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ABSTRACT

Recursion is an important concept and a fundameprablem-solving technique in computer science.
Studies have reported that it is considered a aéficult concept for students to learn and teashir
teach, and students have many misconceptions aleautsion. Tools proposed to overcome these
difficulties include visualization and algorithmiaration. Conceptual models form the basis of medtfod
teaching recursion and influence the instructiciaatics used when teaching it. Conceptual models of
recursion have been found to provide a necessgmesentation for understanding the mechanics of
recursion. Several of these models have been pedpazcluding the Russian dolls model, processrigac
model, mathematical induction model, and structeraplate model. These are not based on a systematic
foundation that visualizes the process in termdlafs of the recursive algorithm from the stages of
creating (copying) then processing (executingJ fiis paper presents such a methodical conceptciairpi
that describes the recursive process in a prediseal way that assists in teaching and learnidte fiew
model is illustrated by several examples, includaggorial and binary tree traversing.
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1. INTRODUCTION binding, parameter passing, and environmental
closure [9].

Recursion is an important notion and a . :
. . . Many methods of teaching recursion have been
fundamental  problem-solving  technique in

. : proposed, such as concentrating on the concept of
computer science. Some researchers claim that i

should be a recurring or “basic concern throughoﬁtate base case [10]. Proposed tools include
o, . .~ " Visualization [2][11]and algorithm animation [12].

the discipline” [1]. A recursive problem solutios i

built from instances of the same type of problem, According to Gotschi [5],

and then these problems are repeatedly solved using

the successive application of instantiations. In

computer programming this is accomplished by a

“flow of control” that embeds flows until reachirag

terminating instance then folding backward to end

unfinished instances [2].

Conceptual models form the basis of methods
for teaching recursion and will influence the

instructional tactics used when teaching

recursion. A conceptual model of recursion is

one which provides an accurate and consistent
representation of the mechanics of recursion.

It is reported that recursion is a very difficult

concept for students to learn and teachers to teach In this context, a model is the conceptu_al
[3][4]. Students have many misconceptions abolfPresentation Of. an abstract concept or a physical
stem that provides an explanatory instrument for

recursion and construct mental models which are’ : .
non-viable [5]-[7]. understanding a concept or system [3]. It describes

objects and their relations in the perceived world
Several reasons have been suggested for syGi{13]. It is claimed that a conceptual model is
problems, including difficulty in understandingnecessary when learning recursion [14] since
passive flow of control [2] and suspendedt would reduce misconceptions and enhance
computation [8], and lack of everyday analogieproblem-solving abilities [15].
[1]. Er [9] attributes the cause to a lack of . . .
conceptual model for illustrating recursive flow of Recursion ha; been conceptualized n different
control and also to the complexity of variableVays: The Russ'af‘ doI_Is model [16] d|§plays a
Russian doll recursively in a process that invakes

smaller and smaller size of itself until the lastld
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does not contain another. The process tracinge Released: A flowthing is marked as ready to be
model [17] traces process generation by recursive transferred (e.g., airline passengers waiting to
functions. The mathematical induction model [18]  board)

uses the mathematical basis of proof by induction.. Created: A new flowthing is born (created) in
The structure template model [14] provides the system (a data mining program generates
programs and descriptions of the base cases and the conclusiorpplication is rejected for input
recursive cases. The copies model approach utilizes data)

a procedure of looping over a stack of function « Transferred: The flowthing is transported
calls with self-triggering mechanism and control  gomewhere outside the flowsystem (e.g.,
passing back from terminated instantiations [19]  packets reaching ports in a router, but still not
[20]. in the arrival buffer)

Still, these models are not based on a systematic These stages are mutually exclusive, i.e., a
foundation that visualizes the process in terms dbwthing in the process stage cannot be in the
flows of the recursive algorithm from stages otreated stage or the released stage at the same tim
creating (copying) then processing (executing) iFigure 1 shows the structure of a flowsystem. A
This lack of systematic foundation becomes clearéiowthing is a thing that has the capability of fgi
when these models are contrasted with a negveated, released, transferred, arrived, accepted,
conceptual model proposed in this paper. Ourocessed while flowing within and between
proposed methodology describes the recursivgstemsA flowsystem depicts the internal flows of
process in a precise visual way that assists #system with the six stages and transactions among

teaching and learning. them. FM also uses the following notions:
The next section briefly reviews the basic « Sheres and subspheres: These are the
framework used to model a recursive process. environments of the flowthing, such as a
company and the departments within it, an
2. FLOWTHING MODEL instrument, a computer, an embedded system, a

component, and so forth. A sphere can have
To make this paper self-contained, the materials  multiple flowsystems in its construction if
in this section are summarized from a series of needed.
papers that have applied the model in several. Triggering: Triggering is a transformation
application areas [21]-[25]. (denoted in FM diagrams by a dashed arrow)

The Flowthing Model (FM) was inspired by the ~ from one flow to another, e.g., flow of
many types of flows that exist in diverse fields, electricity triggers the flow of air. If a sphere
such as, for example, supply chain flow, money has one flowsystem, then the two flows can be
flow, and data flow in communication models. This ~ fepresented by one box.
model is a diagrammatic schema that uses
flowthings to represent a range of items that can be
data, information, objects, or signals. FM also Release\——p| -
provides the modeler the freedom tibaw the
system usindlowsystems that include six stages, as
follows:

» Arrive: A flowthing reaches a new flowsystem ’
(e.g., a buffer in a router) @ @ @
» Accepted: A flowthing is permitted to enter the

system (e.g., no wrong address for a delivery); Figure 1. Flowsystem, Assuming That No Released

if arriving flowthings are also accepted, Arrive Flowthing Is Returned
and Accept can be combined asReceived
stage.
* Processed (changed): The flowthing goes A flowsystem need not include all the stages;

through some kind of transformation thatfor example, an archiving system might use only

changes its form but not its identity (e.g.the stagesArrive, Accept, and Release. Multiple

compressed, colored, etc.) systems captured by FM can interact with each
other by triggering events related to one another i
their spheres and stages.
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It may be argued that data can be ist@ed (as a record—a tuple—in a relational table wittkdin
state which is not included as a stage of ao other records).
flowsystem however,stored is not a primary state,
because data can be stored after being created
hence it isstored created data, or it is stored after
being processed, hence its®red processed data,
and so on. Because current models of software and (@) TN

. . \
hardware do not differentiate between these states Employee|[management fowsystel [Emor Oy?’ E

of stored data, we will assume flowsystems with i sphere P oS
ifi : manages
unified storage. Process: g g

Employee 1| Employee 3... [Employee n-l] Employee n
manages -|pp manages- - | - Pmanages-|- »

(b) (©
3. APPLYING FM CONCEPTUALIZATION Figure 2. FM Representation Of The Recursive
TO RECURSIVE RELATIONS Relationship

A flowsystem can be viewed as having recursion o )
according to its six stages. In this section wé € E-R representation is a stdfit between two

consider the situation where there is no recursivdifferent types of nodes. In FM, semantically,
creation as we apply the notion of “recurring” to Employee stands for a real element (sphere) that is

“objects” as an introduction to the modelingdefined by a process (flowsystem) called
technique in FM. management where “management things” (e.g.,

regulation, instructions, ...) flow. Other stages

Consider, for example, the entity-relationshiptransfer, release, ...) and processing (besides
(E-R) modeling that depicts a situation where, saynanage) can be added.

one employee manages another employee as a )

unary relationship, sometimes calledrecursive In FM, the recurrence feature is modeled
relationship. Such a relationship is represented gjrough the recurrence afianages by a process
drawing an ellipse and then connecting it to théSPhere/flowsystem, since a sphere, in this example
entity twice. The semantics in this case mean th&Pntains a single flowsystem). That is, the

the entity Employee manages (many) Emp|Oyee(s)$ph§re/floyvsy§tem Employee is a process (not a
static entity in the E-R model) that processes

The recursion sense in this conceptual picture {gnanages) another process, and so forth. The result

based on the relationship of an entity with itselfis a systematic conceptual picture of processes tha
But such a perspective comes from an arbitraryrocess each other.

decision to halt further discreteness of the sibmat ) . .

It is analogous to describing marriage as a ConS|de.r the relationship among several
relationship between a person and a persofl@ssagers: a messenger who uses another
Similarly, manage can describe a relationship messenger, who in turn uses another messenger, ...
between a managing Employee and a managgél)r _example, a visual metaphor is sometimes
Employee, until we reach the base of recursiorﬁpp“ed to the network communication process
where there is an instance of an Employee whyn€re computers, one after another, act as
does not manage. This is not apparent in a marriafééSSengers. This can be represented as in Figure 3,
relation because the base is reached on one leydf1ere there is an actual flow (solid arrows) antl no
since there is no person who is married to anoth&i99ering as in Figure 2. Again, we see the
person who is in turn married to yet another persor$yStemization of a process (computer) that process

_ _ _ ~ (send to) another process.
This type ofrecursive feature is represented in

FM as shown in Figure 2(a), where “Employee i is  Notice that, for simplicity's sake, the

a sphere/flowsystem of a hierarchy tfpes of flowsystems (of messages) and sphere (computer)
entities. Figure 2(b) shows a complete picture oire represented by one box.

each entity type, and Figure 2(c) shows a
shorthand representation of the relationship.

. . . . Computer
In entity-relationship modeling, we sense the

strain between the semantics Bfmployee as a
person and his/her relationship to other persons, Figure 3. Recursive Relationships Among Intermediate
and what the data structure representation stamds f Computers
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If we remove this assumption, we have to add “de-

4 APPLYING EM CONCEPTUAL IZATION activating” indicators in the right places.

TO A RECURSION PROCESS| @l N N

@\

In programming, the recurrence feature is applied

to the method of solution (e.g., algorithm). A Step \
recursive problem solution clones itself, making I \
new copies of the code and the local variabless Thi @ method \
means: Procesy 7) I
1. The flow is a flow of methods, i.e., the if n==0, value = 1, e I
flowthing is a method. retu"@
2. The flow systemcreates a copy of the @ Else I
m?thOd' ) . ' value == n*value /
Consider the following famoudactorial (n) ' return /
algorithm: ! 1
Factorial (n) v ———
If n==1 return 1 Create}i%tonal (n-1) @2 j
elsereturn n* factorial (n-1) -
There are three elements embedded in the term
factorial (n): F: n

e Factorial as a method (algorithm)
e Thevalue as global storage that holds the result, I value (global value) (6) I
and

e The local variable

Figure 4. FM Representation Of The Factorial Solution

The method andn form a sphere; let us call it

(recursive)Step with its own version of the method ) _ o
and local variabl@. Creating and processing (activating) that form

) a step that includes a copy of the method and a
~ Accordingly, there are: a3ep sphere that |ocq| variablen, continues untih is equal to zero
includes method and n, and a finalvalue. The (the pase of recursion). Figure 5 shows a sample

method is conceptualized as a flowthing that igajculation of 40. The execution proceeds
received, transferred, processed, created, aR@cording to the numbers in circles.

released. Thevalue and n are single flowsystem . ) .
spheres, but for simplicity’s sake we draw them as The FM provides a systematic representation of
boxes without internal details. Figure 4 shows théecursion instead of sketches of pictures and

FM representation of tHeactorial (). figures, typically used in teaching the concepts It
a framework that specifies flowsystems with

(circle 1) to process (7) or activate the metho@ Wiecyrsion is a flowsystem that includesocessing
assume that the method is already received apgh does not include creation.

residing in the system, waiting for execution. For
example, in the context of a computer, the methoet APPLYING FM CONCEPTUALIZATION
is a program already loaded into memory, ready to TO A RECURSION PROCESSII

be executed.
To further demonstrate the FM methodology of

Activating process in method (circle 7) causes modeling recursion, consider a traversal of a lyinar
the evaluation off; if it is zero, then (localpis set  yree where each element of the binary tree isedsit

to 1 (circle 8), andreturned (9) to resume the exactly once inorder as specified in the following.
execution in the parent method. Else (10), a new

copy of the method anal (Step sphere) are created ~ Inorder(x)

(11) and immediately activated (12 and 13). if x = nil then return
] Inorder-Walk(left [x])
We assume that creating a new step would print key[x]

freeze the current step waiting to be reactiva®d ( |norder-wWalk(right[x])

s
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step
method
Process
ethod - fn==1 step
' metho value = 1 method
: Process ' Create activd
_@ ' = return @ _ Process
[ | ea— Else factorial (1)
T method ffn==1 e
5 \ 4 alue = 1, c _
rocess return reate activg
T Flse __ @, factorial 2) vaue == [~ @ T
value = 1, n*value
return Create activg P11 I — A|-|-|-Return |
N )
2 ] [factorial (3 ==
Fee - _C:Z- -»> o r\:fl\L/l:Iue @ E
! 1
Return 1
L gr======== 1 A | n=2 X
value == - !
n* value, X -
Return ! | |va|ue =2 |
: h=s | |
: oo ¥
= | [value |
|va|ue =24V |
Figure 5. FM Representation Of Steps To Calculate Factorial 3
Jeft [ 4 Jright]
For example, for the binary tree shown in Figure 6, 0 | 2 Jright left |6] O
the inorder traversing is 2, 3, 4, 5, 6. [0[3[o ][0 [s5][ 0|

There are many software environments that
support visual interface for recursive programs. Fo
example, LabVIEW [26] uses block diagrams for a
recursive algorithm with dragged icons. Figure 7 e —

Figure 6. Sample Binary Search Tree

shows a sample screen view of a binary tree whel InPice Hamere Sinicnte
“the value of the current node is compared with the _ ] new oot
new value until an empty child is found and it is Bl 6

i
inserted to the tree” [26]. The point of showirtgst =
methodology of visual representation of a binary
tree is to demonstrate how such a profession:
application is built upon a collection of

heterogeneous notions from data structures (e.g. Figure 7. The Value Of The Current Node I's Compared

tree), electrical schemata tools (e.g., inyerter!)’V\AthTheNewVaIueUntiIAn Empty Child Is Found And
flowcharts, and so forth. These contrast with FM- Inserted Into The Tree (From[26]).

based conceptual description constructed from
spheres and flowsystems based on the notions @

flow and triggering. @I
Inorder (X v

new node

Figure 8 shows a general FM model of thg
Inorder algorithm. First, the algorithm is triggdre | Process:
(circle 1) from outside, e.g., by an operating syst 'Ifnf,rz :r"(lghff[‘x]rff‘{r[‘_,
as in the case of a program residing in mail print keyx]
memory. Inorder is activated (processed) to cal Inorder(right[x])-
itself in left (2) and right (3). A recursive call
means creating a copy of Inorder that is followed
by processing (4 and 5).

) . hor eate: Inorder(left [x]) ||

-~ |Create: Inorder(left [x]

Figure 8. FM General Modeling Of Inorder
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Figure 9 shows an implementation of this .Thus, pased on our assumptio_n, creatiqg a copy
algorithm for the binary tree shown in Figure G(C'rde 2) is followed by processing of this copy

The execution starts at the root of the tree when t(actlvatlng — circle 3).
residing copy of the algorithm is activated (circle
1). Since the root is not nil, thénorder (Ieft [X]) is
executed, causing the creation of a copy of Inord
(circle 2) with root of the sub-tree equal to 2.

This execution creates a copy of Inforder (circle

4) where the left links the root (circle 5). Exdngt

rfprocessing — circle 6)if x = nil then return

causes continuation of the execution in the pressiou
Notice that no synchronization tool iscopy (7) where 2 is printed. Theorder(right[x])

incorporated into this description. It is assumeat t is executed (8), moving us to the sub-tree with roo

the creation of a copy would “freeze” execution of3. The recursive process of creating and processing

the original execution waiting for a return froneth of copies continues for the left link (circle 1@nd

call. FM description provides a basic conceptuahe right link (11) and so forth.

map of flows and triggering; nevertheless, other

tools such as synchronizations, timing, and logical

operations (e.g., AND, OR) can be superimposed

on the basic description.

~®

< - F -

2 02 |right
Create

feft 4 Jright]
- Create]®
Process L’ Process -1 -
if x = nil then returp”” if x = nil then retur@@”f Process
I nor der (Ieft [x]) +~ | nor der (leftx]) -
Print 24#)-------- =~ Ilif x = nil then return
I norder(nght[x]@
—
sxcreate] [0 51 0] | (===
Prdcess - v
it X = nil then return & Process
Inorder-Walk(left [x])
B §<loccococcoaag - - - - if x=nil then return
Inorder (right[x])- - - _ _ __ 4 __ 11
. | PrOcess
Print4 <4----------1 tHt-------- <------ - - -Hif x = nil then return
Inorder (right[x])- -~ __ _ | E
[Create] [left]6] 0 ] [Create] [0 [5] 0]
— i \4 I
Process . v
- Process
if x = nil then return_ -~ " il th ! e \ 4
Inorder (left [x]) -~ A7 S (Nl U=l [Ty Process
(Ieft [x)) Inorder (Ieft [x]) | .
Print5 € ----------- |- ¥ §if x = nil then return
. I nor der (right
Pt E «becccccoood ——pt----- ( i [X]-
Inorder(right[x]? ’ T
------------ 1F------ A ;
n | reate
! Create D
if x = nil then return
' Process

if x = nil then return

Figure9. FM General Modeling Of Inorder
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6. CONCLUSION [8] Bhuiyan, S., Greer, J., & McCalla, G. (1994).

Supporting the learning of recursive problem
This paper introduces a conceptual model that solving. Interactive Learning Environments,
provides a suitable representation for understandin ~ 4(2), 115-139.
the mechanics of recursion and assists in teachipg] Er, M. C. (1984). On the complexity of
and learning such a concept. recursion in problem-solving.International
The model is analyzed using sample programs Journal of Man- Machine Sudies, 20, 537-544.

including factorial and binary tree traversing. The[10] Haberman, B., & Averbuch, H. (2002). The

resulting conceptual picture points to the viapilit ~ case of base cases: why are they so difficult to

of the proposed methodology as an apparatus for recognize? Student difficulties with recursion.
understanding recursion. Further investigation aims In Proceedings of the 7th annual conference on

at experimenting with the flow-based description of ~ innovation and technology in computer science

the recursive process in actual teaching education (pp. 5-8), Aarhaus, Denmark.

environments. [11] Shih, Y. F., & Alessi, S. M. (1993). Mental
; models and transfer of learning in computer
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