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ABSTRACT 

 
In this paper, based on possibilistic reliability theory, the hybrid variables structural reliability model, which 
includes fuzzy variables and interval variables, is researched. The hybrid variables structural reliability 
model is established based on possibilistic reliability theory. The analytical algorithms of minimum fuzzy 
reliability index and maximum failure possibility degree in hybrid variables structural reliability analysis are 
derived in detail. The constraint conditions of hybrid variables structural reliability model are analyzed. The 
reliability optimum design method of hybrid variables structure is researched. By evaluation of hybrid 
variables structural reliability through practical examples, it proved that, in the case of two uncertain 
variables coexisting, the theory presented in this paper is feasible and effective. And thus, it will have great 
significance in actual engineering, especially for reliability design of complex structures. 
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1 INTRODUCTION 
 

In practical engineering, the model to deal with 
uncertain information should be based on the grasp 
of the data set. Fuzzy set model is an important 
method of processing fuzzy variables. In structural 
design, often there may be situations of multiple 
uncertain information coexistence, that is, the 
structural parameters consist of both random 
uncertainty variables and fuzzy uncertainty variables. 
How to implement structural reliability analysis in 
the condition of various uncertain variables 
coexisting has become a practical problem.  

Varying from single variable structural reliability 
design, for reliability design of a structure with 
hybrid variables, it mainly faces two problems: first, 
how to handle with different types of uncertain 
variables and establish the corresponding hybrid 
reliability model; second, how to establish the 
reliability model for optimization [1]. In this paper, 
based on possibilistic reliability theory, the hybrid 
variables structural reliability model, which includes 
fuzzy variables and interval variables, is established. 
The maximum failure possibility degree is 
introduced as the measurement of the hybrid 
reliability model. And then, reliability optimization 
design is carried on with maximum failure 
possibility degree as constraint; finally, the validity 
of the theory in this paper is verified by a practical 
example.  

 

2 HYBRID VARIABLES STRUCTURAL  
RELIABILITY  MODEL 

 
The functional equation of a structure which 

contains fuzzy variables and interval variables can 
be expressed as: 

1 2

1 2 1 2

( , )
    ( , ,..., , , ,..., ) 0m m m n

M g X X
g x x x x x x+ +

=
= =

   (1) 

During the above formula, 1 1[ ,..., ]T
mX x x=  are 

fuzzy variables, and 2 1 2[ , ,..., ]T
m m nX x x x+ +=  are 

interval variables [2]. 

Due to the functional equation of the structure 
contains both fuzzy and interval variables, the state 
variables are fuzzy-interval variables. If the fuzzy 
variables are constant, then the functional equation 
of this structure contains only interval variables, and 
can be analyzed by non probabilistic reliability 
theory. Likewise, if the interval variables are taken 
fixed values, then the functional equation of this 
structure can be analyzed by possibilistic reliability 
theory. Considering the fuzzy variables are 
double-parameter variables, we can assume that the 
interval variables are taken fixed values. For any 
fixed value 2

DX of an interval variable 2X , the fuzzy 
reliability index corresponding to formula (1) is: 
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2( , ) min( )D
S Xη η α δ

∞
= =                (2) 

It meets the following condition: 

1 2 2( , ) ( , , ) 0D DM g X X g Xλ δ= = =          (3) 

During the above formula, 2( , , )Dg Xα δ  is the 
standardized state function corresponding 
to 1 2( , )Dg X X . 

The corresponding maximum structural failure 
possibility degree is: 

2

2 2

( 1) ( ( , ) 1)

    sup{ ( , ) | ( ) 1,

        , [0,1]}

D
f oss S oss

D D

P P X

X X
R

µ η η α

α η η

η α+

= ≤ = ≤

= ≤

∈ ∈

         (4) 

During the above formula, both fuzzy reliability 
index Sη  and failure possibility degree fµ  are the 
functions of the interval variables 2X , so they are 
interval variables either [3]. These are: 

[ , ], [ , ]I I
S SS S S SS S

η η η η µ µ µ µ∈ = ∈ =     (5) 

Considering the physical meanings of the fuzzy 
reliability index and the requirements of structural 
reliability design, we take 

S
η and Sµ  as the 

measurements of hybrid variables structural 
reliability. Here, the minimum fuzzy reliability 
index reflects the fuzzy distribution of minimum 
structural reliability, while the maximum failure 
possibility degree reflects the maximum likelihood 
of structural failure. They both reflect the structural 
reliability from different aspects [4].  

 

3 ANALYSIS OF HYBRID VARIABLES 
STRUCTURAL RELIABILITY 

 
By possibilistic reliability theory we can get, for 

reliability analysis of structures with hybrid 
variables, it includes the determination of both 
minimum fuzzy reliability index and maximum 
failure possibility degree. Here, though the 
minimum fuzzy reliability index and the maximum 
failure possibility degree are related to each other in 
some way, they are not in one-to-one 
correspondence with each other. The following is the 
solving method of analysis and optimization for 
these two metric indices. Consider the linear 
functional equations of a structure as follow: 

1 1
,

1,..., , 1,..., ; 1,..., , 1...,

m n

i i j j
i j

M a R b S

i p p m j q q n
= =

= −

= + = +

∑ ∑    (6) 

During the above formula, , 1, 2,...,iR i p=  and 
, 1, 2,...,jS j q=  are unrelated fuzzy variables. 
, 1, 2,...,iR i p p m= + +  and , 1, 2,...,jS j q q n= + +  

are unrelated interval variables. ia  and jb  are 
arbitrary real numbers. 

Let be 
1 1

m n

i i j j
i j

g a R b S
= =

= −∑ ∑ , then g  is an interval 

variable, that is [ , ]Ig g g g∈ = , in which, g  and 

g  are respectively: 
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              (8) 

During the above formulas, c
iR  and r

iR  are 
respectively the midpoint and radius of the interval 
of iR . c

jS  and r
jS  are respectively the midpoint and 

radius of the interval of iS . 

The functional equation of the structure can be 
hereby modified as follow: 

1 1
,

1,..., , 1,...,

p q

i i j j
i j

M a R b S g

i p j q
= =

= − +

= =

∑ ∑               (9) 

Suppose that the possibility distribution functions 
of , 1,...,iR i p=  and , 1,...,jS j q=  are respectively: 

2

2

( )
( ) exp , 1,2,...,

2i

i

c
i i

R i
R

R R
R i pµ

σ

 − = − = 
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 (10) 

2

2

( )
( ) exp , 1,2,...,

2j

j

c
j j

S j
S

S S
S j qµ

σ

 − = − = 
  

 (11) 

Then, for a given level cut set α , the upper 
bounds and lower bounds of its corresponding fuzzy 
variables' closed interval are respectively: 
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The corresponding interval midpoints and interval 
radiuses are respectively: 

( )

( )
,
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Substitute formula (14) into formula (9), we can 
get: 
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1
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The corresponding fuzzy reliability index [4] is: 
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And correspondingly, the failure possibility 
degree of the structure [5] is: 
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By formulas (16) and (17), we can get the 
minimum fuzzy reliability index 

S
η  and the 

maximum failure possibility degree fµ  as follows: 

1 1

1 1
| | 2 ln | | 2 ln

i j

p q
c c

i i j j
i j

p qS

i R j S
i j

a R b S g

a b
η

σ α σ α

= =

= =

− +
=

− + −

∑ ∑

∑ ∑
(18) 

2

1 1

1 1

1exp
2 | | | |

i j

p q
c c

i i j j
i j

f p q

i R j S
i j

a R b S g

a b
µ

σ σ

= =

= =

  
− +  

  = −   +    

∑ ∑

∑ ∑
      (19) 

For the above linear functions, the minimum 
fuzzy reliability index and maximum failure 
possibility degree of the structure are both obtained 
in the constraint of lower bound of interval variable 
g , and the analytical expression can be given [6]. 
However for the situation of the possibility 
distribution functions of fuzzy variables are 
relatively complicated or for a nonlinear 
performance function, usually it is difficult to get the 
analytical expression. So in this case, we should take 
optimization method for solving [7]. 

 
4  OPTIMIZATION DESIGN METHOD OF 

HYBRID VARIABLES STRUCTURAL 
RELIABILITY 

 
The general model of structural reliability 

optimization can be expressed as: 

Find             x  

Min            ( )f x  

S.t.    ( ) 0, 1, 2,..., ,jg x j NC x x x≤ = ≤ ≤     (20) 
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Among them, x  is the design variable; ( )f •  is 
the objective function; ( )jg •  is the constraint 
function; NC  is the number of constraint functions. 
For uncertain structures, usually ( )f •  and ( )jg •  
are related to uncertain parameters. 

When the uncertain parameters are only related to 
the given constraint, then referring to classical 
probabilistic reliability optimization method, the 
structural reliability optimization design for a 
structure, which contains both interval variables and 
fuzzy variables, can be expressed as: 

Find            x  

Min           ( )f x  

S.t.   ( , ) [ ]
j jf fx pµ µ≤   

Or    
min max

( , ) [ ],

1, 2,..., ,
j jr rN x p N

j NC x x x

≥

= ≤ ≤
              (21) 

Among them, p is a set of uncertain parameters 
(including interval variables and fuzzy variables); 

jfµ  and 
jrN  denote respectively the maximum 

failure possibility degree and the minimum 
no-failure necessity degree of the j th failure mode 
or the j th element [8]. 

5 CALCULATION EXAMPLE AND 
DISCUSSION 

 

Let's evaluate the reliability of a structure with 
hybrid variables. Given the failure mode of a 
structure as follow: 

1 2
1 0
2

R R S+ − =                    (22) 

During the above formula, 1R  and 2R  are 
respectively the structural strength of mechanism 1 
and mechanism 2. They are uncorrelated Gaussian 
fuzzy variables [9]. There corresponding 
distribution parameters are 

1 210cR MPa= , 2 305cR MPa= ,
1

6.57R MPaσ =  and 

2
10.7R MPaσ = ; [381,409]S MPa∈  is the external 

loading stress of the structure, and  it is an interval 
variable. The following is the try to evaluate the 
reliability of this structure. 

For the above structure with hybrid variables, 
including fuzzy variables and interval variables, 

whose level cut set α  is given, its standardized 
structural functional equation is: 

1

2

1 1 2

2

12 ln
2

2ln 0

c c
R

R

R R

S

α σ αδ

σ αδ

+ − +

+ − − =
            (23) 

By using the analytical method discussed in this 
paper, we can obtain the minimum fuzzy reliability 
index and maximum failure possibility degree. They 
are respectively: 

1 2

1 2

1 2

1 2

1
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12ln ( )
2

1
1 2exp

12
2

c c

S

R R

c c

f

R R

R R S

R R S

η
α σ σ

µ
σ σ

+ −
=

− +

  + −   = −   
  +
    

        (24) 

Figure (1) shows the possibility distribution of 
fuzzy reliability index 

S
η  and Sη , from which we 

can see that the maximum failure possibility degree 

fµ  is 0.2757 . To investigate the relationship 
between failure possibility degree and 
variation-coefficient of the basic variables, let be 

1 2

1 2

r
R R
c c c

S
R R S
σ σ

β = = = . rS  and cS are respectively 

the radius and midpoint of interval  variable S . 
Figure (2) shows the variation of failure possibility 
degree fµ  and 

f
µ  following with variation degree 

of the basic variable β . 
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Figure 2: Variation Of Failure Possibility Degree 

Corresponding To Variables Variation-Coefficient 

 

From figure (1) we can see, fuzzy reliability index 

S
η  and Sη  are both strictly monotone increasing 
functions of level cut set α . The analysis result is in 
accordance with the theory researched in this paper. 
From figure (2) we can see, when the variation 
coefficient is in the range of 0.01 ~ 0.0622 , the 
maximum failure possibility degree fµ  will 
increase as variation degree of basic variable 
increasing; and when the variation coefficient is in 

the range of 0.0622 ~ 0.1 , then 1 2
1
2

c cR R S+ < , 

and the maximum failure possibility degree fµ  is 
set to value 1. The minimum failure possibility 
degree 

f
µ  will increase as variation-coefficient of 

basic variable increasing [10]. 

6 CONCLUSIONS 

To solve the problem of reliability design for a 
structure with hybrid variables, including both 
including fuzzy variables and interval variables, the 
hybrid variables structural reliability model based on 
possibilistic reliability theory is proposed in this 
paper. The model can fully consider all uncertain 
information, by which we can implement structural 
reliability analysis effectively, in the situation of 
uncertain parameters are lack of sufficient data or the 
information is incomplete. The practical examples 
show that, the theory of reliability design of a 
structure with hybrid variables, which is proposed in 
this paper, has the advantages of low requirement of 

structural information but rational design and strong 
applicability, and etc. In addition, when the 
uncertain information is given, the hybrid variables 
structural reliability model is identical to 
non-probabilistic reliability model or possibilistic 
reliability model [11]. Therefore, the hybrid 
variables structural reliability model based on 
possibilistic reliability theory can be considered as 
an effective complement of fuzzy reliability optimal 
design model and non-probabilistic reliability 
optimal design model [12]. 
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