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ABSTRACT

In the present paper, we introduce soft generalized closed sets in soft topological spaces which are defined
over an initial universe with a fixed set of parameters. A sufficient condition for a soft g-closed set to be a
soft closed is also presented. Moreover, the union and intersection of two soft g-closed sets are discussed.
Finally, the new soft separation axiom, namely soft T, -space is introduced and its basic properties are

investigated.
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1. INTRODUCTION

Several set theories can be considered as tools for
dealing with uncertainties, for example theory of
fuzzy sets [13], theory of intuitionistic fuzzy sets
[1], theory of vague sets, theory of interval
mathematics [2, 5] and theory of rough sets [11],
but all these theories have their own difficulties.
The reason for these difficulties is, possibly, the
inadequacy of the parametrization tool of the theory
as it was mentioned by Molodtsov in [9]. He
initiated the concept of soft set theory as a new
mathematical tool which is free from the problems
mentioned above. In his paper [9], he presented the
fundamental results of the new theory and
successfully applied it to several directions such as
smoothness of functions, game theory, operations
research, Riemann-integration, Perron integration,
theory of probability etc.

A soft set is a collection of approximate
descriptions of an object. He also showed how soft
set theory is free from the parametrization
inadequacy syndrome of fuzzy set theory, rough set
theory, probability theory and game theory. Soft
systems provide a very general framework with the
involvement of parameters. Research works on soft
set theory and its applications in various fields are
progressing rapidly. Maji et al. [7, 8] presented an
application of soft sets in decision making problems
that is based on the reduction of parameters to keep

the optimal choice objects. Chen [4] presented a
new definition of soft set parametrization reduction
and a comparison of it with attribute reduction in
rough set theory. Pei and Miao [12] showed that
soft sets are a class of special information systems.

Muhammad Shabir and Munazza Naz introduced
soft topological spaces which are defined over an
initial universe with a fixed set of parameters. The
notions of soft open sets, soft closed sets, soft
closure, soft interior points, soft neighborhood of a
point and soft separation axioms are also introduced
and their basic properties are investigated by them
[10]. Levine [6] introduced generalized closed sets
in topological spaces.

2. PRELIMINARIES

Let U be an initial universe and E be a set of
parameters. Let P(U) denote the power set of U and
A be a non-empty subset of E. A pair (F, A) is
called a soft set over U, where F is a mapping given
by F: A — P(U). In other words, a soft set over U is
a parametrized family of subsets of the universe U.
For ¢ € A, F(¢) may be considered as the set of
g-approximate elements of the soft set (F, A).
Clearly, a soft set is not a set. For two soft sets
(F, A) and (G, B) over a common universe U, we
say that (F, A) is a soft subset of (G, B) if (1) Ac B
and (2) for all e € A, F(e) and G(e) are identical
approximations. We write (F, A) & (G, B). (F, A)

17



Journal of Theoretical and Applied Information Technology

15" March 2012. Vol. 37 No.1

g

© 2005 - 2012 JATIT & LLS. All rights reserved-

FlaNill

ISSN: 1992-8645

www.jatit.org

E-ISSN: 1817-3195

is said to be a soft superset of (G, B), if (G, B) is a
soft subset of (F, A). We denote it by (F, A) 5
(G, B). Two soft sets (F, A) and (G, B) over a
common universe U are said to be soft equal if
(F, A) is a soft subset of (G, B) and (G, B) is a soft
subset of (F, A).

The union of two soft sets of (F, A) and (G, B)
over the common universe U is the soft set (H, C),
where C = A u B and for all e € C, H(e) = F(e) if
ee A-B,G(e)ife e B- A and F(e) U G(e) if
e € An B. We write (F, A) U (G, B) = (H, C). The
following is the definition of the intersection of two
soft sets. The intersection (H, C) of two soft sets
(F, A) and (G, B) over a common universe U,
denoted (F, A) n (G, B), is defined as C = A N B,
and H(e) = F (e) N G(e) forall e € C.

Let t be the collection of soft sets over X, then t
is said to be a soft topology on X if (1) ¢, X belong
to t, (2) the union of any number of soft sets in t
belongs to 1, (3) the intersection of any two soft sets
in T belongs to . The triplet (X, 1, E) is called a soft
topological space over X. Let (X, t, E) be a soft
space over X, then the members of t are said to be
soft open sets in X. The relative complement of a
soft set (F, A) is denoted by (F, A)' and is defined
by (F, A)' = (F, A) where F: A - P(X) is a
mapping given by F'(e) = X — F(e) for all e € A. Let
(X, 1, E) be a soft space over X. A soft set (F, E)
over X is said to be a soft closed set in X, if its
relative complement (F, E)' belongs to t. Let X be
an initial universe set, E be the set of parameters
and T = {¢, X }. Then t is called the soft indiscrete
topology on X and (X, t, E) is said to be a soft
indiscrete space over X. Let X be an initial universe
set, E be the set of parameters and let t be the
collection of all soft sets which can be defined over
X. Then = is called the soft discrete topology on X
and (X, 7, E) is said to be a soft discrete space over
X. Let (X, 1, E) be a soft topological space over X
and (F, E) be a soft set over X. Then, the soft
closure of (F, E), denoted by (F,E)is the
intersection of all soft closed supersets of (F, E).
Clearly (F, E) is the smallest soft closed set over X
which contains (F, E). The soft interior of (F, E),
denoted by (F, E)° is the union of all soft open
subsets of (F, E). Clearly (F, E) is the largest soft
open set over X which is contained in (F, E).

18

3. SOFT GENERALIZED CLOSED SETS

Now we shall define the new relatively closed set
in the following definition.

DEFINITION 3.1

A soft set (A, E) is called a soft generalized
closed (soft g-closed) in a soft topological space
X, 1, E) if (AJE) <&(U, E) whenever
(AE) & (U,E) and (U, E) is soft open in X.
EXAMPLE 3.2

Let X={a b, c}, E={e,e}. Let A B, Che
the mappings from E to P(X) defined by
A(er) = {b}, Ale) = {a}, B(e)) = {b, c},
B(e,) = {a, b}, C(ey) = {a, b}, C(ep) = {a, c}. Then
(A, E), (B, E), (C, E) are soft sets over X and
t={d X, (A E), (B, E), (C, E) } is the soft
topology over X and therefore, (X, t, E) is a soft
topological space over X. Clearly, (B, E) and (C, E)
are soft g-closed in (X, t, E), but (A, E) is not soft
g-closed in (X, t, E).

Since for every soft closed set (A, E),
(A, E) = (A, E), we have every soft closed set is

soft g-closed. But the converse is not true in
general. The following example supports our claim.

EXAMPLE 3.3

In Example 3.2, (B, E) and (C, E) are soft
g-closed in (X, t, E), but not soft closed over X.

THEOREM 3.4

If (A, E) is soft g-closed in X and (A, E) &
(B, E) & (A, E), then (B, E) is soft g-closed.
PROOF

Suppose that (A, E) is soft g-closed in X and
(A,E) ©(B,E) & (A E). Let(B,E) &(U, E) and
(U, E) is soft open in X. Since (A, E) & (B, E) and
(B, E) & (U, E), we have (A, E) & (U, E). Hence

(A,E) & (U, E) {Since (A, E) is soft g-closed}.
Since (B, E) & (A E), we have (B,E) & (A E)
& (U, E). Therefore, B is soft g-closed
THEOREM 3.5

If (A, E) and (B, E) are soft g-closed sets then so
is (A, E) U (B, E).

PROOF

Suppose that (A, E) and (B, E) are soft g-closed
sets. Let (A, E) u (B, E) & (U, E) and (U, E) is soft
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open in X. Since (A, E) U (B, E) & (U, E), we have
(A E) © (U, E)and (B, E) & (U, E). Since (U, E)
is soft open in X and (A, E) and (B, E) are soft
g-closed sets, we have (A,E) &(U, E) and
(B,E) & (U, E). Therefore, (A,E) U (B,E) =
(A,E) v (B,E) & (U, E). This completes the
proof.

THEOREM 3.6

If a set (A, E) is soft g-closed in X if and only if
(A, E) \ (A,E) contains only null soft closed set.

PROOF

Suppose that (A, E) is soft g-closed in X . Let
(F, E) be soft closed and (F, E) & (A, E)\ (A, E).
Since F is soft closed, we have its relative
complement F’ is soft open. Since (F, E) & (A, E) \
(A, E), we have (F,E) & (A, E) and (F, E) & (A,
E)". Hence (A, E) & (F, E)'. Consequently (A, E)
& (F, E)' {Since (A, E) is soft g-closed in X}.
Therefore, (F, E) & (A, E)'. Hence (F, E) = ¢.
Hence (A, E) \ (AE) contains only null soft closed
set. One can easily prove the converse part.
COROLLARY 3.7

A soft g-closed (A,E) is soft closed if and only if
(A, E) \ (A,E) is soft closed.

PROOF

If (A,E) is soft closed, then (A, E)\ (A,E) = ¢.
Conversely, suppose that (A, E)\ (AE) is soft
closed. Since (A, E) is soft g-closed, (A, E)\ (AE)
= ¢ {by Theorem 3.6}. Hence (A, E) is soft closed.

The intersection of two soft g-closed sets is
generally not a soft g-closed set. Example 3.2
supports our claim. In this example, (B, E) and
(C, E) are soft g-closed in (X, 1, E), but (B, E) n
(C,E) = (A, E) is not soft g-closed in (X, t, E).

THEOREM 3.8

Let (A, E) be a soft g-closed set and suppose that
(F, E) is a soft closed set. Then (A N F, E) is a soft
g-closed set.

PROOF
The proof is left to the reader.
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4. SOFT GENERALIZED OPEN SETS

DEFINITION 4.1

A soft set (A, E) is called a soft generalized open
(soft g-open) in a soft topological space (X, t, E) if
the relative complement (A, E)' is soft g-closed in
X.

Equivalently, a soft set (A, E) is called a soft
generalized open (soft g-open) in a soft topological
space (X, 1, E) if and only if (F, E) &(A, E)°
whenever (F, E) & (A, E) and (F, E) is soft closed
in X.

EXAMPLE 4.2

In Example 3.2, the soft sets (B, E)', (C, E)' are
soft g-open sets over X where B'(e;) = {a} and
B'(e;) = {c} and C'(e;) = {c} and C'(ep) = {b}.

Since for every soft open set (A, E), (A, E) =
(A, E)°, we have every soft open set is soft g-open.
But the converse is not true in general. The
following example supports our claim.

EXAMPLE 4.3

In Example 3.2, (B, E)' and (C, E)' are soft
g-open in (X, 1, E), but not soft open over X.

THEOREM 4.4

If (A, E) is soft g-open in X and (A, E)° & (B, E)
& (A, E), then (B, E) is soft g-open.

PROOF

Suppose that (A, E) is soft g-open in X and
(A, E)° & (B, E) & (A, E). Let (F, E) & (B, E) and
(F, E) is soft closed in X. Since (B, E) & (A, E) and
(F, E) &(B, E), we have (F, E) &(A, E). Hence
(F, E) &(A, E)° {Since (A, E) is soft g-open}.
Since (A, E)° & (B, E), we have (F, E) & (A, E)°
& (B, E)°. Therefore, B is soft g-open.

THEOREM 4.5

If (A, E) and (B, E) are soft g-open sets then so is
(A,E) N (B, E).

PROOF

Suppose that (A, E) and (B, E) are soft g-open
sets. Let (F, E) £ (A, E) n (B, E) and (F, E) is soft
closed in X. Since (F, E) &£(A, E) n (B, E), we
have (F, E) &(A, E) and (F, E) & (B, E). Since
(F, E) is soft closed in X and (A, E) and (B, E) are
soft g-open sets, we have (F, E) & (A, E)° and
(F, E) &(B, E)°. Therefore, (F, E) &(A, E)° n
(B, E)°. This completes the proof.
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The union of two soft g-open sets is generally not
a soft g-open set.

5. SOFT T,-SPACES

2

In this section, we introduce the new separation
axiom, namely soft T,-space in soft topological
2

space with the help of soft g-closed sets.
DEFINITION 5.1

A soft topological space (X, 1, E) is a soft
T, -space if every soft g-closed set is soft closed
2

in X.
THEOREM 5.2

Every soft T, -space is a soft To-space.
2

PROOF
The proof is left to the reader.
THEOREM 5.3

Every soft T;-space is a soft T, - space.
2

PROOF

Suppose that (X, t, E) is a soft T;-space. Let
(A, E) be a soft set such that (A, E) is not soft

closed. Let x € (A, E)\ (A, E). Then (x, E)
(A, E)\ (A, E) and (x, E) is soft closed in (X, t, E)

since (X, 1, E) is a soft T;-space. Hence (A, E) is
not soft g-closed {by Theorem 3.6}. It completes
the proof.

COROLLARY 5.4

The property of soft T, -space is strictly between
2

soft T and soft Ty.
6. CONCLUSION

We have introduced soft generalized closed sets
in soft topological spaces which are defined over an
initial universe with a fixed set of parameters. A
sufficient condition for a soft g-closed set to be a
soft closed is also presented. Moreover, the union
and intersection of two soft g-closed sets are
discussed. Finally, the new soft separation axiom,
namely soft T,-space is introduced and its basic

2
properties are investigated. In particular very few

20

ideas are studied and hence it is the initiative to the
study of soft generalized closed sets. In future many
types of soft generalized closed sets may be defined
and using of them more soft separation axioms may
be developed. Further research is being carried out
in the framework of practical applications.
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