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ABSTRACT

Matrix has no value whereas a determinant haswevaln attempt is made to associate a value totexna
whose elements are integers. For that, a conceptaafiht” is introduced in the matrices over Z. 8@on
as an integral value is associated with every maam attempt is made to introduce odd, even aimdepr
matrices etc. Then related number theoretical pti@seare proved.
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1. INTRODUCTION

Much of the number theory is concerned with the A+B=(§)man Where ¢=a;+h;
properties of Primes [1,7]. Every integer is either

prime or it can be uniquely expressed as a product m N

of powers of Prime. In the set of all integers the ZZC
following are some properties of Odd, Even !

J

integers and a first attempt is made to introdbee t NOW f(A+B) = =
concepts in matrix theory. m n
0] Addition of two even integers is an ZZ(a,] +b|j)
even integer. A
(i) Addition of two odd integers is also
an even integer. AL n o
(iii) Addition of an odd integer and even ;,Z:l:aﬁ ZZb”
integer is odd. = 4 =1 j=1
(iv) The set of all even integers is a f (A+B) = f(A) + f(B)

normal subgroup of (Z, +) [10].

Therefore fis a homomorphism from,Mto Z.
2. HEIGHT OF A MATRIX

Definition:-1
Here Z, the set of all integers is an abelian Let_ABj Mmao A and B are said to be
group under usual addition.y the set of all mxn related if — f(A) = f(B). ~ That s,

matrices whose entries are integers, is an abeliaZZan = ZZb”
group under matrix addition[2]. i i where A=(3) and B=(p).

My, — Z is defined as In symbols, it is written as A~B.

n Example:-1
]:

ZZ% 21
f(A) —i=l j=1 , £ j
A:(aij)mxnlz| men. Let A= 3 O and

f is @ homomorphism[5] from M, to Z, because
if A,BL My where A=()ma and B=()mn.
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2 2 2.2.8=2.2.h
0 2 ] L
B= If then also we
g _ B say A and B are related that is if
A, Mz f(A) = f(B) = 6 ha=hg, we say A~B. In general case also it can be
U A and B are related. proved that *~' is an equivalence relation.
Example:-2
Theorem: 1 [1 Oj
The above relation is an equivalence _\2 3
relation. LetA= M2 -
Proof: Then Q=6

(i) Clearly A~A

LI This relation is reflexive. Definition:-3
(i) Suppose A~B, then f(A)=((B) Lot A=@ U Mumer If 1 = =29 is an
Il Clearly B~A even integer, A is said to be an even matrix and if

_ o . ha is an odd integer , A is said to be an odd matrix.
U This relation is symmetric.

Example:-3
(iif) Suppose A~B and B~C
This implies that f(A) = f(B) (1 ]j
and f(B) = f(C). et A= D00 M. Then h=4
Uwe get f(A)=f(C) LI Ais an even matrix .
Ua~c 11
U This relation is transitive. 01
Let B= U My Then =3
From (i), (ii) and (iii), the above rétan is R )
an equivalence relation. B is an odd matrix .
Theorem:-2
Definition:-2 The set of all even matriceg,&Ein

Mxn IS @ normal subgroup of M,
Let AL Mmxn- The height of the

matrix, denoted by Ais defined as Proof:

Let E,, denote the set of all even
Z Z g, matrices.
h= '

Let A = (g) and B = () UEm,
Height of a matrix may be negative,

zero or positive. f(A) = 22a; and
0 f(B) = ZZbij
are even integers.
Note: 1 Now f(A-B)=f(A)-f(B)
- Let A=(3; )rxn and B =( )pxq be any two since fis homomorphism.
matrices.

f(A-B)=f (A - f(B) :ZZaij _ZZbij
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We know that subtraction of two even integers is

even.

[ Z3a; I3b,

U is even.

U f(A-B) is an even integer.
U A-B is an even matrix.
UasUE,,,
L Emxn IS @ subgroup of ..

Since M, is an abelian , K, is a normal
subgroup of M.

Theorem:3

Matrix addition of two even matrices is aee
matrix.

Pr oof:

Let A=(g)mxn and B =(j )mxn be two even
matrices.

f(A) and f(B) are even numbers.
f(A)+f(B) is an even numbers

f(A)+f(B)=f(A+B),since f
homomorphism

is a

f(A+B) is an even number.

A+B is an even matrix.

Addition of two even matrices is an even

matrix.

Theorem: 4

Matrix addition of two odd matrices is an
even matrix.

Pr oof:

Let A=()mxn and B =( )mxnbe two
odd matrices.

f(A) and f(B) are odd numbers.
f(A)+f(B) is an odd number.
f(A)+(B)=f(A+B),

since fis a homomorphism
f(A+B) is an odd number.

A+B is an odd matrix.

27

Addition of two odd matrices is an even matri

Theorem:5

Matrix addition of an odd matrix and an
even matrix is an odd matrix.

Pr oof:

Let A=(@)mxn @and B =(§ )mxn be odd and
even matrices respectively.

f(A) and f(B) are odd and even integers
respectively

f(A)+f(B) is an odd integer.

f(A)+f(B)=f(A+B),since
homomorphism

f(A+B) is an odd integer.
A+B is an odd matrix.

Addition of an odd matrix and an even maisix
an odd matrix.

Note: 2

Theorems 2 to 5 can also be proved using
the definition of height of matrix

Note: 3
The transpose of an even matrix is even.
Note: 4

The transpose of an odd matrix is odd.

3. PRIME AND COMPOSITE MATRICES
Definition: 4

A matrix Al M iS said to be
prime,if hyis a prime integer.

Definition:5

A matrix Al Mmxn IS said to be
composite,if R is a composite integer.

[+
Let A= 13 Moyo

Example:4
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gmﬂ& 0 (A)" (A)" oo (A)™ _
A is a prime matrix.
y (P)* (P)" . (P,)”

o

_ 6 8 ay az a
Let B = L My, _(P") () e ®)
|:| hB=18.

Ugisa composite matrix.

(pal"l [ JC P
€
If A= (p), where p is a primetéger [] ('A&)a1 (Az)a2 ------ ('A})UIr =(c)

then A is called Basic prime matrix.

Definition: 6

Sinceh=c, A~(c)

Example: 5 0 A~ (A)™ (A)™..... A)™ |
If A=(3), then A is a Basic prime matrix where each (A is a Basic prime matrix.

U The integral matrix is related to a product of
Theorem: 6 powers of Basic prime matrices.

Every integral matrix is related to eithar
Basic prime matrix or it is related to a product OfDefinition' 7
powers of Basic prime matrices [3,9]. '
Let A, B be any two integral miegs.
Then greatest common divisor of A and B is
Proof: defined to be G.C.D ofsand k[4,6].

Case: (i)
Let A be a prime matrix and let hA=p Definition: 8

where p is a prime integer. The two integral matrices [8] areds&i be

Then A~ (p) where (p) is a Basic primeelatively prime, if G.C.D of the two matrices is 1

matrix.
Case: (i) Example: 6
Suppose A is a composite matrix.
. . 34 128
If ha=c, then ‘c’ is a composite number.
: 12 67 4
We know that every composite number can be Let A= and B=

uniquely expressed as a product of powers of
prime numbers.

a a o R =10 and p=28
Let c= PPy e P , G.C.Dof hand i is 2.
where eachpis prime, fori=1tor. [ we say G.C.D of the matrices A and B is 2.

LetA=(p), i=1tor.

A is a Basic prime matrix, for i=1 to r.

(A)" =(p)* =(p™)
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Example: Remark:
14 In the above theorem, all matrices are
considered to be mx n matrices. The theorem is true
12 25 even if A, B, E are of any order, with the conditio
that hy# 0.
11 37
If A= and B= , Theorem: 8
then 4+5 and g=22. Let A, B My, Let D be any integral
matrix with hp# 0.
G.C.D of hand h is 1. If A= A" (mod D) and B B" (mod D), then A+
I I
[J The matrices A and B are relatively prime.  B= A'+ B'(mod D)
Definition: 9 Proof:
Let A,B,D be any three integral megs of Let A, B Mmxn @nd D is an integral matrix

any order.A is said to be congruent B mod D, ifvith hp# 0.

ha = hg(mod h), where BZ0.In symbols, it is '
» = i 2 B Y Given that AA (mod D) and

denoted by
A =B(mod D). 8 B' (mod D)
Theorem: 7 Therefore, h,' (mod hy) and
Congruence of integral matrices ais .
equivalence relation. g’ (mod hy)
Proof: U by divides h-h,' and -hy" .

(i) Let all M, lEL DL M, Where h3¢0.
(R Th)-(h2h)  (h—h)xh-h)

Since R =hg(mod hy), A= A(mod D). n h

U = is a reflexive relation.

(i) Let A=B (mod D)
0 h, =hg(mod hy),

L hg =hs(mod ), 0 rpaiiges ()= (e 2M)
OB=A (mod D) O hthe=h't h' (modh)
[ =" is a Symmetric relation. Oaxtp= A g (mod h).
Let A=B (mod D) and EF E (mod D)
U hy =hg(mod hpy) and 4. CONCLUSION:
= hg(mod hy), Primes play a fundamental role in the

theory of numbers. Some of the most striking
results in the number theory, the quadratic

U 1 She(mod hy)

U ASE (mod D) reciprocity law, Wilson’s theorem and Fermat's
_ N _ theorem, reveal interesting properties of prime.
0 =is atransitive relation. Since prime matrix is defined, a great deal of uisef

information may be derived. This new idea can be

U From (0).(i) and (iii) , congruences of studied with an interest by itself.

matrices is an equivalence relation.

e
29
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