Journal of Theoretical and Applied Information Technology
10" January 2013. Vol. 47 No.1 B

© 2005 - 2013 JATIT & LLS. All rights reserved-

" A m—
oA

E-ISSN: 1817-3195

ISSN: 1992-8645 www.jatit.org

RESEARCH ON PROPERTIES OF E-PARTIAL DERIVATIVE
OF LOGIC FUNCTIONS

'WANG FANG
'Dept. of Computer and Information Technology, Zhejiang Changzheng Vocational and Technical College,

Hangzhou 310023; 2.Dept. of Information and Electronics Engineering, Zhejiang University, Hangzhou
310028
E-mail: 595297508@qg.com

ABSTRACT

E-derivative [1] has accessed a wide range of applications in these areas and caused academia concerned
[1-4], such as detecting faults in combinational circuits, discussing on cryptographic properties of H-
Boolean function and revealing the internal structure of Boolean function together with Boolean derivative,
thus more effectively analyzing the property of Boolean functions. Referring to the discussion on Boolean
derivative and Boolean partial derivative, the concept of € -partial derivative is presented. The definitions
and properties of € -partial derivative and high order € -partial derivative are given. We also give their
proofs for some properties. The work made in this paper is the complement and improvement of the
research on the € -derivative of logic functions.
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1. INTRODUCTIONS 2. DEFINITION AND RELEVANT

Logic function € - derivative is a new special
operation. Since the document [1] puts forward € -
derivative, due to the unique characteristics of € -
derivative, it has accessed a wide range of
applications in these areas and caused academia
concerned [1-4], such as detecting faults in
combinational circuits, discussing on cryptographic
properties of H-Boolean function and revealing the
internal structure of Boolean function together with
Boolean derivative, thus more effectively analyzing
the property of Boolean functions. However, the
document [1-4] simply discusses definition,
properties and application of the first order € -
derivative of logic function, the high order € -
derivative and € -partial derivative is a lack of
research. Referring to the discussion of Boolean
derivative and Boolean partial derivative of logic
function, this article will study the logic function € -
partial derivative and its properties, and proof of
some properties are given out, thus makes further
complement and perfection of € -derivative study,
in order to promote research on special operations.

e
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PROPERTY OF €-PARTIAL
DERIVATIVE

Document [1] introduces definitions and
properties of € -derivative, and this article just takes
some relevant properties for example.

Definitionl set f(X1~Xn) as variable n fully

defined logic functions, definition of € -derivative
to the variables X; is:

ef (x~x,)
20 (1.1
=f (Xl"'xi ...Xn). f (X1;|Xn)
Property 1.1
ef
ex (1.2)

= f (% Lox,)- f (%000 x,)

Propertyl ef _ ef (1.3)
ex, ex
Property 1.3 &(f-9) ef eg (1.4
ex, ex, ex
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Property 1.4 ef df _, (1.5
ex, dx

Definition 4 set f (X ~X,) as variable n fully

defined logic functions, definition of K order € -

Formula df is the Boolean Difference, first order partial derivative f to the variables X, =X, is:

dx;
€ -partial derivative. ok § e (e of
Property 1.5 e(f-9) e(f®g) (1.6) ex, ~ ex; :eXil(eXizm[exiK]mJ (2.2)
ex; ex; .
“« @ . Many properties of the € -partial derivatives can
Formula “® ” means XOR(exclusive OR) be directly deduced according to the definition of
Property 1.6 e d(f®g) ef dg (1.7) € -partial derivatives and related properties in §1,
ex, dx, ex, dx here only gives proof of some properties.
2 2
Property 1.7 IF f has no relationship with X, Property 2.1 ef _ef  @2¥
; exex;  ex;ex;
THEN &' _ ¢ (1.8) Propertyl.8 IF . )
eXi e’ f _ e f
variable X; is the linear variable of f THENef _ Deduction2.1 ex, ~ex,  exex~ex, (2.4
ex, et
Property 19 IF. AL _, Property 2.2 e’f _ef (2.5)
o exex; ex
THEN & _ g (1.10) Deduction 2.2 &t of (26
ex, ex,~ex, ex,
Nkl
ef “
Property 1.10 IF—=1, )
ex:
i Property 2.3 exex 2.1
THENI _ (1.11) — £ (00) f (01) f (10)  (11)
dx,
Proof
3. DEFINITION AND RELEVANT o2 f e
PROPERTY OF €-PARTIAL o~ o | 60)F(x2))= 7 (00)f (02)f (10)1 (12)
DERIVATIVE " '

Deduction2.3
Definition2 set f(X1~Xn) as variable n fully e f

defined logic functions, first order € -partial X8
ivati i ; — = f(0---00) f (0---01)--- f (1---10) f (L---11
derivative f to the variables X; is € -derivative. ( ) ) f( )T ( )

(2.8

Property 2.4  e’f _ e*f ef ef (2.9

Definition 3 set f (X1~Xn) as variable n fully exex, _e(x,,xj)eT(iexj
defined logic functions, definition of second order . )
€ - partial derivative f to the variables X; . X;is: Formula _€f i the second order € -
e(x.x;)
o2 f e [ ef derivative
e :ex(exJ 2.1
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e'f ef of Deduction 2.7 IF f=a ( constant ) ,
e(x.x;) e e, THEN_€°f _ (2.16)
Proof - f f v f f T f f " eXi1~exi><
= fxx) (Xixi) (xx,) (Xixj) (xx) (Xixi)
o Y Property 2.8 Ingi:f )
:f(Xixj)f(Xixj)f(xixj)f(xixj):exiexj ex, e,
THEN e*f _ (217
Deduction 2.4 exiex;
e f Deduction2.8  ef _ef _ _ef ., THEN
ex, ~ex, (2.10) ex, ex  ex
__ et e ef (2.18)
B e(x~x, )e(x %) ex,~ex,
et e ef ef 2 2 2
e Property 29€°(f-9) _ e*f e’g (219)
e[, % )e(xx.,) e e eXEX;  EXEX; eXex;
Property 25 _€f o°f o (211 Deduction 29
exex; oxox; ek (f .g) _ e f efg
o' f ex,~ex,  ex, ~ex, ex, ~ex,
Formula is the Boolean second order € - (2.20)
OX;0X; :
Partial derivative Property 2.10
Q2f  o°f e’f o°(f@dg) e’f o%g (
e ex. OXOX. exex;  OX0x; _exiex]. OX;0X;
Proof :. (;x.l)fl(x.;)f xx)f(ﬁ) 2.21)
o S Y Proof
[f (xx)@f (x,xj)® f (xixj)@ f (xixj” e’f *(fe@g)
ex.ex.  OX.0X;
= (xx ) F(xx ) F(xx ) f(xx S _
(xx)) (X|_l) (ixj) (ﬁ) _ f(XiX;)f(Xixj)f(xixj)f(xix,-)
@f(xixj)f(xix])f(xixj)f(xlxj) o o
. __ f(xx )® X )®fx X |® X |®
&1 ()1 (x5,) (7 ) 1 (1)@ [f (x%)@a(xx;)® f(xx)®g(xXx)
f(xixj)f(xix_j)f ij)f(rxj =0®0=0 f(;ixj>@g(;ixj)@f(rxi)@g(i_xi)]
Deduction 2.5 ef  off _o (212 =00 f (Xi Xi) f (Xixj) f (Xi Xj)
ex; ~ex, ox, ~0x, - [g(xix].)@ g(xix_j)@)
2 2
Property 26 _ &1 _ €f (213 g(xx,)@g(xx 1=t -9
P ex;-ex; exex; (1)@ 0(xx) eXex; oxox;
. K K e“f o(feg)
Deduction 2.6 e;~:7_exé~;x. (214) Deduction 2.10 ex,~ex, ox,~ox,~ (2.22)
i " iy i ) o f aKg
Property 27 IF f=a ( constant ) |, ~ex, ~ex, Ox, ~0x,
2
f
THENﬁ:a (215) Property 211 e’f &°(f+g)_, (2.23)
io7
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e’f d*(f+g)
exex;  oxox;
Proof

=f (xixj) f (xix_j) f (ij) f (Tx])
*(fogefg)
OX;0X;

=f(xx)f (xix_j) f (ij) f (TXI)

6i)(i[f (xx)@a(xx;)® f (%x;)g(xx)

of (xix_j)eag(xix_j)@ f (xix_j)g(xix_j)]
=f (xixj) f (xix_j) f (ij) f (Tx])
[F (xx ) @0 (xx )@ (xx)a(xx)
of (xix_j)®g(xix_j)® f (xix_j)g(xix_j)
f(xixj)@g(xixj)@) f (xixj)g(xixj)
o1 (e 8(77)e 1 (35 )97 )
=000002000000=0

Deduction2.1_e“f a*(f+g)_,
ex, ~ex, Ox, ~0X_

(228

Property2.12 IF f (X1~Xn) has no relationship

with X« X;

e’f

THEN &4

(2.25)
Deduction2.12 IF f (X1~Xn) has no relationship
with X; ~X;

THEN e“f _f (2.26)

ex; ~ex;
1 K

Property 2.13 IF one of X ~X; is the linear

variable, THEN €*f _ (2.27)
ex;ex;
Proof Set X as linear variable

f(Xin)z?(;i—xj)

Deduction 2.13 IF one of X, ~X; is the linear

. e f
variable, THEN =0 (2.28)
ex; ~ex;
Property 2.14 IF_&'f _ .,
ex;ex;
THEN “f _ (229
OX;OX;
Proof

et f(xixj)f(xifj)f(;ixj)f(;ifj)z fxx,)

ex;ex;

o xx;)= T x; )= fxx,)

I
-
=7
2
S—

So
“ - — —
aiiaij = f(xx,)® X, )@ f(xx, )@ f (xx,)=0®0=0
Deduction 2.14 IE et
ex ~ex
THEN_0“f  _ (2.30)
X, ~0%;
Property 2.15 IF o’ f —1»
OX;0X;
THEN €T, (2.31)
exex;
Proof
o f N -
% 0X; = )@ f(xixj)® f(Xin)@ f(xixj)
=)
- 1(xx)e 1 (k) £ (xx)
=1 (xx)® f (xx)® f (xX)
Q2 f _ (xx. f(XX)f(;x_)f(;;)
ex;ex J i i
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Deduction 215 IF ¢ f , derivative, and Properties 2.5, 2.10, 2.11, 2.14, 2.15
ox, ~0x, - and 2.16 explains relationship between higher order
« o e -partial derivative and Boolean partial derivative.
THEN e"f (2.32)
ex, ~ex, (3) Introduction of € -partial derivative improves
research on the derivative, helps to reveal the
e’ f property of Boolean functions. Application domains
Property 2.16 IFex.ex. =1 like € -derivative, high order € -derivative and € -
" partial derivative need to be further widened.
THEN °f _ (2.33)  REFERENCES
OX;0X;
Proof [1] LI W W, WANG z. The derivative of Boolean
o2 - o functions and its application in the fault
. = f(xix]_)f (Xixj)f (Xixj)f<xi xj)zl detection and cryptographic system [J].

ex;ex;

f(xixj)z f(XiZ)z f(;ixj)z f(;i;i)zl

o’f
OX;0X;

f(xx)®f (XiXT)

®f (xx)® f(xX)=1010101=0

Deduction2.16 IF e“f ;
ex, ~ex,
THEN o"f _ (2.34)
O, ~0%;

4. CONCLUSIONS

( 1) This article has studied the logic
function € -partial derivative and its properties, and
proof of some properties are given out, thus makes
further complement and perfection of € -derivative
study, and promoted research on special operations.
Obviously, € -derivative defined in document [1] is
the special case of € -partial derivative when K=1.
Properties of € -partial derivative in this paper are
all suitable to € -derivative. However, some of the
properties of € -derivative are not applicable to the
high order € -partial derivative. For example:

ef ef df of

ex, ex, dx, ox

e2f  e’f  o°f
+ #
eX;ex; exex;  OX0x;
(2) Property 2.4 explains relationship between
high order € -partial derivative and high order
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