15" November 2012. Vol. 45 No.1
© 2005 - 2012 JATIT & LLS. All rights reserved: TATIT

Journal of Theoretical and Applied Information Technology p..
S\ E

ISSN: 1992-8645 www.jatit.org E-ISSN: 1817-3195
AN DIGITAL FILTER DESIGN SCHEME BASED ON
MATRIX TRANSFORMATION

1 ZHANG LI,%2 ZHANG DAN, ® ZHANG WEIXI

! College of Computer Engineering, Jiangsu Teachers College of Technology, Changzhou 213015,
Jiangsu, China
2 University of Exeter, The Queen's Drive, Exeter, Devon, UK EX4 4QJ, UK
® Electronic & Information Engineering Department, Jiangsu Teachers College of Technology,
Changzhou 213015, Jiangsu, China

ABSTRACT

This work discussed the design steps of digital filter and methods of transformation from analog domain to
digital domain. In order to use computer to solve the problem of recursive function whose order is N, this
work derivates a transformed algorithm. The proposed scheme shifts system transformation to a coefficient
matrix and a variable matrix. This work explains how to fix coefficient matrix and a variable matrix in
detail. And at last, it takes advantage of feasibility and validity of simulation algorithm to verify it. The
merits are as follows. First, it is very direct and it applies the calculation between matrix and matrix. And
second, it is very general, so no matter it is from simulative low pass to digital low pass, or from simulative
high pass to digital high pass, or from simulative band pass to digital band pass, this method can be used.
Third, it is the fastest since there are fewest numbers of calculations.
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1 INTRODUCTION (2) The coefficient matrix used in transformation

can be directly derived; the elements of coefficient

Linear transformation is widely used in digital
simulation, signal processing, automatic control and
system identification. The so-called linear
transformation [1] is to use:

T
71 1+-S

s:(g—) or z= %
TZ+1 1—58

To realize the transformation of transfer function
from S domain to Z domain or the transformation of
transfer function from Z domain to S domain.
However the bilinear transformation is a kind of
fractional transformation, therefore with the
increase of system order the amount of computation
will be increasing. If that, to calculate by hand will
be a big problem, and it is inconvenient to use this
transformation. In order to use computer to solve
the problem of order N’s transfer function
transformation,  here  present  the  linear
transformation algorithm, the following are the
features [2, 3]:

(1)Transformation  is  realized  through
transformation matrix and coefficient matrix; it is
easy to carry out by computer
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matrix can be done by addition.
(3) The digital low pass, high pass, band pass,
band stop can be directly transferred.

2 THEORIES
To a given analog low pass filter prototype [4,
5]:
2 3 4 n
H(S) = A +AS+HAS +AS +AS 4+ + AnS

2 3 4 n
B, +Bs+B,s"+B,s°+B,s" +---+B,s
To order coefficient vector as:

A= (Ao, Ay, Az, As, As,---, An)

1
B = (Bo, B1, B2, B3, Bs,--+, Bn) @

To normalize the analog filter, then it changed to
be:

c= cotﬂf—fl (2)
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f, is the cut-off frequency, f, is the sampling
frequency [6].

-1

Put S =cl
1+

— in H(s), and there come out
z

H(2)

H(@)=H(s)/s cii=H(s- 7,

=z

If H(s) is a low pass filter, transfer from the
above, the H(z) is also a digital low pass filter.

The prototype of digital filter is H(z)
Next to order

a+az'+a,z?++az”"
b, +bzt+b,z%+---+b 27"

H(z) =

And the coefficient vector is:
a:(ao|a1!a2|a3!a4la5|"'ian)
b= (bolbvbz!bsleIbsl"'!bn)

Whenn =1,

©)

H (Z) _ o +a127l _ A) + A1C+271(A) _Aic)
by+bz?  B,+Bc+z"(B,~Bgc)

Here to let a matrix to present the computing
process of H(s) = H(z2)

e [ 28

Whenn=2,
-1 -2
H(Z):M
by +hz™ 4D,z

_ A+AC+HAC 77 (2A - 2ACY) + (A - AC+ ACY)
B, +Bc+B,c’ +27(2B,-2B,c’) + 27 (B, - Bc + B,c?)

Here to let a matrix to present the computing
process of H(s) = H(z)

a, 1 1 1A
Thatis |a, |=|2 0 -2| Ac
a, 1 -1 1 A2C2

And so, whenn=3,4,5,6,---,n, we can get the
transfer matrix, to express with formula as:

E-ISSN: 1817-3195

a=P A 4
Here A'=[A Ac Ac’ Ajc”}T
Now let’s see the P, matrix, when n=1,
b 1 1
1 1

1 1 1
Whenn=2, P, = 0 -2

1 -11

(1 1 1 1

3 1 -1 -3
Whenn=3, B, =

3-1-1 3

11 -1 1 -1

Therefore, to any n, P, The elements of the first
column in P, comply with a law that is Yang Hui

triangle arrangement. Next to introduce Yang Hui
triangle arrangement:

n=1 1

n=2 11

n=3 121

n=4 1331

n=5 14641

From the features [7] of Yang Hui triangle

arrangement:

M The figures in each line are symmetrical, and
turn large from 1, and then turn small, and go back
to 1.

() The figure numbers of the number n line are
n.

) The sum of figures in number n ling is 2"

@ each figure is the sum of its left and right
figure in the previous line, which s

(Cin+1 = Cni +Ci71n)
® The first figure of number n line is 1,

The second is 1x(n-1) ,

1 -1 -2

The third is ZX(1=Yx(n=2)
2

The fourth is 1x(n—=1)x(n=2)x(n-3) |
1x2x3
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And so,
(n-1)!
@(i-Dn-i)!

What’s more, to extract all the elements of first
column in transfer matrix P, , and get the follows:

The number n figure is

n=0 1

11
121
n=3 1331
n=4 14641

Here actually the n is the previous given n-1,

n=1
n=2

(n-1)! .
m then it

which is also

thus, use n+1 to instead the

becomes —M——
i-DY(n-i+D)!
n!

TSy ©)

As a result, to any P, , it is only need to know its

n, and then the elements in the first column can be
written down.

3 FEATURES

From the above discussion, we can get 3 features
of transfer matrix [8]:

First, the first line elements of P, only can be
and all are 1,

Second, the first column elements, if i and n are
known, then P, can be known. That is

n!

P,=————— i=n+1ln,-,21
T (n=i+D(i-1)!

(6)

Third, there is a special relation in the matrix,
That is

Pi,j = Pi—l,j + Pi—l,j+1+ Pi,j+1 (7)
i=23,---,n+1
and |
j=12,---,n

From these 3 features, if the order n is known,
the any transfer matrix P, can be calculated out.

4 EXAMPLES

Example 1, to use bilinear transformation to
design a Butterworth digital low pass filter[9] of
order 3, sampling frequency is f, =4kHZ ,
(sampling period is T=250us), and the 3dB cut off
frequency f, =1kHZ , and analog Butterworth
filter of 3 order is

H(s) = S 1s S
2 3
1+2()+2(5)" + ()
7t
Solve: to order O, =1, c:cotf—:l, and

S

1
5 from formula (2) ,

HS)=—————
(s) 1+2s+2s*+5

A =LA =0A =0,A=0
B,=1B,=2B,=28,=1

Apply formula (6) and (7), it is easy to get:

11 1 1

3 1 -1 -3
P =

3-1-1 3

1 -1 1 -1

To use the previous formula (4) , and put
a=P A" in,

fag] [12 1 1 1 A 11 1 1
a| [3 1 -1 -3 Ac | |3 1 -1 -3
a| [3-1-1 3 Ac’| |3 -1 -1 3
la,] 1 -1 1 -1 Jlac®| [1 -1 1 -1
Mm] 1 1 1 1 B |1 1 1 1
b, 3 1 -1 -3 Bc 3 1 -1 -3
b,| |3-1-1 3 Bc?| |3 -1 -1 3
b |1 -1 1 -1 |Be| [1 -1 1 -1

a,=1a=34a,=3 a-=1
b,=6,b=0b,=2 b, =0
Thus get the system function of digital filter:

That is

1+3zt+3z%+7°

H(z) =
(2) 6+2z7°

Example 2: sampling frequency[10] is
f, =100kHZ , T=10us, it is required to design a

Butterworth digital band pass filter of order 3, and
its up and down 3dB cut off frequency is

f, =37.5kHZ , f, =12.5KHZ .
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Solve: first to get the each critical frequency of
the needed digital filter. And the up and down cut
off frequency is

o, =27 T =27x125x10° x10x10° = 0.257
o, =27 f,T =27x375x10°x10x10° = 0.757

Analog low pass cut off frequency is

Q. :—[tan(—) tan( )]

r
= ?[tan (?) —tan (g)]

=0.257

From the appendix 1, the transfer formula of
transformation from analog low pass prototype to
digital band pass is (8), to use this to get H(Z) ,
which is the needed digital band pass filter
prototype.

1-Ez'+z7%, 41+77

s=D =— 8
[ 1-77° | T1-77 ®)
We can get D is
-, 4 4
D =Q, cot 1) =—cot(~>)=—
@ -%)= = & ) =
We can get E is
cos( 1) cos(z)
E=2 L2 i =0
cos(—2—+ cos(~
(=™ cos()

We use this to substitute, and get H(z) , which

IS the needed digital band pass filter prototype.
This relationship formula is also the transformation
formula from analog low pass prototype to digital
band pass. And from N=3, get the system function
of Butterworth filter of 3 order is

H(s) = s 1s s
1+2(=)+2(—) +1(—)°
(Qc) (Qc) (Qc)
We put it back in the S,
H@=HO)I ,,...
T1.?
B 1
- 2 1+27 1+27
e G Q)JQ_ﬁf
1-3z° +3z’4—
H(z)=
(@) 6+2z7*

Now change to calculate in another way, firstly
to transfer the analog low pass to analog band pass,
and then use the transfer matrix P, , from the

appendix, the formula of transformation from
analog low pass prototype to analog band pass is:

2,00
S%QCQ )
s(€2, - Q)

Q, ,Q,: they are the actual band pass’s up and
down cut-off frequency.

From formula (2) , the @, and w, is known, the
corresponding analog low pass corner frequency is

2 2

.
Q, =—tan Q, =—tan(—*
= et ) =7 (2

Now let’s normalize, to order c=1, that is_l_gzl,
thus,
Q-0,=1, Q,-Q =2
And from the appendix, the formula should be:

s?+1

C

s—>Q

(10)

Put the above formula back to system function of
analog low pass filter, then:

1
H(s) = ;
s?+1 241, sP+1l,
1+2 +2 +
o )T )+ 0)
SS
1 1 11, 1, 1. 1.,
T+ s+ s 428 + s T+ s
8 2 8 8 2 8
Here, n=6, from previous transfer matrix P, ,
when n=6,
[ 1 1 1 1 1 1]
4 2 0 -2 -4 -6
15 5 -1-3 -1 5 15
P20 0 -4 0 4 0 20
15 -5 -1 3 -1 -5 15
-4 2 0 -2 4 -6
1 -1 1 -1 1 -1 1 |
Therefore, the corresponding coefficient of

digital filter prototype can be achieved from

formula (4), they are:
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[a,] 1 1 1 1 1 1Mol It understand. This whole process can be done by
a| |6 4 0 -2 -4 —6llol lo computer at once.

a, 15 5 -1-3 -1 5 150 -3

a|=|20 0 -4 0 4 0 20|1|=|0 REFRENCES:

a, 15 -5-1 3 -1 -5 15 (|0 3 . .

a 4 2 0 -2 4 -slol lo [1] Deng zhongyi, The f|_|ter’s Ppast, present and

5 future, Global Electronics China, Vol. 13, No. 4,
3] 1 -1 1 -1 1 -1 1 joJ [-1] 2003, pp. 48-49.
o ar T red 2] Federico Fontana, Use of the Nyquist Stabilit
o 11111 18 6 e Criterion in the ’Design of Intggactive Audig
b, 6 4 0 -2 -4 -6)1/2 0 Digital Filters, IEEE Signal Processing Letters,
b, |16 5 -1-3 -1 5 1511/8] |0 Vo. 18, No. 4, 2011, pp. 271-274.

b;|=/20 0 -4 0 4 0 20|12 |=|0| [4] Zhang Weixi, Digital Signal Processing, China
b,| |15 -5 -1 3 -1 -5 15 ||11/8| |2 Machine Press, 2011.

b,| |6 -4 2 0 -2 4 -6|2 0 [5] Pei Dang and Tao Qian, Analytic Phase
b| |2 -1 1 -1 1 -1 1 |[1/8 ] |0] Dgriyatives, All-Pass Filters' and Signals'of
(_set_ Minimum Phase, IEEE Signal Processing

a,=1a =0,a,=-3,8,=0,3,=3,a, =0,a, =1
b,=6,b,=0,b,=0, b,=0, b,=2,b,=0, b, =0
Then write the digital band pass filter’s system
function:
3z°+3z2*%-z"°
6+2z7"

H(z)= 1-

5 CONCLUSIONS
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