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ABSTRACT

The aim of this paper is to deal with a class of multiobjective semi-infinite programming problem. For such
problem, several necessary optimality conditions are established and proved using the powerful tool of
K —subdifferential and the generalized convexity namely generalized uniform K —(F,«, p,d) — convexity.

We also formulate the Wolf type dual models for the semi-infinite programming problem and establish the

corresponding duality theorems.
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1. INTRODUCTION

The so-called semi-infinite  programming
problems is characterized by the optimization of
an objective function in finitely many variables
over a feasible region defined by an infinite number
of constraints . Recently, many authors have been
interested in semi-infinite programming problems
since this model plays a key role in a particular
physical or social science situation, i.e., control of
robots, mechanical stress of materials, and air
pollution abatement etc. To date, many authors are
developing interesting results on the optimality
conditions and duality results for semi-infinite
programming problems. In particular, Qingxiang
zhang[1] obtained the necessary and sufficient
optimality conditions for the nondifferentiable
nonlinear semi-infinite programming involving B-
arcwise connected functions. In [2, 3, 4], the
optimality conditions and duality results under
various constraints qualification for semi-infinite
programming problems were established.

On the other hand, optimality conditions and
duality results in generalized convex multiobjective
optimization are also a very important research
topic. For example, we can see in [5, 6], the
sufficient optimality conditions and duality results
were obtained under the generalized convex
functions. For details, the readers are advised to
consult [7, 8].

In this paper, motivated by the above work, we
first define a kind of generalize convex functions
about the local cone approximation, K-directional
derivative and K-subdifferential. Then, the neces-
sary optimality conditions are obtained for a class
of multiobjective  semi-infinite  programming

problem involving the new generalized convexity.
Further, we formulate the Wolf type dual model for
the semi-infinite programming problem and
establish the weak and strong duality theorems
relating to the semi-infinite programming problem
and the corresponding duality problem.

2. DEFINITIONS AND PRELIMINARIES

Let X be a nonempty set of R".The epigraph of
a real-valued function f : X — R is the following

subset of X xR :
epi f ={(x,r) e X xR|f(x)<r}

Definition2.1. Let K(,-) be a local
approximation. Then, f*(x;): X x X — RU{+x}

is said to be K-directional derivative at x , where
fC(xy) =inf{& e R|(y,£) e K(epi f,(x, f(x))}
Definition2.2. [9] f:X — R is said to be K-
subdifferentiable, if there exists convex compact
set 0" f (x), such that
f(xy)= max (&y),vyeR",

£ed® f(x)

cone

Where,
o f(x)={x"e X*Ky,x*>s fY(x;y),vyeR"} is
K-subdifferential of f atx.

Definition2.3. A functional F: X x X xR" - R
(X =R")is said to be sublinear about the third
variable, if for V(x,,x,) € X x X , it satisfies
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() F(x, X, 0 +a,) SF (X, % 00) Vo, a, eR".
(i) F(x,, X5 ra) = rF (X, X,; ), Vr e R, € R".

We suppose that X < R" is nonempty; f: X —

R is local lipschitz function; F: X x X xR" - R
is sublinear; ¢:R—>R; b: XxXx[0,]] >R, ,
Jirgb(x,xg;ﬂ)zb(x,xo);a:xxX—>R+\{0} ;

d:XxX —>R" isapseudometricon R", peR.

Definition2.4. f is said to be generalized
uniform K-(F,«a , p, d)—convex atx, € X , if for
all x e X , there exists local cone approximation K ,
such that

b(x, X, )L f ()~ (x,)]

> F (X, X, (X, %, )E) + pd? (X, X, ), VE € 0" f (x,)

Definition2.5. f is said to be strict generalized
uniform K- (F,«, p,d)—convex atx, € X, if for
exists local

all xeX,x=x, , there cone

approximation K , such that
b(x, %, )gL f (x) - f(x.)]
> F(X, X, (X, X, )E) + pd?(X, X, ), VE € 0" f (x,)

Assumption A, Let the local cone

approximation K be one among the tangent cone,
arrival directional cone, Clarke tangent cone, and
feasible directional cone.

Lemma2.1.[10] (i)The f*(x,)) is positively
homogeneous and subadditive function.

(ii) f*(x,-)is convex function.

Lemma2.2.[10]  0ed"f(x) < f*(xy) >0,

vyeR".

Theorem2.1. If x is a local minimum of f (x)
on X, and satisfies the assumption A, then there
exists 0 e 0% f (X) .

The result can be obtained easily.

3. NECESSARY CONDITIONS

In this paper, we consider the following multi-
objective semi-infinite programming problem:

e
348

min f(x) = (£,(x), ,(x),-, f, (X))
st g, (x)O0,teT,
Xe X.

(SIMP)

Where X < R" is a nonempty open subset,
f:x>R",g,:x>R,teT and T is an infinite
compact index set. We put X°={xe X |gt(x) 0o,
t e T} for the feasible set of problem (SIMP). Then
we define

T(x)={teT|g,(x)=0}, RV ={u:T >R, |teT}

Where T(x) is active constraint set; R™ means
that for allte T , g OOand only finitely many are
strictly positive.

Now we give the following single objective
semi-infinite programming problem:

min F(x) = Zp:/ll f.(x)=A"f(x)

st g,(x)<0,teT,
Xe X.

(SIMP),

Where (4, 4,,---,4,)" € A* orA™ , we define
A*:{ ﬂ:(ﬂl,;{z,...,ﬂp)T

|4, 00,i :1,2,-~~p,zp:/ll =13
i=1

AH:{ ﬂ:(jﬂ’ﬂ?’...’lp)-‘—

|4 >0,i =1,2,~~~p,Zp:/‘LI =13}
i=1

o= {yeR"gl (xy) <0,teT(X)} T(X) =D
R", TX)=®

o {yeR" (g (xy) <0, teT(X)} T(x) = D
"R, T(X)=d

Denote by R’ the nonnegative orthant of R” .

Definition3.1. We say that (SIMP), satisfies

the constraint qualification C, atx e X , if Q° »®
always holds.

Lemma3.1. Let X e R" be a nonempty set. If
(i) w,ie@2,--,p) is generalized uniform

K,-(F,a,p,,d) — convex function on X with
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respect to F,¢4,ba,p,d and local

approximation K ;

cone

(ii) p,00;a<0=¢(a)<0;b>0;

(iii) For all xe X, 0€8“y,(x), ie{l,2,--, p} -
Then the following system has no solution x € X .

() There exists xe X such that w;(x)<0,
ie{l2,--, p};

(I)There exists AeR"\{0} such that

p
Ay, 00, forall xe X .
=1

Proof: If (I) has a solution, that is, there
exists xe X , such that v, (x)<0,ie{l,2,---,p} .,

p
then for every 1 eR7\{0}, we have Z/lly/i <0,
i=1

that is, (1) does not hold.

Assume that (1) has no solution.

LetM =y (x)-RY, v =(@w,v,w,)" , then
M is convex.

In fact, if y,,y,eM , then exists x,x, e X
and p,, p, € RY, such that

Y= _‘//(Xl) — Py, = _W(Xz) - P,

Foranyt e (0,1), we have

A-t)y, +ty, =
—(A-y(x) +tw (X)) - (1-1)p, +1p,)

By (i), for anyie X', we have

b(x,, X)élw: (%) =, (X)]
O F (%, X; (X, X)E) + p,d% (%, X)

b(%,, X)B[w; (%,) = (X)]
O F (%, % 0%, X)&) + p,d (%, X)

Where V& e, (x),ie{L,2,--, p}.
By p, 00 and (iii), we have

F (%, X; (X, X)0) + p,d?(x, x) 10
F(X,, X;a(X,,X)0) + pd?(x,,x) 0

Using (ii), we get

v, (%) Op (0, (%) Oy (x),i e {12+, p}
That is

(L=t () +ty; (%) Oy ()i e {12+, p}
Therefore

(=) (%) +tyr(x,) Dy (x)
Then we have
A-t)y, +ty, O _l//(;) —(@-t)p, +1tp,)
So, there exists p € R”, such that
L=y, +1y, = () —(L-1)p, +1p, + )
Now since R is close convex cone, we obtain
(@-1)p, +tp, + p) <R’
Then we get
A-t)y, +ty,eM

Because (I) has no solution, and intR” +R’
cintR’, so we get

M NintRY =@

From the convex set separated theorem, there
exists A e R”, 1 #0, such that

supA(M)Oinf A(R7)
Since R is close convex cone, we get
inf A(R)=0

Now we obtain 2eR”\{0} and ATy (x)TJ0 ,
that is

p
Ay, (x)00,vxe X
=1

Hence, (I1) has a solution. Thus the lemma is
proved.

Lemma3.2. Let x e X° be an optimal solution
for (SIP), . Further, we assume that A" f(x) and

g,(x),t eT(x)are K, — subdifferentiable and K, —
subdifferentiable at x with respect to local cone
approximation K, and K‘,teT(i) , respectively.
The assumption A, holds. Then, the following
system has no solution.
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an (ATF)(xy) <0
g (x; y)00,teT(x)

Proof: Suppose there exists§ , such that
(AT 1) (xy) <0
9k (x;y)00,t eT(x)

According to the assumption
definition of K- directional derivative,
existsu >0, for anyu e (0,u), such that

A, and the
there

(A" H)(x+uy)-(2"H)0) _,
u
6. +u0) =0 g o1y
u

Then ifu — 0+ , we obtain

{(,f f)(x+uy)— (A" f)(x) <0
g, (x+uy)—g, () 00,teT(x)

Finally, we have a contradiction. Thus X is an
optimal solution of (SIP), . Hence, the system (111)
is incompatible.

Lemma3.3. If for a given e A™(or A") ,

xe X isan optimal solution for (SIP), , then x is
a properly efficient solution for (SIMP).

Theorem3.1. Let us
f(i=12,--,p) is
K, - (F,a, p,,d)—convex function (p, >0) on X°.

that
uniform

suppose
generalized

If x"eX°is a weak efficient solution of (SIMP),
0ed(f,— f.(xX))(x),a<0=g¢(a)<0,b(x,x)>0
. Then there exists A" e A", such that x" is an
optimal solution of (SIP)...

Proof: If x" e X° is weak efficient solution of
(SIMP), then there exists no x € X°, such that

f<f(xX)i=12p
That is, the following system has no solution
inX%: f—f(x)<0,i=12,p.
Since f;(i=1,2,--
K, —(F,a, p,,d) -convex (p, >0)on X°, now we
get

-, p) is generalized uniform

by (%, X)L, (%) = (X)) = (£, (") = F,(x' )]

= by (%, X)L, (x) = ,(xX')]

OF(x,X5a(x,X)E)+p, d?(x,X),

vE ed i (f - f,(x))(X)

So, (f,(x)- f,(x") is generalized uniform K; -
(F,a,p,,d)— convex at X',i=12,---,p . Again

from lemma3.1, there exists 1" e A*, such that for
allxe X°, we get

p
DAL ()~ fi(x)100
i=1
That is
ATE)OAT £(x)
So, x” is an optimal solution of (SIP),..

Theorem3.2. (Necessary optimality condition)
Let us suppose that A" f(x) and g,(x) (teT)
are K,— subdifferentiable and K, — subdifferenti-
able at x e X°, respectively. The assumption A

holds. If x is an optimal solution of (SIP), , and the
constraint qualification C, holds. Then, there exists
()., €R™ ,such that

0e0 (2" H)(X)+ X 40" g,(x), &)

teT
#9,(x)=0teT (2)
(44)r DO ©)
Proof: since (SIP), satisfies the constraint

qualification C, at x, then we obtain Q° = @ .

Suppose T(x) =@, and X is an optimal solution
of (SIP), , from the theorem1.3,0e 0" (A" f)(x),
and as ueR™ ,we also obtain x4 =0 , for all
teT.

So, (1), (2), (3) hold.

SupposeT(i) #®, and X is an optimal solution
of (SIP), . According to the definition of K-

subdifferentiable and lemma3.2, we get the
following system has no solution.

£y <0,
¢! yQo,

VEed (AT )(X)
V¢, €0g,(x),teT(x)
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That is, the following system has solution.

Ey00, Ve )(X)
~£Tydo, V¢ ed g (x)teT(x)
Then using the Farkas lemma, there exists
2 00,teT(x) , such that

52_ z :utgt

teT (X)
Lety =0, ifteT\T(x), then we get
§+Zﬂt§t =0
teT

So, we obtain

0e 0" (AT F)(X)+ X 140" 9,(x),

teT
#49,(x)=0,teT
(t4)rer TIO

Using the theoren3.1 and 3.2, we can easily
obtain the following result.

Theorem3.3. (Necessary optimality condition)

Let us suppose that f,(i=12,---,p) is genera-
lized uniform K, —(F,«,p,,d)— conve (p, [10)
on X°, g,(x)(teT)areK, — subdifferentiable at X.
If xe X%is a weak efficient solution of (SIMP),
0ed(f,—f,(x)(x), a<0= ¢(a)<0,b(x,x)>0,
and there exists A€ A", such that (SIP), satisfies
the constraint qualification C, holds. Then, there
exists (14,),., €R™ ,such that

0€d (AT f)(X)+ > 10" g,(x),

teT
#49,(x)=0,teT
(#)ir DO

4. WOLF TYPE DUALITY

In this section, we consider the following Wolf
type dual model for (SIMP):

max f (u) + Y 4, (U)e

teT

(SIWD) st.0ed (A f)(u)+ ;uﬁ“ g, (u);

AeA”;
(lut)teT € RJET)

where e is a p-dimensional vector whose all
components are all ones.

Theorem4.1. (Weak duality)

Let x and (u, A, u) be feasible solutions of (SIMP)
and (SIWD) respectively. Assumption A, holds,
and suppose

(i) AT f is generalized uniform K, —(F,a, p,,d)
-convex at u with respect to ¢, and b ;

(if) For all teT , g, is generalized uniform
K,—(F,a,7,d)-convex atu with respect to ¢ and
b;

(iii) ¢, (a) =a, 4 (a) =a;

(iv) po + > p7,00;

teT

Then we can obtain

PO O f(u)+ g, (e

teT

Proof: Since xand (u, 4, u) are feasible solutions

of (SIMP) and (SIWD) respectively, it follows that
£40,(x)80,vteT 4)

And
0ed™ (A" f)(u)+ 140" g,(u)

teT

That is, 3¢ € (A" f)(u) and ¢, € Y 8" g,(u) ,
teT

teT, such that
0=¢+> ud, 5)

By hypothesis (i), we obtain
b(x, W I(A" F)(x) — (2" f)(W)]
O F (X, U;(X,U)E) + p,d?(x,u)
Using (iii), we get

(A" )(x) = (4" f)(u)
Ob(x,u) [a(x,u)F(X,u; &) + p,d*(x,u)]
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By hypothesis (ii), we have
b(x,u)¢[9,(x) - g, (u)]
OF(x,u;e(x,u)g,) +7,d*(x,u)

Using (iii) and (#,),., € R, we obtain

Zﬂtgt(x)_zﬂtgt(u) 0

teT teT

b(x,u) [ (x, U)F (x,u; D 1&,) + X prd? (x,)]

teT teT

Then by inequality (4), it follows that

3 14,,(U) +b(x,u)*
[0 ) F (05T )+ 3 (] 30

Adding (6) and (7), then using (5), we have
(ATH)) DA F)U)+ D 49, (u)

teT

(o + 2 ar)d(x, U)b(x, )

By hypothesis (4), we get
AT H)T AT f)(u)+D 49,(v)

teT

That is
)0 f(u)+ 40, (ue.

teT

Theorem4.2. (Strong duality)

Let assumption A, hold. Suppose that X is a

weakly efficient solution of (SIMP) for which the
Kuhn-Tucker constraint qualification is satisfied.

Then, there exists 1eA",(x,)., € R such that

(U,,;) is feasible for (SIWD) and the objective
function values of (SIMP) and (SIMD) are equal.

Furthremore, if the conditions of theorem 4.1
hold for all feasible solutions of (SIMP) and
(SIMD), then (x, 4, ) is a weakly efficient solution
of (SIWD).

Proof: Since x is a weakly efficient solution of
(SIMP) for which the Kuhn-Tucker constraint
qualification is satisfied, it follows that there

exists A e A", (u,),.; € R™ satisfying the following
necessary conditions
0€d (AT F)(X)+ > 40" g,(x)

teT

352

;tgt(;) =0,teT
Ae N, (u1). eRT.

Hence, (x,4, ) is feasible for (SIWD) and the

objective function values of (SIMP) and (SIMD)
are equal.

By contrary method, suppose that (X, A, x) is not
a weakly efficient solution of (SIWD). Then, there
exists a feasible solution (x,A", ") of (SIWD),
such that
F00+2ug.(x)e < F(U)+ 3 g, (u)e

teT teT

Since #,,(x) =0, it follows that

f(x)< fU)+Y g, (e

teT

We have a contradiction with the result of
theorem4.1. Hence, (X, 4, ) is a weakly efficient
solution of (SIWD).

Remark4.1. It may be noted that, if the cons-
traint condition 00" (A" f)(u)+>_ 40" g,(u) is

teT

replaced by

B WAL IORS WL IO RO

teT
then we can give the following theorem.
Theorem4.3. (Weak duality)

Let x and (u,4,u) be feasible solutions of
(SIMP) and (SIWD) respectively. Assumption A,
holds, and suppose

(i) For all ie{l,2,---,p} ., f, is generalized
uniform K, —(F,«;, p;,d) -convex atu with respect

to g, and b, ;

(if) For all teT , g, is generalized uniform
K. - (F,«,,7,,d)-convex at u with respect to ¢ and
by

t

(il ¢y () = a, () =a;

A (xu) o b(xu) .
(M; (00 =1, a:(x,u)—l,teT,
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( ) - Tt
Z (X U) ;al (x,u)
Then, the following inequality cannot hold:
F(x) < f(u)+> 40, (u)e ©)

teT

Proof: By the contrary method. Suppose that (9)
hold. By hypothesis (iii), we get

2 b (x,u) f.(X)

.le o (x,u)
24D (x,u) T, (u) 10
le (0 ;Mgt(U)

Also, hypothesis (i) yields

b (x, ) [ (x) - i (U)]
OF(X,U;a,(X,U)&) + pd?(x,u), VE e f (u)
Using hypothesis (iii) and (iv), we obtain

Ay (x,u) f;(x) _Zp:ﬂf.bi(X,U) f; (u)
a; (X,u) i-1 a-(X u)

M-

I
5N

1)

p p
OF(x,u; Y A&) Z
i=1
By hypothesis (ii), we have

by (x,u)i[g,(x) - g, (u)]
OF(x,u;e; (X,u)¢,) +7,d*(x,u), V¢, € o g, (u)

)d (x,u)

Using hypothesis (iii) and (iv), we obtain

Z/u[g[(x) - Z/utgt(u)

teT teT

(12)
O F(x,u:zutgmzLd (x,u)

teT teT [ ( )

Since x is a feasible solutions of (SIMP), it

follows that
£49,(x)00,vteT (13)

By inequality (13), then the inequality (12)
becomes

248 () +F(xu; ) ud)

teT teT (14)
+Z%d (x,u) 0
teT t

Adding (11) and (14), and using the sublinearity
of F along with (8), we have
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e e
By hypothesis (v), we get

This inequality contradicts (10). Hence, the
inequality (9) cannot hold.

5. CONCLUSION

In this paper, we have defined a new generalized
convex function, extending many well-known
classes of generalized convex functions. By
utilizing the new convexity, we have achieved
some necessary optimality conditions for a class of
multiobjective semi-infinite programming problem.
Furthermore, we have obtained several duality
results between the problem and the Wolf dual
problem, there should be further opportunities for
exploiting this structure of the semi-infinite
programming problem.
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