5 z
3 2

1 1 2 2 4 z 5 1 1

p a s +a a c +a s d a
= +arctan

p c +p s a c +a a d a c +a s
z x y

x y x y

θ θ θ
θ θ

θ θ θ θ θ

− − −
−

− −

  5) To calculate 4θ . Finally the result of 4θ  is the 
formula (15): 

1 2 1 2 2
4 3

1 2 1 2 2

a c c +a s c a s
= +arctan

a c +a s +a c
x y z

x y zs s

θ θ θ θ θ
θ θ

θ θ θ θ θ

−
−   (15) 

What tells above is the solving process of inverse 
kinematics, 1θ , 2θ 

5θ will be calculated by 
solving the inverse trigonometric function equation. 

There are 8 groups of solutions of the inverse 
kinematics for 5R manipulator, however, due to the 
actual constraint of the manipulator, some solutions 
are not in the end effector domain, and so last 
movement of 5R manipulator should be decided 
according to the real situation and optimization 
choice. 

4. IMPLEMENT OF INVERSE 
KINEMATICS SOLUTIONS OF SERIES 
MANIPULATOR BY FPGA 

 

Because the inverse kinematics solutions of 5R 
series manipulator have been obtained, now we can 
achieve the inverse solutions (θ1, θ2, θ3, θ4, θ5) of 
manipulator by use of FPGA controller. Using 
FPGA as the hardware platform to achieve has two 
ways: 

1) To complete the algorithm of inverse 
kinematics) based on the Verilog HDL hardware 
description language, to achieve the inverse 
trigonometric function’s solutions by using a very 
important CORDIC (Coordinate Rotation Digital 
Computer) [9] technology, the operation process of 
complex inverse trigonometric function in 
mathematics is solved by using FPGA hardware 
logics. 

2) To complete the algorithm of inverse 
kinematics in Nios soft processor based on the C 
language, using a SOPC (System on a 
Programmable Chip)[10] technology to achieve the 
inverse trigonometric function solutions, the system 
uses programmable technology in SOPC on-chip to 
achieve the algorithm of inverse kinematics of 5R 
series manipulator. 

The development of SOPC system includes the 
hardware part and software part, the hardware part’s 
development is adopted by SOPC Builder software 
that uses Quartus Ⅱ integrated development 
environment, and the software is developed by Nios
Ⅱ IDE software. In the construction of SOPC 
hardware system, JTAG_UART asynchronous recei 
-ver/transmitter debugging interface is increased, 
instead of RS232 serial, which is convenient to the 
simulation debugging of software online  and the 
communication function between FPGA and PC 
After running the software programs[11], the joint 
angle values obtained by the solving of inverse 
kinematics will be displayed in the interface box of 
Console toolbar under the main interface in the 
integrated development environment of NIOS Ⅱ
IDE, as shown in figure 2. The output angle values 
of 5 joints of manipulator have clearly marked, 
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inverse kinematics solutions here are many groups 
of solutions, and we should select a group of 
optimal solutions from the optimization module of 
multiple solutions.  

 

 

 

 

 

 

 

 

 

 

 

 

5.  INVERSE KINEMATICS SIMULATIONS 
OF SERIES MANIPULATOR BASED ON 
ROBOTICS TOOLBOX 

 
For control systems of 5R series manipulator, the 

simulation of its model is crucial. Because of many 
contents of the manipulator are related to analysis 
and verifications obtained by using different 
simulation software to achieve simulation process, 
including the forward kinematics of the 
manipulator, inverse kinematics of the manipulator, 
workspace and the plan of its trajectory and so on. 
System uses Robotics Toolbox robot toolbox to 
achieve the simulation and verification of inverse 
kinematics of the manipulator. In order to 
conveniently explain, the main inverse kinematics 
simulation program of Matlab is as in Figure 3, the 
inverse solution is solved by calling the function 
Ikine in the program, after running the program 
above a group of joint angle of Q1 will be seek out, 
when Q1 and Q are the same, the results of 
simulation are entirely correct. Q1 = [0 -1.5708 0 -
1.5708 0] by Matlab simulation and q = [0 -pi/2 0 -
pi/2 0] are exactly same, the results of simulation 
are entirely correct. At the same time, the calculated 
Q1 are also validated to be similar with the joint 
angle obtained by theoretical analysis.   

The sliding control box of 5R manipulator will 
be popup after calling the Drivebot function, as 
shown in Figure 4, the consistency of theory and 
simulation is also proved by these data. 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Sliding Control Box Of 5R Manipulator 
 

6. CONCLUSION 
 

Inverse kinematics theory of 5R series 
manipulator and regarding FPGA controller as the 
hardware platform in its application of solving 
algorithm have strong reconfigurable hardware 
advantages, we can build a SOPC system, use Nios 
soft core processor and C language to achieve real-
time control, and can be combined with the module 
of Verilog HDL language to complete the 
development of the solving of inverse kinematics, 
shorten the cycle of the development. The 
establishment and D_H parameters of link 
coordinate system of 5R series manipulator have 
been introduced, to achieve the solution of inverse 
kinematics equation by using the closed analytic 
method in the 5R series manipulator system, the 
method has the advantages of fast computation, 

Figure 2. Joint Angle Values Obtained By The 
Solving  Of Inverse Kinematics Based On SOPC 

System Manipulator 

Figure 3.  Inverse Kinematics Simulation 
Program Of Matlab 
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high efficiency and convenience for real-time 
control. The paper puts forward a design proposal 
of using SOPC system to complete the inverse 
kinematics solution of the manipulator. Through the 
experimental test and simulation, the inverse 
kinematics theory of 5R series manipulator based 
on FPGA and its validity and reliability are tested 
and verified. The conclusion will be regarded as the 
foundation of the follow-up work for algorithm 
module that includes inverse optimization and path 
planning in the 5R series manipulator. 
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