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ABSTRACT

In trees with n vertices, the Wiener index of tree is minimized by stars and maximized by paths, both
uniquely. In this paper, we give an inequality similar in the case of planar maps.
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1. INTRODUCTION

In this paper we will present some useful
definitions related to our work as follows : an
undirected graph G is a triplet (V, E, 8) where V is
the set of vertices of the graph, E is the set of edges
of the graph and & is the application o : E —
P(v), & _, 6(&) = {u, v} with u;and vy are end
vertices of the edge =. We notice that the set
{ujux} as a multiset (if u; = vy, the same vertex
appears twice in (0 (g;)). A loop is an edge & € E
with u; = v, if 6 (&) = 6 (e;) with i # j then the
edges & and g; are called multiple. A graph which
contains neither multiple edges nor loops is called
a simple graph.

The degree of a vertex v noted deg(v) is the
number of edges incident to it. The sum of the
degrees of all vertices of a graph is equal to twice
the number of its edges i.e. 2, deg (u) = 2[E|.

In a graph G, a path is a sequence of vertices
and edges p = ug, £, Ui,Ea,.., Upos,8n, Uy SUCh
that & (g) = {uj_s, 115}. We say that this path
attached both ends u; and ,. A cycle is a path
such that u, = u,. A graph G is called connected if
any two of its vertices may be connected by a path

[1]-[4]-[5].

The distance between two distinct vertices uj
and v; of a graph G, denoted by d(z,15;) is equal to
the length of (number of edges in) the shortest path
that connects u; and ;. Conventionally, d(u;,1;) =
0 [7]. We define a complete vertex by the vertex ug
such that d(u, u;) = 1 for each u € V. In a
complete graph all the vertices are completes

The graphs that we consider are in most cases
connected but may contain multiple edges.

A map C is a graph drawn on a surface X or
embedded into it (that is, a compact variety
orientable 2-dimensional) in such a way that:

e The vertices of graph are represented as
distinct points of the surface.

e The edges are represented as curves on
the surface that intersect only at the
vertices.

o If we cut the surface along the graph thus
drawn, what remains (that is, the set X \
C) is a disjoint union of connected
components, called faces, each
homeomorphic to an open disk (for
more information on the faces of a map
see [4]).

A planar map is a map drawn on the plane. We
define a simple map as a map without loops and
without multiple edges. In all the following, map
means a planar map, connected and simple.

G Cy G,

Fig. 1. One graph gives two planar maps

A tree is a connected graph without cycle. A
plan tree is a tree designed on the plane [4]. The
Wiener index of a connected graph is the sum of
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distances between all pairs of vertices [2], [3], [6],
the Wiener index of a connected graph G is
defined as:

W(G) — ?

R L
vl

d v vy)

We define W (u, G) (Wiener index of vertex u in
G) the sum of distances of vertex u to each vertex
of vertices of G i.e.

WiuG) = Z d( wv)

ueVich
Let T, a tree with n vertices, then the Wiener
index W (T,) is minimized by that of the star tree
with n vertices and maximized by that of the path
with n vertices [5]. The goal of this work is to give
an inequality similar in the case of maps.

2. CALCULATION OF THE WIENER
INDEX OF MAPS

In the same way as graphs, we define the
Wiener index for maps as follows:

W(uC) = Z d w,v)

ueViC)
We notice that:
. 1 T
WIC)= — Z ETRY
C) > 2 L. (1)
ueWwic} wewViCh
1
=3 Z .H-'[u,-."j')
ueV (C}

Example 1. Let C: be a map with [V|=5, we
have: deg(11:) = 4, deg(1:) = 2, W(11,,05) = 4,
W(t,, C;) =6, Uy and v
(see Fig 2).

. are complete vertices

Fig. 2. An example of map Cs

Example 2. In the maps E,, Ej and E, the
vertices are all completes (we say that the map is
complete ) (see Fig 3).

£y £ E

3

Fig. 3. Themaps E,, E;and E.

Let C be a map and let e be an edge of map C (e €
E(C)), we denote by C — e the map obtained after
deleting the edge e of the map C and the resulting
map is connected.

Lemma 1. Let C be a map and let &;, =; be two
edges of map C that connect the vertices u; and 1
(multiple edges of C), then

W(C —e,)=W(C) i=1.2
where C— &; is the map obtained by deleting the
edge g of the map C.

We notice that delete a multiple edge does not
affect the Wiener index; through this paper, we
consider only the simple maps (without loops and
without multiple edges).

Lemma 2. Let £, be a simple map with n
vertices and let v be a complete vertex of C, then

deg(v)=n—1and W(y,C,)=n—1

Lemma 3. Let €, be a simple map with n
vertices (n > 2) and let v a vertex not complete of a
map C, then

Wi(u, Cn:l = I

Remark 1.

1. Let C be a simple map and let v a vertex of map
C,, then W(v, C,)) >n-1.

2. Let £, be a simple map with n vertices, e be
an edge of , and let C, — e be the map
obtained by deleting the edge e such that the map
C, — & remains connected, then W(C, — &) >

W(C,).

Theorem 1. Let £, be a simple map with n
vertices, then
a(n— 1)

2

wi(c,) =
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Proof: Let C, be a map with n vertices and let v
be a vertex of ©,. From Remark 1, we have

W(v, C.) >n-1

W(C,) = % Z WivcC,)

I
B |
o — -
=]
|
'_'l
R

I

| =
T
o

I
\.'_".o’
'—'l

Let E, be a family of maps that has:

e n vertices, two complete vertices of
degree n-1, two vertices of degree 3
and n-4 vertices of degree 4.

e 2(n-2) faces of degree 3.
e 3(n-2) edges.

Remark 2.

Yuv EV(E, ) duv) <2

The maps E;, Ej and E, are presented in the
example 2. For E;, E;, E-;and E,, (see Fig4)

Fig. 4. Themaps £, E-, E-and E,

Proposition 1. Let E, be the map defined above
(n>3)andletva vertex of £,,, then we have:

1. W(v, E,,)=2n—deg(v)—2
2. W(E,)=(m-2)*+2
Proof:

L W(w E,) = Z d(u,v)

We use
Remark 2

= deg(n) + ’-'(’ﬁ—c']:ﬂ-g[ﬂ—'lj
deg(v) 2

E Wi(v, E,)

vEV( E, )

= 2

1
2. W(E,) = -

.

? (2n— ceg(v) — 2)

.=r,"|.- 1
SVl am

h_'-||—'-

From 1

- ﬂ(n—l)—%%ﬁz |E(E,)|
=(n-2)7+ 2

Lemma 4. Let ¢, be a simple map with n

vertices (n >2)and letv a vertex of map L,
then

W(v C,) = 2n—deg(v)—2
Proof:

W(u C,) = Z dlu,v)

eV Cy

Z ) + Y dGew

weEW (| Cy weEV( )

c.!'.ﬁ..,_': dluupr=2

= deg(v) + 2(n—deg(u) — 1)
= 2n —deg(v)— 2
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Theorem 2. Let ', be a simple map with n
vertices, then
W(E,) = Wi C)= W(L,)

Proof: By Remark 1, in each deleted edge of

C,., we expand the Wiener index. The connected
map obtained after deleting all possible edges is a

spanning tree of L., On the other hand in the trees
the Wiener index is maximized by the path F,

with n vertices, hence Wi C,)= W(EL
Remains to show that W{ E,J = Wi C,J
« forn=2,3and 4 :
1
WI{E) = —nn-1)
Wi E, 5 1)

and as :
1
w(c,) = 3 n(n—1) = w(E,)

hence the result.

« forn >5:

Since W (v, £;)>2n-deg(v)—2 > We have:

w(c,) = % Z W, E,)

lu-s'-'f E,)
= Eczl__ .[2?1— deg(v) — 2)
= 1
=n(n—1)— 5 CZ .IdEEEU:'
= nln 1) |E( E.',,]l
= WI(E,)

3. CONCLUSION:

For a graph G with n vertices, W ( G,) < W ( f3,)
( £, is the path with n vertices). The lower bound
of W (G,) is not yet known [5], [8]. But in the
case of maps we have given in this paper the upper
bound that is W ( E.,).
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