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ABSTRACT

As we noted that an isomorphism between two conbbiizd classes is a closeness preserving bijection
between those classes, that is, two objects iass@re closed if and only if their images by Hijsction
are also closed. Often, as in this paper, closesesgressed in terms of Hamming distance. Isohisnp
allows us to find out some properties of a comhnat classX (or for the graph induced by the clagsif
those properties are found in the pre image ofctirabinatorial clas¥; some mentioned properties are
hamiltonian path, graph diameter, exhaustive anddom generation, and ranking and unranking
algorithms. Simion and Schmidt showed in 1985 tihat cardinality of the se§,(123,132) lengthn
permutations avoiding the patterns 123 and 132%isbut in the other side™2 is the cardinality of the set
Bn.1 = {0,1}"* of length @-1) binary strings. Theoretically, it must exisbiection betweer§,(123,132)
and B,.;. In this paper we give a constructive bijectionweenB, ; and §,(123,132); we show that it is
actually an isomorphism and illustrate this by ¢arding a Gray code fo§,(123,132) from a known
similar result forB,.;.

Keywords. Pattern-Avoiding Permutations; Binary Strings, Coastive Bijection; Hamming Distance;
Combinatorial Isomorphism

1. INTRODUCTION and 341 which are piecewise comparison to 231),
while permutation 43210 S(T) since it not contain

In this paper arlementdenotes a member of aany subsequence which is piecewise comparison to
list or set, and @erm denotes a term in a string orany pattern off. Also s;(123) = 5 becausg;(123) =
sequence. Let=x;X; ... x;andy =y, ¥,... Yo be two {132, 213, 231, 312, 321}.
strings of same length. We sawndy arepiecewise
comparisonif x < x whenevery; < y. Let [n] be the
set of all non-negative integers less than or etpual
n. We denote by, the set of all permutations af][ 1. to determines(T) viewed as a function ofn

Fundamental questions about pattern-avoiding
permutations problems are:

and its cardinality is obviouslg!. Let 7700 §, and r for givenT,

0 S be two permutationsk < n. We sayzzcontains 2. to find an explicit bijection (a one-to-one and
1 if there existk integers 1< i; <i, ...ix £ n such onto correspondence) betwes(iT) andS,(T’)
that subsequencg .77 is piecewise comparison if 5y(T) =s(T"), and

] ) 3. to find relations betweenS,(T) and other
to 7; in such contexr is usually called gattern We combinatorial structures.
say thatr avoids 7, or 77 is r-avoiding if such By determinings,(T) we mean finding explicit
subsequence does not exist. The set afalloiding  formula, or ordinary or exponential generating
permutations ir§, is denoted bys,(7) ands,(7) isits  functions. From these researches, a number of
cardinality. For an arbitrary finite collection of enumerative results have been proved, new
patternsT, we sayrravoidsT if ravoids anyr 0 S;  bijections found, and connections to other fields
the corresponding subset §f is denoted by5(T) established.
while s,(T) is its cardinality. For examples, [&t= . .
{123,231,1324} is a set of patterns. Clearly Problems = of pattern avoiding permutations
permutation 1234567 S,(T) since it contains 123, ?ppéegre?( for thed first tlrrt1_e WheanKnuth [.5]' n h'ls
permutation 6523411 S(T) since it contain 234 ext book, posed a soring probiem using singie

LT X / tack. This problem actually is the 312-patterns
which is piecewise comparison to 123 (and also 2 oiding permutations. In the other section of his
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book, he showed that the cardinality of all three2. CONSTRUCTIVE BIJECTION BETWEEN
length-patterns-avoiding permutations is the Catala  B,; AND $§,(123,132)

numbers. Investigations on problems of pattern

avoiding permutations then become wider to some Simion and Schmidt proved that cardinality of
set of patterns of length three, four, five, ancdbep setS(123,132) is 2%, but the 2" is also cardinality
some combinations of these patterns, generalized B,;, set of all binary strings of length-1.
patterns, and permutations avoiding some patteri$ieoretically it must be exists a bijection between
while in the same time containing exactly a numberg,(123,132) andB,,; here we construct such a
of other patterns. bijection.

Pattern avoiding permutations have been proved The general pattern off 0 S,(123,132), as is
as useful language in a variety of seeminglynentioned in Proposition 1, can be described as
unrelated problems, from theory of Kazhdanthree parts as,

Lusztig polynomials, to singularities of Schubert
varieties, to Chebyshev polynomials, to rook
polynomials for a rectangular board, to various
sorting algorithms, sorting stacks and sortable @ @ G

permutations [4], statistic permutation [6], also i \here

practical application such as on cryptanalysis (see

[7] for example). 1. m=n,7=n-1, ..., 7%1 = 7% = 1, (eventually

The first systematic study of patterns avoiding empty)
permutations undertaken in 1985 when Simion an2l 7% =n,
Schmidt [9] solved the problem with patterns com
from every subset ofS;. The idea of this paper is
the following propositions, For example, Figure 1 is the matrix representation

Proposition 1 (see [9]) The number of (123,132)-Permutation 6573421 S,(123,132).

avoiding permutations irf, n 2 1i5%,(123,132) = For example, Figure 1 is the matrix representation
27 permutation 657342 S;(123,132).

Proof. Let 7700 §,(123,132). If 75 = n then 7= (n- If we trace the terms ofrin (1) from the left to
1)(-2)..In. If Zk=nthenr > 7> .. >m, inorder the right, at first we will find7z as the second largest
to avoid 123; on the other hand, in order to avoighym in 77 (aftern). If we removers, then 7z again
132, 7> (n-k) if i<k Hencesr=n-ifor 1<i<k- il pe the second largest, and so umtil Next, 7z

1, while 7g.17%.....76, must be a (123,132)-avoiding= n js the largest term ofz This tracing and
permutation irf. Thus,s,(123,132) = 1, and fan  yterpretation is similar for the third part afuntil

> 1, s,(123,132)=1+ >[5, (123,132) . The one place before the largest term.

solutlion for this recurrence relation &, (123,132)
=20

The cardinality of se§,(123,132), as stated by ™ 4
Simion-Schmidt, is the number of elementsBgf, ®
the set of all binary strings having length-1(
without any restriction. This paper gives (in thexin
section) constructive bijection betweeB),; and
$(123,132). Then, in section 3 we show that this bt
bijection is actually isomorphism. Remark that is e
not always the case: a bijection between ®
combinatorial classes may magnify the distance °
between two consecutive objects. This result allows >
us to construct in section 4 a Gray code for !
$(123,132). In the final part some concludin
remarks are given.

T0=T0JTy - Theoy Tl Ty~ Tl 7T D

%. TTe1--- 76 0 §,4(123,132) (also, eventually empty)

gFigure 1. 7= 65734211 $(123,132) consist of three part as is
mentioned by (1). Notice that the third part is elament of
$,(123,132), the first stage in the verificationof 6573421 as
element 0f5,(123,132) recursively using (1).

Now, we associatea] $,(123,132) tcs, a binary
string of length §-1), and assign the largest af
whenever we find 1 irs and assign the second

s
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largest ofrrwhenever we find 0 iB. It is easy to see Before exploring the graph associated with the

that this construction is a bijection, so we get thcombinatorial classeB,; and $§,(123,132) and

following proposition: showing the isomorphism between the two graph,
we define the closeness properties of two elements

Proposition 2 For eachn > 1, there exists a of B, and S,(123,132) and then give a theorem
constructive bijection betwed), ; andS,(123,132). concerning the isomorphism.

Proof. Let s = §S;... §, O B,.1. We construct its
corresponding7] S,(123,132)by determiningr, 1
<i<n,as follows:if X, = {1, 2, ...,.n} - {7, 73, ...,

74}, then set: Definition 1 _ _ _
1. Two binary string®,; are closed if they differ
| | in X if s =1 in a single position.
= argestelementn X; 1t § = ) 2. @yo permutations ir§,(123,132) are closed if
1 . f — . s
secondargestelementn X; if 5 =0 they differ by a transposition of two terms.

and 7, is the single element iX, For examples, Theorem 1 The bijection (2) is a combinatorial
00000 B, produces 43218 S(123,132), 1011@1  isomorphism, that is, two binary stringsBq, are
Bs will produce 6453177 $(123,132), and 010110 closed if and only if their images i§,(123,132)

0 Bg will produce 67453121 S,(123,132) 0 under this bijection are closed. _
o Proof. Letx andx’ be two elements d8,.; which
Table | shows the s&, together with its image, the yifer at position i, and also, without loss of

set$(123,132). generality, let = 1, and:
X = Xl...X¢_110...O:b(,-+1...Xn_1

TABLE I. THE LIST B4 AND ITS IMAGE, $5(123,132) BY — i ]
BIECTION(2), | X xl-...x._100...01x,+1...xn_1

K B, S(123.132) \_N|th t_he contiguous sequence @ X1 = X+, = ...
1 0000 23215 =X.1 = 0 eventually empty.
2 0001 43251 o If X until X, is 0 then7g = (Mm-1) for rand
3 0011 43521 m for 7.
4 0010 43512 _ _
5 0110 45312 * Let m be the largest element i as is
6 0111 45321 mentioned in (2)Let 77 77 0 $(123,132)
7 0101 45231 the images ok andx’ by the bijection(2),
8 0100 45213 clearly 7=m, 77, = (m-2), and so on, while
9 1100 54213 ; X
10 1101 54231 7' = (ml), /7. = (m2), and so on. Then
11 1111 54321 the shapes afrand rrare:
12 1110 54312 -
13 1010 53412 T = 7. Ty m (M-2) ... (myj+i+l) (m1)
14 1011 53421 ... Tha 7R
15 1001 53241 .
16 1000 53214 7= 74... 71 (m'l) (m-2) (m-]+|+1) m

1. Tha 74
The case fok, = 0is similar.o
3. ISOMORPHISM BETWEEN B, AND

S,(123,132) Since (3) is cyclic, we can draw an-1)-cube

graph of B,; and also we can find at least a
Hamiltonian cycle in the graph. And since (2) is an

A graph associated with a combinatorial class iﬁ;omorphism' we also can draw a congruent graph
a graph where objects of the class act as vertitesof 5(123,132) and also can find the Hamiltonian
the related graph. Two vertices of this graph argycle. Figure 2 shows the two graphs for= 4

connected (or adjacent) if the associated twggether with one of their Hamiltonian path.
combinatorial objectsare closed that is fulfill a

predetermined condition(s), usually in the term of

Hamming distances. Two grapfsandH are said 4. GRAY CODE FOR §,(123,132) AND THE

to be isomorphic if there is a bijectighsuch that HAMMING DISTANCES

(uv) is an edge G if and only if @(u), #(Vv)) is an

edge inH. A binary string is a string over a binary alphabet,
{0,1}. The set of binary strings of length codes

R ——————

17




Jour nal of Theoretical and Applied Information Technology
15" October 2011. Vol. 32 No.1 3

© 2005 - 2011 JATIT & LLS. All rights reserved

SATIT

ISSN:1992-8645 www.jatit.org E-ISSI¥17-3195

the set of non-negative integers over closed iatervconstruct a Gray code for§,(123,132). By
[0, 2-1]. For example, set of all 3 length binaryconsidering bijection (2), Gray codB, (3) is
strings is {000, 001, 010, 011, 100, 101, 110, 111kansformed into following Gray code for
and represents set of all non-negative integess 1€5,(123,132):
than or equal to 7, thg all non-negative integees 0
the closed interval [0,°21]. a3 n=1
110 11 4312 4321 S,(123,132)=4(n-1) [S;_l(123,132)o
N[Bn-1(123,132) n=2
4

o o s | s where S, (23132 is S,,(123,132) after

replacing -1) with n. This replacement is taken
000 001 5214 3211 place since 0, which is the prefix to the firsttpafr
G(Bs) H(54(123,132)) = p(G(Bs)) (3), is associated to{1), the second largest element
. . as is mentioned in (2). Henae-1) must be prefix to
Figure 2. Isomorphism between graphBz and graph the second part of (4). For exampl8g123,132) =
$4(123,132). This figure also shows a Hamiltonian cycle in{]_z, 21}, $5(123,132) = 13, 31}0 312, 21} =
each graph, as is indicated by the arrows. Notla the {213, 231, 321, 312}_ Table 1. shows the |iStB)f
Hamiltonian path inS; (123,132)s the isomorphic image of together with its image, the list 8§(123,132).
the path inBg

100 101 4213 4231

. The recursively properties of (4) imply
A Gray code for binary strings is a listing of all First(§(123,132)) = ¢-1)(n-2)...1n._In the- other

length p binary strings so that successive stringgand, since Last(S,_; (123132) = First(S,

(including the first and last) differ in exactly @it 123132 Last(S. (12313 t b .
position [8]. The simple and best-known example o '132)), solasi(S, (23132) must be nith
Gray code for binary strings is binary reflectecgr )n-3)...16-1).

code which can be described the following recursive

definition: Proposition 3. The Hamming distance between two
consecutive elements 0§,(123,132) is 2 and,
B £ p=0 exceg%;[ between the first and the last, the two
By = OEBp_lolE_Bp—l p=1 ®) differént terms are adjacent.

Proof. Forn =2 the Hamming distance is between

wheree is empty stringa [B is the list obtained by 12and 21which is 2 Forn > 2, Hamming distance

tenati ¢ h st B o i between two consecutive elementsSif123,132),
concatena !on a to each s rl_ng ot o _'S except between the first and last elements, is
concatenation operator of two lists, aBdis the list  getermined recursively by the distance in the
obtained by reversin®. Fist(B;) = O since it is  gmaler list, and so on, and finally by the distirt
constructed by recursively concatenation G@nd 5,123 132)which is 2. Concatenatingi{l) andn,
SO on inp times, Wh”eLaS(Bp) = 1.0} since It just yegpectively to the two parts of (4), of coursel wil
concatenation 1 t&irst(B,1) and sincdlas{Bp) = not change the Hamming distance values in each

First(By). For examplesB, = {0, 1}, B,= {00, 01, part. Also, replacingr¢1) with nin S;_;(123,132)

iél 1%’()}6‘”(153 = {000, 001, 011, 010, 110, 111'WiII not change the Hamming distance between

each its two consecutive elements. So we only must
Since the first and last elementsByfalso differ to check the Hamming distance between
in one bit position, the code is in fact a cycle. _ *
Generating of (3) can be implemented efficiently aSLast((n _1) 5n4(123,132))
a loop free_ algorithm _[1]. Note t_hat, since a bjngr First(nCBn-1(123,132)), as follow:
Gray code is a cycle, it can be viewed as a Ham"tOLast((n—l) ‘:5;—1(1231132))

cycle in then-cube. )

Existence of at least a Hamiltonian cycle in the = (n-1)[Las(S,-,(123,132))
graph 0f5,(123,132), as is showed in the last part of =(n-1)hfLast(S,,(123,132))
the previous section, is an indication that therati
least a Gray code fd,(123,132). Since there is a
bijection betweenB,; and $,(123,132), here we

s
18
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- nEIFirst(én_l(123 132)) [7]1 Nicolas T. Courtis, Gregory V. Brad, Shaun V.
_ ' Ault. Statistics of Random Permutation and the
=nln-1)[Lasy(S,,(123,132)) Cryptanalysis of Periodic Block CiphersJ.

Math. Crypt, (2):1-20, 2008.

Clearly the Hamming distance betwekas((n-1)] 8] Carla Savage. A Survey of Combinatorial Gray

S,,(123,132)) and First(nBr-1(123,132))is 2 Code. SIAM Review:605-629, 1997.
and adjacent [9] Rodica Simion and Frank W. Schmidt.
The Hamming distance between the first and the Restricted ~ Permutations. ~ Europ.  J.

last element 0f5,(123,132) is also 2, but the two ~ Combinatorics (6):383-406, 1985.
terms are parted by{2) other terms since the first

element is the image of"§ namely ¢-1)(n-2)...In,  AUTHOR PROEILES:

while the last is the image of T namelyn(n-2)(n-

3)...10-3). A. Juarna is a combinatorlist at Faculty of

Computer Science and Information Technology,
Gunadarma University, Indonesia. He got his Ph.D
dual degreein Combinatorics from Universite de
Bourgogne-France under supervising of Prof.
Vincent Vajnovszki and from Gunadarma
rrLJniversity under supervising of Prof. Belawati
Widjaja. Some of his papers were presented in some
havi 5 i 1s. Th rocti conference such as Words-2005, CANT-2006,
aving no consecutive S. € Cconstruclives nscom-2006, and some others are published in
bijection betweerfy., and$,(123,132,213) showed 0 'i6urnals or research reports such as CDMTCS-
by Simion-Schmidt [9]. There is no Hamlltonlan242 (2004), CDMTCS-276 (2006), The Computer

cycle in this case, while Hamming distance betwee ) ) )
two consecutive elements d¢,(123,132,213), a Journal 60(5)-2007, Taru-DMSC 11(2)-2008.

Gray code for S,(123,132,213), is also 2, as isA.B. Mutiara is a Professor of Computer Science.

5. CONCLUDING REMARKS

Isomorphism between graph Bf; and graph of
$(123,132) is more simple than isomorphis
between graph df,, and graph 0§,(123,132,213),
whereF, ; is the set of binary strings of lengtin1)

showed by Juarna-Vajnovszki [3, 2]. He is also Dean of Faculty of Computer Science and
Information Technology, Gunadarma University,
Indonesia.
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