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ABSTRACT 
 

The paper develops methods for calculating and analyzing robotic systems: multi-step dynamic systems 
under dynamic loading. At present, stands are made of magnesium alloys, which have good specific 
strength characteristics, and composite materials with higher specific strength characteristics are not used in 
the manufacture of stands. Therefore, the issues of researching stands made of composite material are 
important and relevant. The paper gives dependencies for determining the given characteristics of a 
multilayer composite material. Modeling and approximation of the stand by finite elements is given. The 
stand model had a three-layer structure: the model received the characteristics of the filler, and the surface 
of the model had the characteristics of a five-layer composite material. A technique for approximating the 
bench elements: bearings, gear rims and gearboxes by a system of rod elements of the same stiffness is 
proposed. An algorithm and a program for determining the stiffness of these elements have been developed. 
A technique has been developed for arranging a base made of a composite material along the lines of 
maximum stresses to ensure maximum rigidity of the stand. A comparative analysis of a stress-strain stand 
made of a composite and magnesium material has been carried out. Research methods can be applied to a 
wide class of robotic systems. 

Keywords: Robotic Systems; Benches; Modelling; Finite Element Method; Composite Materials; Stress-
Strain State; Dynamic Loading 

 
1. INTRODUCTION  

The need of the study is that at present stands are 
made of magnesium alloys, and composite 
materials with higher specific strength 
characteristics are not used. 

The task of the study is to conduct a comparative 
analysis of a stress-strain stand made of composite 
and magnesium material. 

The purpose of this study is to develop a 
methodology for calculating a robotic structure: 
imitation stand made of a composite material and 
magnesium alloy under operational loads. The 
difference from previous reviews is in the 
application of the dynamics and strength criteria of 
the composite material. 

The relevance of the study is in the widespread 
use of robotic systems, including multistage 
dynamic stands that simulate flight characteristics 

in laboratory conditions and allow saving 
significant funds when testing products. 

The novelty of the study is in the uniqueness of 
the hardware-in-the-loop (HIL) simulation stands, 
in the development of algorithm and program for 
calculating the rigidity of bearing supports, gear 
rims and gearboxes to replace them with bar 
systems identical in rigidity in a finite element 
approximation, in the development of a technique 
for arranging the base of a multilayer composite 
material along the trajectories of maximum stresses 
to ensure maximum strength and rigidity of the 
structure and in the calculation and analysis of the 
stress-strain state of HIL simulation stand for 
dynamic operational impacts, made of a composite 
material and a magnesium alloy. 

The multi-stage dynamic benches of semi-natural 
simulation considered in the work designed to 
simulate the flight characteristics of systems used in 
aviation technology, have all the attributes of 
robotic systems [1-5]: movable modules, 
gearboxes, gear rims, bearing supports and control 
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systems [6-9]. The stands carry out the movement 
of the tested products in all degrees of freedom of 
the Cartesian coordinate system. Therefore, the 
methods developed in the article are applicable to 
robotic systems for various purposes in the textile 
and aviation industries [10]. At the same time, 
multi-stage dynamic stands have a different 
configuration, depending on the aircraft systems 
under study.  

At present, most calculations are carried out 
using the finite element method [11-15], a modern 
numerical calculation method that has become 
widespread due to the development of computer 
technology. The finite element method is a 
numerical calculation method designed to 
determine the bearing capacity of structures under 
static and dynamic loads. The essence of the 
method is in the approximation of the structure by 
finite elements: rod, plate and volumetric elements. 
As a result of the calculation, generalized 
displacements at the nodal points of the finite 
elements are determined. Knowing the 
displacements, it is possible to determine the 
deformations and stresses. The behavior of the 
material in the elastic region does not depend on the 
type of loading. If the approximation of the 
majority of structural elements of a rod, shell or 
solid type can be performed using modern 
programs for discrediting the structure with finite 
elements, to approximate such elements as 
bearings, gearboxes, gear rims and methods to 
obtain adequate real models that take into account 
rigidity and deformation characteristics of such 
elements are required.  

In the present study, a simulation of a multi-
degree dynamic stand was carried out. The bench 
was approximated by finite elements. A technique 
has been developed for approximating bearing 
supports, gear rims and gearboxes, corresponding 
to their real response, rigidity and deformability. 
The stand made of magnesium alloy and carbon 
fiber was calculated for dynamic loads, the stress-
strain state of the structure under complex stress 
was analyzed. The methods developed in the work 
are applicable to robotic systems, which are widely 
used in assembly shops and hazardous industries, 
where the presence of service personnel is unsafe, 
and in military affairs for monitoring the area and 
explosives disposal.  

For inertial systems, which include robotic 
systems, inertial characteristics are of great 
importance, as a rule, the lower they are, the more 

efficiently such systems work. The inertial 
characteristics are more dependent on the material 
from which such systems are made.  

One of the most effective materials in terms of 
specific strength is a composite material, which is 
becoming more widespread [16, 17]. The main 
disadvantage of the composite material is the low 
modulus of elasticity, which affects the deformation 
characteristics. At the same time, a multilayer 
composite material makes it possible to vary the 
strength and deformation characteristics depending 
on the location of the composite base. Since the 
composite material has a high specific strength, the 
article considers a robotic system: a multi-degree 
dynamic stand made of a composite material.  

A significant number of works have been 
devoted to the study of structures made of 
composite materials for static and dynamic loads. 
In the article [18], the dynamics of thin-walled 
structures made of composite material is studied 
under the action of various force factors and the 
progression of destruction of composite structures 
under extreme conditions. In [19], methods for 
studying composite structures under impact loads 
of low speed are presented; data from experimental 
studies of various authors are used to confirm the 
reliability of the obtained results. The work [20] 
considers a stand made of a composite material 
under dynamic loads. The article [21] investigates 
the problem of reducing the structural integrity of 
sandwich panels with a honeycomb core under low-
speed impact loads. The problem is solved 
numerically by an improved finite element method. 
The results of calculations are compared with 
experimental data: the form of damage and the 
beginning of destruction. In [22], the influence of 
the arrangement of layers of a multilayer composite 
material on mechanical strength is studied. The 
article [23] presents the results of static and 
dynamic analysis of three-layer plates consisting of 
external carrier layers and filler between the carrier 
layers. In [24], the bearing capacity of composite 
structures under high-speed loading is studied. The 
analysis of the received results is carried out. 
Composite materials have different structures. In 
[25], a new multi-point model has been developed 
for modeling composites with short fibers, which is 
highly effective for designing and modeling new 
composites with short fibers. In [26], the results of 
experiments on studying samples with off-axis 
fibers are presented to study the influence shear on 
compressive fracture toughness of multilayer 
composites when fibers are twisted. As a result, it 
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was revealed that at an off-axis angle of more than 
10°, the splitting of the fiber bundle increases, 
followed by a violation of the compression of the 
fibers inside these bundles. There is a work [27] on 
predicting the failure of bearings connected to a 
composite. Two new criteria are proposed for 
predicting bearing failure on mechanically bonded 
composite joints. These criteria allow evaluating 
the load-bearing capacity of hybrid laminates in 
aircraft structures. Article [28] conducted a study of 
the strength of patches of composite material in 
aircraft products for reuse under various types of 
loading. Methods have been obtained to predict the 
strength of repaired products. In [29], an increase in 
delamination in a composite material is predicted. 
The results of the study show that as the 
delamination zone expands, the load-bearing 
capacity of a structure made of composite materials 
decreases. The work [30] presents a strategy for 
avoiding 3D collisions in collaborative robots, 
which is experimentally verified and proves the 
effectiveness of the proposed method due to which 
the number of emergency stops is reduced. In [31] 
there is a new virtual experimental testing 
methodology that uses virtual microstructures to 
study the interfiber failure of unidirectional carbon 
fiber reinforced polymer composites. The work [32] 
studied the effect of fiber orientation of carbon fiber 
composite material on the mechanical properties 
under tensile loading and analyzed the dynamic 
response using finite element analysis in ANSYS. 
Layer thickness is: for carbon fiber and resin it was 
adopted as 0.5 mm, with fiber orientations of 0°, 
30°, 45°, 70° and 90°. In the static analysis, tensile 
stresses were determined according to von Mises, 
and deformations were also determined: total and 
equivalent. The natural frequencies of oscillations 
were also determined. As a result, it was revealed 
that a composite material with a fiber orientation of 
0° has greater strength and a lower natural 
frequency than with fiber orientations of 30°, 45°, 
70° and 90°. 

Works [33-36] are devoted to the criteria for the 
destruction of multilayer materials under various 
assumptions. Not enough attention is also paid to 
the issues of research of robotic systems made of 
composite materials in the literature, as well as to 
multistage stands.  

Currently, multistage dynamic stands are not 
made of composite material, but magnesium alloys 
are used. Therefore, it is important to study how the 
performance of a stand made of composite material 
changes in comparison with traditional materials. 

The use of composite materials with high specific 
strength characteristics in comparison with 
homogeneous materials in robotics requires 
increased attention. Inertial characteristics have a 
great influence on the positioning accuracy of the 
stand and, as a result, on the performance. To 
simulate a semi-natural simulation stand, it is 
necessary to determine the characteristics of a 
multilayer composite material consisting of layers 
of different arrangements of the base: composite 
fibers. To do this, it is necessary to determine the 
relationship between stresses and strains for a 
multilayer composite material depending on the 
arrangement of the base layers in the layers of the 
multilayer composite material. 

This work is necessary for the development of 
methods for calculating complex dynamic 
structures. Research in this area is mainly devoted 
to individual structural elements. There is 
practically no work on the comprehensive 
calculation of complex robotic structures that take 
into account the mutual influence of the component 
parts. The work makes an additional contribution to 
the development of methods for calculating 
complex structures, such as multi-degree dynamic 
stands, consists in the use of composite materials 
instead of magnesium alloys traditionally used in 
the manufacture of stands, developed methods for 
modeling three-layer structures, programs and 
algorithms that allow taking into account the 
stiffness of elements such as bearings, gearboxes 
and ring gears. 

2. MATERIALS AND METHODS 

As a method for solving the problem of 
determining the stress-strain state of a structure 
under dynamic loading, we use Lagrange equation, 
which is applicable to solving static and dynamic 
problems of solid mechanics of a deformable body 
[21-24]. 

డ

డ௧ 

డ்

డ௤̇ೖ
+

డ௎

డ௤ೖ
= 𝑄,   (1) 

where T is the kinetic energy of deformation of the 
structure, U is the potential energy of deformation 
of the structure, q is the vector of generalized 
displacements, index k is the number of degrees of 
freedom, t is the time, and the dot above the letter is 
the differentiation with respect to time. 

2.1 Stress-Strain Relations Equations 
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In the present study, the parameters of a 
multilayer composite [34, 35] are obtained using 
the method of reduced characteristics. 

We consider a plane-stressed state of an 
orthotropic material with coordinate axes 
coinciding with the axes of orthotropy of the 
material, then the relation between stresses and 
strains can be represented as: 

{𝜎} = [𝐸]{𝜀},   (2) 

where 

[𝐸] = ൝

𝑄ଵଵ 𝑄ଵଶ 0
𝑄ଶଵ 𝑄ଶଶ 0

0 0 𝑄଺଺

ൡ, (3)

{𝜀}் = {𝜀௦, 𝜀ఏ , 𝜀௦ఏ}, 

{𝜎}் = {𝜎௦, 𝜎ఏ , 𝜎௦ఏ}, 
(4)

𝑄ଵଵ = 𝐸௦/(1 −  𝑣௦ఏ𝑣ఏ௦), 

𝑄ଵଶ = 𝑣௦ఏ𝐸௦/(1 −  𝑣௦ఏ𝑣ఏ௦), 

𝑄ଶଵ = 𝑣ఏ௦𝐸௦/(1 −  𝑣௦ఏ𝑣ఏ௦), 

(5)

𝑄ଶଶ = 𝐸ఏ/(1 −  𝑣௦ఏ𝑣ఏ௦), 

𝑄଺଺ = 𝐺଺଺. 

where {𝜀}் = {𝜀௦, 𝜀ఏ , 𝜀௦ఏ} is the deformation vector, 

𝜀𝑠, 𝜀𝜃, 𝜀𝑠𝜃 are the deformations in the direction of 

the axis s, 𝜃, and in the plane 𝑠𝜃, {𝜎}𝑇 =

{𝜎𝑠, 𝜎𝜃, 𝜎𝑠𝜃} is the stress vector in the 

corresponding directions and plane, 𝐸𝑠, 𝐸𝜃,  𝑣𝑠𝜃,𝑣𝜃𝑠 
are the modulus of elasticity, Poisson coefficients, 

𝐺66 is the shear modulus. 

The stress-strain relation matrix, when the 
coordinate axes are rotated through the angle θ, is 
transformed into the following form: 

[𝐸ത] = ቐ

𝑄തଵଵ 𝑄തଵଶ 𝑄തଵ଺

𝑄തଶଵ 𝑄തଶଶ 𝑄തଶ଺

𝑄ത଺ଵ 𝑄ത଺ଶ 𝑄ത଺଺

ቑ,  (6) 

where 

𝑄തଵଵ = сସ𝑄ଵଵ − 𝑠ସ𝑄ଶଶ + 2(𝑄ଵଶ + 2𝑄଺଺)𝑠ଶ𝑐ଶ, 

𝑄തଵଶ = (𝑄ଵଵ + 𝑄ଶଶ − 4𝑄଺଺)𝑠ଶ𝑐ଶ + (𝑠ଶ+𝑐ଶ)𝑄ଶଶ, 

𝑄തଵ଺ = (𝑐ଶ𝑄ଵଵ − 𝑠ଶ𝑄ଵଶ + (𝑄ଵଶ + 2𝑄଺଺)(𝑠ଶ−𝑐ଶ))𝑠𝑐, 

𝑄തଶଶ = 𝑠ସ𝑄ଵଵ − 𝑐ସ𝑄ଶଶ + 2(𝑄ଵଶ + 2𝑄଺଺)𝑠ଶ𝑐ଶ, 

𝑄തଶ଺ = (𝑠ଶ𝑄ଵଵ − 𝑐ଶ𝑄ଵଶ − (𝑄ଵଶ + 2𝑄଺଺)(𝑠ଶ−𝑐ଶ))𝑠𝑐, 

𝑄ത଺଺ = (𝑄ଵଵ − 2𝑄ଵଶ + 𝑄ଶଶ)𝑠ଶ𝑐ଶ + (𝑠ଶ−𝑐ଶ)𝑄଺଺, 

𝑠 = sin 𝜃 , 𝑐 = cos 𝜃. 

(7)

 

For a layer located at a distance z from the 
median plane, the deformations have the following 
form: 

{𝜀} = {𝜀௢} + 𝑧{𝜒௢},  (8) 

where {𝜀𝑜} are the midsurface deformations and 
{𝜒𝑜} are the curvature deformations of median 
surface. 

Substituting these relations into equation (2), we 
obtain the following dependencies: 

{𝜎} = [𝑄ത]{𝜀௢} + 𝑧[𝑄ത]{𝜒௢}. (9) 

Stresses can be represented using normal forces 
N and bending moments M: 

{𝑁} = ∫ {𝜎}𝑑𝑧, {𝑁}் = (𝑁௦, 𝑁ఏ , 𝑁௦ఏ)
௛/ଶ

ି௛/ଶ
, 

{𝑀} = ∫ {𝜎}𝑧𝑑𝑧, {𝑀}் = (𝑀௦, 𝑀ఏ , 𝑀௦ఏ)
௛/ଶ

ି௛/ଶ
, 

(10)

Integrating expression (10), we obtain: 

ቄ
𝑁
𝑀

ቅ = [𝐸] ൜
𝜀௢

𝜒௢ൠ, [𝐸] = ൤
[𝐴] [𝐵]

[𝐵] [𝐷]
൨, (11) 
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where 

 

[𝐴] = ൥

𝐴ଵଵ 𝐴ଵଶ 𝐴ଵ଺

𝐴ଶଵ 𝐴ଶଶ 𝐴ଶ଺

𝐴଺ଵ 𝐴଺ଶ 𝐴଺଺

൩, [𝐵] = ൥

𝐵ଵଵ 𝐵ଵଶ 𝐵ଵ଺

𝐵ଶଵ 𝐵ଶଶ 𝐵ଶ଺

𝐵଺ଵ 𝐵଺ଶ 𝐵଺଺

൩, [𝐷] = ൥

𝐷ଵଵ 𝐷ଵଶ 𝐷ଵ଺

𝐷ଶଵ 𝐷ଶଶ 𝐷ଶ଺

𝐷଺ଵ 𝐷଺ଶ 𝐷଺଺

൩. (12)

൛𝐴௜௝ , 𝐵௜௝ , 𝐷௜௝ൟ = න 𝑄௜௝(1, 𝑧, 𝑧ଶ)

௛/ଶ

ି௛/ଶ

𝑑𝑧 , (𝑖, 𝑗 = 1,2,3). (13)

Integrating expression (13) at constant values of 
the layer parameters in a multilayer composite, we 
have the following: 

𝐴𝑖𝑗 = ∑ 𝑄ത
𝑖𝑗
(ℎ𝑘 − ℎ𝑘−1), 𝑖, 𝑗 = 1,2,6

𝑛
𝑘=1 , 

𝐵𝑖𝑗 = ∑ 𝑄ത
𝑖𝑗
(ℎ

2
𝑘 − ℎ

2
𝑘−1), 𝑖, 𝑗 = 1,2,6

𝑛
𝑘=1 , 

𝐷𝑖𝑗 = ∑ 𝑄ത
𝑖𝑗
(ℎ

3
𝑘 − ℎ

3
𝑘−1), 𝑖, 𝑗 = 1,2,6

𝑛
𝑘=1 , 

(14)

where 𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗 are the membrane, the flexural 
membrane and the flexural stiffnesses. 

The notation used in expression (14) is given in 
the Figure 1. 

 
Figure 1. Multilayer structure of the composite material 

2.2 Location of the Base in a Multilayer Composite 
Structure 

To determine the location of the base in a 
multilayer composite, it is necessary to know the 
stress trajectories in order to locate the base along 
the lines of maximum stresses, ensuring maximum 
structural rigidity. In order to determine the lines of 
maximum stresses, in this work, a bench made of a 
homogeneous material was calculated for the action 
of static operational loads. Next, we determine the 
trajectories of maximum stresses and place the base 
of the bench material from a composite material 
along the lines of maximum stresses obtained from 
solving the problem of determining the stress-strain 

state of a bench made of a homogeneous material. 
In this case, it is necessary to place a certain 
number of layers at an angle to the lines of 
maximum stresses in order to perceive the shear 
stresses acting in the structure. The number of such 
layers is determined based on the analysis of the 
obtained results for sufficient safety margins from 
shear stresses (Figure 2). 

2.3 Method for Determining the Rigidity of 
Gearboxes, Bearing Supports and Gear Rims 

In this paper, the identification of such elements 
of robotic systems as bearings, gear rims and 
gearboxes are carried out in the finite element 
method by determining the rigidity characteristics 
of these elements and replacing them in the model 
with rod systems in terms of stiffness 
corresponding to the stiffness of the replaced 
bearings, gear rims and gearboxes. Since the direct 
modeling of these elements leads to an unjustified 
increase in the resolving equations and does not 
perform the functions of these elements in the 
model. The developed program for determining the 
stiffness of the elements under consideration takes 
into account the moments of inertia, angular 
accelerations and speeds, as well as gear ratios, 
stiffness and natural frequency of gearboxes and 
bearings. The Figure 3 shows the design diagram of 
a gearbox ratio designed to change the transmitted 
forces, speeds and accelerations. When calculating 
the reducer, it is necessary to calculate the 
equivalent diameter. The developed method and 
program for determining the stiffness and natural 
frequency of the gearbox makes it possible to 
calculate these characteristics for an arbitrary 
section of the gearbox shafts. The equivalent 
diameter allows determining the stiffness of the 
gearbox as a whole, the stiffness and the frequency. 
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Figure 3. Calculation scheme of the pitch reducer 

Initial data: moments of inertia of the shafts 
J5,J4,J3,J2,J1 (kgms2), angular velocity 5 (1/s), 
angular acceleration 5 (1/s2) and frequency f (Hz). 

Gear ratios: 

i54=z8/z7 i43=z6/z5 i32=z4/z2 i21=z2/z1 i11=z1/z1. (11) 

Related to the input shaft, gear ratios: 

i51=i54i43i32i21i11, i41=i51/i54, i31=i41/i43, i21=i31/i32, i11=i21/i11. (16)

 

Gear ratio total: 

itot = i54i43i32i21i11.  (17) 

Reduction gear ratio: 

ired= i43i32i21i11.  (18) 

Moments of inertia reduced to the input shaft: 

J51=J5/i51
2, J41=J4/i41

2, J31=J3/i31
2, J21=J2/i21

2, J11=J1/i11
2. (19)

Intermediate shaft acceleration: 

4=5i54, 3=4i43, 2=3i32, 1=2i21. (20)

М5, М4=J44+M5/i54, М3=J33+M4/i43, М2=J22+M3/i32, М1=J11+M2/i21. (21)

 

Shaft load: 

Рcircle=Мj/mz, Prad=Рcircletan20o, (22) 

where m is the module, z is the number of teeth and 
Мj is the moment on the shaft. 

Support reactions R1 and R2 are determined by 
methods of resistance of materials, taking the 
moment of inertia of the shaft section 
Jshaft=3.14Deq

4/64 based on Deq (equivalent 
constant bending diameter). 

Displacements and angles of rotation at the 
points of application of force and supports, 
respectively, are determined by the program. 

Deformation of the Bearing from Fit on the Shaft 
and into the Body: 

gr=gr0-d1-D2,  (23) 

where gr0 is the ball bearing initial clearance, d1 is 
the increase in the outer diameter of the inner ring 
from fit on the shaft and D2 is the decrease in the 
inner diameter of the outer ring from fit into the 
body are determined from the graphs [23] (p. 250), 
depending on the ratio of the stiffness of the mating 
parts: 

 shaft (steel) Сs=d2/d, bearing inner ring 
Сinn=d/d1, bearing outer ring Сout=D2/D, 
body (steel) Сb=D/D1, where d2 is the 
hollow shaft hole, d is the bearing inner 
ring inner diameter, d1 is the outside 
diameter of bearing inner ring, D, D2 are, 
respectively, the outer and inner diameter 
of the outer ring of the bearing and D1 is 
the outer diameter of the body; 

 ratios of deformations and fitting 
interferences in shaft-inner ring 
connections d1/Hb and bodies with an 
outer ring D2/Hk. Hb=Hср - H1, Hav is the 
average value of the fit interference of the 
inner ring of the bearing, H1 is the size of 
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irregularities, Нк=Нav – Н1 is also for 
bearing outer ring. D1 is the increase in the 
outer diameter of the inner ring and D2 is 
the reduction of inner ring outer diameter. 

Bearing deformation under load: 

r=r1+r2,  (24) 

where r1 is the deformation in contact of the most 
loaded rolling element with the raceway in the 
bearing, and r2 is the radial compliance in contact 
of the bearing rings with the seating surfaces of the 
shaft and body. 

Deformation in contact of the most loaded rolling 
element with the raceway in the bearing: 

 with preload: 

r1=r0,  (25) 

 with radial clearance: 

𝑟1 =  × 𝑟0 −
𝑔𝑟

2
.  (26) 

The coefficient  taking into account the amount 
of preload or clearance in the bearing, is determined 
from the charts [23] (p. 211). 

The value r0 for bearings of various types can be 
determined from the equations [23] (p. 208): 

 for single-row ball: 

𝑟0 = 2.010−3 × ට
𝑄0

2

𝐷𝑇

3

; (27) 

 for angular contact tapered bearing: 

𝑟0 = 6.0 × 10−4 ×
𝑄0

0.9

𝑐𝑜𝑠 𝛼×𝑙0.8
, (28) 

where R is the radial load on the support, i is the 
number of rows of rolling elements, z is the number 
of rolling elements in one row, =arсcos(1-gr2A), 
 is the contact angle, DT is the ball diameter, 
dgr=0.5232DT groove diameter, A=DT(2dgrDT-
1). 

Radial compliance in contact of the bearing rings 
with the seating surfaces of the shaft and body: 

𝑟2 =
4×𝑅×𝑘

𝜋×𝑑×𝐵
ቀ1 +

𝑑

𝐷
ቁ,  (29) 

where k=0.015mm2/kg, D, d, B, respectively, are 
the outer, the inner diameters of the bearing and its 
width. 

Calculation of gear rotation caused by elastic 
shaft deflection: 


𝑑𝑒𝑓𝑙

=
2

𝑚×𝑍
× (𝑤𝑐𝑖𝑟𝑐𝑙𝑒 + 𝑤𝑟𝑎𝑑 × 𝑡𝑔20𝑜), (30) 

where wcircle, wrad are the values of shaft deflections 
in the median plane of the transmission, 
respectively, in the circumferential and radial 
directions, taking into account deformations in the 
bearings, Z is the number of teeth, and m is the gear 
module. 

Calculation of the error caused by the twisting of 
the shaft: 


𝑡𝑤𝑖𝑠𝑡

= (𝑀𝑙𝑖(𝐺𝐽
𝑝

), radian, (31) 

 

where G is the shear modulus, Jp=(D4-d4)32 is 
the polar moment of inertia, li is the length of the 
twisted section, and M is the moment on the shaft. 

Calculation of the error caused by the 
compliance of the ring gear: 


𝑟𝑖𝑛𝑔

=
М

(𝑘𝑑2𝑏)
, radian,  (32) 

where d is the pitch diameter of the ring gear, b is 
the working width of the ring gear, and k=368 
kg/mm2 is the experimental coefficient. 

Calculation of error caused by keyed connection: 


𝑘𝑒𝑦𝑒𝑑 𝑐𝑜𝑛

=
М

𝑘𝑘𝑒𝑦𝑒𝑑 𝑐𝑜𝑛×𝑑𝑏
2×𝑙×ℎ×𝑧

, radian, (33) 

where db is the shaft diameter, l is the key working 
length, h is the key height, z is the number of keys, 
k keyed con =15kg/mm3 for parallel keys, and k keyed con 
=25 kg/mm3 for segment keys. 

Error caused by the deformation of the pin 
connection: 

 pin =k pin M, radian,  (34) 
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where k pin is the proportionality factor [37] (p. 97). Total stiffness of the gearbox: 

𝐶 = ቊ∑ ቈ
൫థ೏೐೑೗ାథ೟ೢ೔ೞ೟ାథೝ೔೙೒ାథೖ೐೤೐೏ ೎೚೙ାథ೛೔೙൯

ೕ

ெೕ×௜ೕ
మ ቉௡

௝ୀଵ ቋ

ିଵ

, 𝑘𝑔 × т × 𝑟𝑎𝑑, (35)

 

where M is the moment on the shaft,  is the angle 
of twist, i is the gear ratio related to the input shaft. 

Reducer natural frequency: 

𝑓 =
ଵ

గ
× ට

஼×ఐ೟೚೟ೌ೗
మ

௃ఱ
, 𝐻𝑧,  (36) 

where itotal is the total gear ratio, C is the rigidity, 
and J5 is the reduced moment of inertia. 

Calculated according to the developed program, 
rigidity of gearboxes, bearing supports and gear 
rims make it possible to replace these elements with 
a rod system identical in rigidity to the part under 
consideration. The results obtained were compared 
with the available experimental data, which 
confirmed the validity of such a replacement. 

2.4 Modeling and Approximation 

In the present study, modeling of a structure of 
complex geometry with surfaces of double 
curvature, moving elements and parts that ensure 
the movement of channels is carried out. A program 
has been developed for calculating the rigidity of 
gearboxes, bearing supports and gear rims. 
Approximation of the design model was carried 
out: multistage bench of semi-natural modeling 
with the identification of gearboxes, bearing 
supports and gear rims by a system of rod structures 
of identical rigidity. A technique has been 
developed for arranging the base of a multi-layer 
composite material along the trajectories of 
maximum stresses to ensure maximum rigidity, 
which is one of the main characteristics of the stand 
for precise positioning.  

The bench model consists of a base connected to 
the yoke by a gear ring, a pitch ring fixed in the 
yoke bearings and a heel ring located inside the 
pitch ring and connected to the pitch ring by a gear. 
When modeling the bench, rod systems were used 
that imitate gearboxes, bearing supports and gear 
rims in terms of rigidity corresponding to these 
elements of the bench, plates, shell structures, 
three-layer shells in places of three-dimensional 
elements to increase the rigidity of the elements of 

the bench and three-dimensional elements. To 
approximate the stand with finite elements, solid 
187 volume finite elements, shell 181 finite 
elements and contact finite elements were used. 

The rigidity of the gearboxes was taken into 
account in the rigidity of the rod system. 

We consider the procedure for modeling a stand 
of a three-layer structure made of a composite 
material: 

 we model a three-degree HIL simulation 
bench in CATIA, assign the material 
characteristics to the structure given in 
the Table 4. This material serves as a 
light intermediate layer in a three-layer 
structure between the carrier layers, 
preventing the bearing layers from 
approaching and perceiving mainly 
shear stresses; 

 next, we create surface elements for the 
entire structure, to which we further 
assign the characteristics of a multilayer 
composite package of five 
unidirectional layers with a given 
orientation: 0/45/0/-45/0 degrees; 

 structural details that ensure the 
movement of the test bench channels 
(Figure 4), consisting of a system of rod 
elements identical in rigidity to the 
bearings in the connection of the heel 
channel and the pitch channel and the 
pitch channel and the forward fork, the 
toothed rim connecting the forward fork 
and the base, gearboxes in the place of 
transfer of forces to channels from the 
engines have the characteristics of the 
material made of steel and the 
characteristics of which are given in the 
Table 3. 

The total number of finite elements of the 
partition was 310923. The total number of contact 
elements was 116804. The accuracy of the obtained 
calculations was checked by thickening the mesh of 
finite elements. The calculation error when 
partitioning into 184321 finite elements and the 
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adopted partitioning scheme was less than 3%. 
Rigid pinching of the stand base was used as the 
boundary conditions. 

The Tables 1, 2, 3 and 4 show the characteristics 
of the materials used: magnesium alloy and carbon 
fiber [38-47]. 

The Figure 4 shows the finite element 
approximation of the stand model and the direction 
of the applied operational angular velocity of 500 
deg/s. 

2.5 Solution Method 

To determine the stress-strain state and 
trajectories of maximum stresses for arranging the 
trajectories of the composite material base along 
them, when considering a bench made of a 
composite material, we consider a bench made of a 
homogeneous material under operational loads. 

The solution of the problem is reduced to solving 
the system of linear algebraic equations. 

[𝐾]{𝑞} = {𝑄} ,  (37) 

where [𝐾] is the stiffness matrix, {𝑄} is the 

vector of external forces, and 𝑞
 
 is the generalized 

displacement. 

In the future, we carry out the calculation of the 
bench made of composite material for the action of 
dynamic loading.  

The equation for determining the complex stress-
strain state of a bench made of composite material 
for dynamic effects is determined from the 
following equation: 

[𝑀]{�̈�}+[𝐾]{𝑞} = {𝑄} − [𝑁𝑛𝑙] ,  (38) 

where [M] is the mass matrix, {�̈�} are the 
generalized accelerations, the dot above the letter 
means differentiation with respect to time, and 
[𝑁𝑛𝑙] are the nonlinear terms of the strain-
displacement dependence calculated from the 
results of previous loading steps. At the first step, a 
linear problem is solved without a nonlinear term; 
at the second step, the nonlinear term is calculated 
from the generalized displacements calculated at 
the first loading step for the second and subsequent 
loading steps. To improve convergence, we can 

approximate the previous loading based on the 
results of approximating several previous loading 
steps using a parabolic or cubic dependence. When 
solving problems of dynamic loading of structures, 
it is necessary to set the minimum deviations of the 
model from the initial (equilibrium) state. To set the 
initial deviation of the model from the initial state, 
we can take the displacements obtained when 
solving the problem of the stress-strain state of the 
bench under static loading multiplied by 10-8. 

When solving problems of dynamic actions, 
special attention should be paid to the loading step 
and to reduce the loading step if the displacements 
of two subsequent loadings differ by more than 3-
4%. 

3. RESULTS AND DISCUSSION 

The calculation of the stress-strain state of stands 
made of magnesium alloy (Figure 5) and a stand 
made of a three-layer material (Figure 6): with 
external bearing layers of a five-layer triaxial 
composite material (Table 3) and filler between the 
bearing layers of the material (Table 4). 

Figure 6 shows a mosaic of stress isolines and 
the direction of the main stresses, allowing the 
trajectories of the base of the multilayer composite 
material to be positioned along the trajectories of 
maximum stresses, thereby ensuring maximum 
rigidity of the stand structure, which is one of the 
main factors affecting the accuracy of the stand 
positioning. 

Figure 7 shows rod systems (colored in gold) that 
simulate bearings and a ring gear. In this case, the 
stiffness of the gearboxes was taken into account in 
the stiffness of the rod systems. 

The Figure 8 shows the graphical data of a five-
layer three-axis package: Young's moduli and shear 
in the polar coordinate system, thickness and 
orientation of the layers. 

The Figure 9, 10 and 11 show the stress 
distribution mosaics in a five-layer three-axial 
composite material over layers with layer 
orientations of 0/45/0/-45/0 degrees, numbering of 
layers along the normal to the surface. The 
orientation axis of the layers is directed along the 
lines of maximum stresses and is equal to zero 
degrees. 
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In this study, the following criteria for the 
destruction of a composite material are considered: 
Tsai-Wu, Tsai-Hill and Hoffman [33-36]. 

The Figure 12 shows the most loaded sections of 
the bench structure. The most loaded layers of the 
composite material and the criteria for which failure 
can occur are given, indicating the layer of the 
composite material. 

4. CONCLUSIONS 

In conclusion, it should be noted that the problem 
being solved in the work, a comparative analysis of 
stress-strain stands made of magnesium and 
composite material, has been successfully solved. 
The purpose of the work is the development of 
methods for modeling, calculation and analysis of 
the bench for semi-natural simulation under 
dynamic loading. The reliability of the obtained 
results is confirmed by the convergence of the 
results of the finite element approximation of the 
stand and the reliability of ANSYS program, tested 
on a variety of examples and tasks. As a result of 
the study of stands made of magnesium alloy, 
traditionally used in the manufacture of a half-life 
simulation stand, and a stand made of carbon fiber, 
the stress-strain state of the stands was obtained 
under a dynamic inertial load from an angular 
operating speed of 500 deg/s. The analysis of the 
results of the stand made of magnesium alloy made 
it possible to arrange the composite material along 
the trajectories of maximum stresses and further 
correct the location of the base of the multilayer 
composite material along the lines of maximum 
stresses for the stand made of composite material. 
An analysis of the calculation results showed that 
the maximum stresses of the carbon fiber stand 
were 10% less than the maximum stresses 
calculated for the magnesium alloy stand with 
comparable displacements. The obtained layer-by-
layer stresses of the composite material made it 
possible to apply the criteria for the destruction of a 
multilayer composite material and to identify the 
layer, direction and type of stress (tensile or 
compression) that destroys the multilayer 
composite material. Considering that carbon fiber 
has an allowable stress 1.3-1.6 times higher than 
that of magnesium alloy, the production of semi-
natural simulation stands from composite materials 
is a promising direction since HIL simulation 
stands are robotic systems with bearings, gear rims, 
gearboxes and movable channels. The strength of 
the research is the developed methods for 
calculating and studying structures made of 

composite materials containing bearings, gearboxes 
and gears, which are inadequately implemented in 
computer-aided design systems. The reliability of 
the obtained results is confirmed by the use of 
ANSYS program, checked on a large number of 
test examples, and the convergence of the obtained 
results, verified by refinement of the finite element 
mesh. A weakness of the study is the paucity of 
available experimental studies. 

The developed methods are applicable to a wide 
class of tasks of robotic systems made of 
homogeneous and composite materials under static 
and dynamic loads. 

Directions for future research include the 
development of methods for the kinematic behavior 
of robotic systems, calculation and analysis of 
natural frequencies of oscillations. 
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Figure 2. Flowchart of calculation (CM - composite material, FE - finite elements) 

 
Figure 4. Finite element approximation of the stand model and the direction of the stand movement from the angular 

operating speed of 500 deg/s applied to the course fork 
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(a) (b) 
Figure 5. Mosaic of (a) displacements and (b) stresses along the Mises of a carbon fiber stand under the action of an 

angular load of 500 deg / s applied to the course fork 

 
Figure 6. Direction of the main stresses of the carbon fiber stand under the action of an angular velocity of 500 deg/s 

applied to the course fork 
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Figure 7. Approximation of bearings, ring gear in the stand by replacing them with rod systems of identical stiffness 

(painted in golden color) 

 
Figure 8. Graphical data of a five-layer triaxial: Young's moduli and shear in the polar coordinate system, thickness 

and orientation of the layers 
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Figure 9. Stresses in the first and second layer of the composite 

 
Figure 10. Stresses in the third and fourth layers of the composite 
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Figure 11. Stresses in the fifth layer of the composite 

 
Figure 12. Maximum stresses in a five-layer package: e - deformation, 2 - direction, t - tension, the number in brackets 
means the number of the layer, tw - means the destruction of the layered structure ac-cording to the failure criterion of 

Tsai-Wu, th – Tsai-Hill, ho – Hoffman 
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Table 1. Physical and mechanical characteristics of magnesium alloy 

Modulus of elasticity 
(shear), MPa 

Poisson's 
ratio 

Density, 
kg/m3 

Tensile strength, 
compression, MPa 

Plastic limit in tension, 
compression, MPa 

4,5×104(1.6×104) 0.35 1740 250 190 
 
 

Table 2. Physical and mechanical characteristics of carbon fiber 
Modulus of 
elasticity, 

MPa 

Poisson's 
ratio 

Shear 
modulus, 

MPa 

Tensile 
strength, 

MPa 

Ultimate 
compressive 

strength, MPa 

Bending 
strength, 

MPa 

Density, 
kg/m3 

0.85×105 0.27 0.82×104 395 240 470 1518 
 
 

Table 3. Physical and mechanical characteristics of structural steel 
Modulus of elasticity, 

MPa 
Poisson's ratio Shear Modulus, 

MPa 
Tensile strength, 

MPa 
Ultimate Compressive 

strength, MPa 
2.0×105 0.3 76923 395 240 

 
 

Table 4. Physical and mechanical characteristics of SAN Foam 
Modulus of 

elasticity, MPa 
Poisson's 

ratio 
Shear 

Modulus, MPa 
Tensile strength, 

MPa 
Shear sz, 

MPa 
Shear θz, 

MPa 
Density, 
kg/m3 

60 0.3 23 1.1 0.8 0.8 81 
 
 
 
 
 


